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Introduction

Quintessential for our understanding of classical modular forms are their vari-
ous algebraic descriptions. From these one obtains in particular the following
properties for the space of cusp forms: The eigenvalues of the Hecke operators,
and hence also the coeflicients of normalized Hecke eigenforms are algebraic in-
tegers. The growth of the absolute values of these eigenvalues is described by
the Ramanujan-Petersson conjecture. The Hecke operators satisfy the Eichler-
Shimura relations. Finally, one can attach interesting Galois representations to
cuspidal Hecke eigenforms.

In analogy to classical modular forms, Goss introduced and studied in [19]
so-called Drinfeld modular forms in the realm of function fields. For these
many questions which have long been answered in the classical context are still
open. An important tool present in the classical situation is the isomorphism of
Eichler and Shimura, which allows an interpretation of modular forms as étale
cohomology classes. In the function field setting no analogue of this isomorphism
is known.

Here we propose to bridge this gap, at least for Drinfeld modular forms of
rank two. The novelty in comparison with earlier investigations is the applica-
tion of the theory of crystals over function fields, developed recently by R. Pink
and myself, [4].

In the case at hand, this theory provides a description of Drinfeld modular
forms as cohomology classes of crystals over function fields. Crystals in turn
have étale realizations and this gives an étale description of Drinfeld modular
forms. Using the latter, one can attach Galois representations to cuspidal Hecke
eigenforms. Furthermore, the description in terms of crystals should yield a
deeper understanding of the Hecke eigenvalues and their growth.

The crystals we obtain should be thought of as a motive over function fields
representing a corresponding space of Drinfeld cusp forms. Interpreted this
way, the Eichler-Shimura isomorphism says that the analytic realization of the
motive is, as a Hecke-module, isomorphic to the space of Drinfeld cusp forms
(of a certain weight and level). Therefore one is also interested in the fine
structure of these crystals. We show that they are similar to uniformizable ¢-
motives (in the sense of Anderson) and their simple subquotients have real or
complex multiplication. The latter is reflected by the fact that the attached
Galois representations are all one-dimensional.

Review of the theory of classical modular forms

First we introduce some notation, cf. [31]: For an integer N > 5, we denote
by Y1(N) 28 Spec Z[1/N] the moduli space of elliptic curves over Z[1/N] with
'y (N)-structure and by X;(N) 2% SpecZ[1/N] the compactification from [31].
Let E1(N) Iy Y1(N) be the universal elliptic curve with unit section e and
relative sheaf of differentials w := €*Qpg, (n)/v; (v) along the section e. This line
bundle can be extended canonically to a line bundle @ on X7 (N), [31] 10.13.9.1.
By ‘cusps’ we denote the cusps of X;(N)/C and for € cusps we denote by
T, the corresponding stabilizer subgroup of I'y (V). In the following let [ be a
prime not dividing N.

We define the following objects:
SN, C) := H°(X,(N)/C,o®"(—cusps)),

the space of (classical) holomorphic cusp forms of weight n and level N.



H..  (N,Z):=Ker (Hl(Fl(N),Sym” z’)— Y H\(T, Sym" 22)),

par,n
xrecusps

the parabolic cohomology of 'y (N) with coefficients in the n-th symmetric power
of the tautological representation Z? of GLy(Z).

Erl

sing,n

Im (Hg (X1(N)/C,Sym"™ RYx.Z) — H(X,(N)/C, Sym" R]fN*Z)> ,

(N,Z) :=

where H} and H' are the singular cohomology groups with compact support,
respectively without supports.

R, (N,Q) ==1Im (Rétgz\n Sym™ (Ré, fn+ Qi) — Régn- Sym"(Réth*Qz)),

where R}, represents the first right derived functor of a morphism between étale
topoi. In particular, Rétm(N ,Qq) is a constructible étale Q;-sheaf on the scheme
SpecZ[1/N].

On any of the above four objects, one has an action of the Hecke algebra
Hn of correspondences for I'1 (N), [51] Ch. 3.1.

If SS(N,C) denotes the space of antiholomorphic cusp forms of weight n,
then there are canonical isomorphisms

S’rctl-l—Q(N7 (C) D STCLI+2(N7 (C) = H;ar,n(Nv Z) Xz C= IN{sling,n(Na Z) ®z (C7

the so-called Eichler-Shimura isomorphisms, cf. [51, 56]. The comparison of
singular and étale topologies yields the isomorphism

‘Hsling,n(Nv Z) Xz Ql = Rc}t,n(N7 Ql)/(@

All the above isomorphisms are Hecke equivariant with respect to the action of
‘Hy. Finally, for any prime p [IN, one has the Eichler-Shimura relation for the
Hecke operator T}, on the special fiber of Re}t,n(N7 Q) at SpecF,.

As H},. .(N,Z) and H} . (N,Z) are finitely generated Z-modules, it fol-
lows immediately that the Hecke eigenvalues a;(f) of a cuspidal Hecke eigen-
form f are algebraic integers, [51] Thm. 3.48. The description via étale coho-
mology together with Deligne’s theorem (the Weil conjectures) gives a proof
of the Ramanujan-Petersson conjecture for the growth of the Hecke eigenval-
ues, [9]. Furthermore, this description yields a continuous Galois representation
pri: Gal(Q/Q) — GLa(Q) attached to any Hecke eigenform f and prime I,
cf. [9] and [24]. The well-known relation tracepys ;(Frob,) = a,(f) for a prime
p /Nl is an immediate consequence of the Eichler-Shimura relation.

Drinfeld modular forms

For the analogy between elliptic curves and Drinfeld modules as well as for
basics of the theory of Drinfeld modules, we refer to Sections 1 and 4, and
[23]. A rather complete treatment of Drinfeld modular forms, will be given in
Section 5. We first need to introduce some more notation.

Let C be a complete smooth curve over F, and oo a chosen closed point
on it. Let A be the ring of regular functions on C \ {oo} and K its field of
fractions. These take on the role of Z and Q. The completion of K at oo is



denoted K., and C,, will be the completion of an algebraic closure of K,
Furthermore define Q(Cy,) := P(Cy) \ P} (K ). This set can be regarded in
a natural way as the Cy-points of a rigid analytic space Q over K, cf. [42] or
Section 3. We also set Q(Cy) := Q(Co) UPH(K). Let n be a proper non-zero
ideal of A and let A[1/n] be the ring of regular functions on Spec A\ Supp A/n.

Let 9, = Spec A[1/n] denote the moduli space of Drinfeld modules over

A[1/n] with a full level n-structure, cf. Definition 1.6. By 9%, %% Spec A[1/n]
its compactification as given by Drinfeld is denoted. The existence of these
spaces follows from [10], §8, and [31], Chap. 7. On 91, there exists a universal
Drinfeld module ¢,. The rigidification 958 of 9, /K can be identified with
a finite disjoint union [T, \, where the I, are suitable arithmetic subgroups
of GLo(K). The natural compactification of the latter space is the rigidification

M of M /Ko, which in turn can be described as [[T',\Q. Let w, be the line

n

bundle [T, \(Coo x2), where an element v = ( ot ) € I', acts on a pair (z,w)

by v(z,w) = (53 ‘C‘;‘j’IZ) This bundle can be canonically extended to a line

bundle @, on all of M5E, cf. [18], §1, or [15], §6. As in the classical situation, we
denote by ‘cusps’ the cusps of ﬁn /Cs. Corresponding to the decomposition
ME = 1] T,\Q we write cusps = [[ cusps,. For € cusps,, we let I’ be the
corresponding stabilizer subgroup of I',. Further discussions may be found in
[7] and [42].

Following Goss, [18] §1, one defines the space of Drinfeld cusp forms of weight
n and full level n as

Sp(n,Co) 1= HO(E)JTrlg 02" (—cusps)).

n

Let 4 be the module of differentials of A and define for any A[GLy(K)]-module
M its dual as M*. Based on the results in [55] by Teitelbaum, one considers
the relative group cohomology

Hml n(yAv) = HI(FU rel {T'; : ¢ € cusps, }, (Sym" Hom 4 (Y,,Q4))")

for suitable projective A-modules Y, of rank 2 and obtains an isomorphism

Sn+2 @ rel,n n A V ®A(C

In the function field context, too, one has a natural action of a Hecke algebra
on these spaces, [18], §3, or [16]. It will be shown that the above isomorphism
is Hecke equivariant. In particular, this shows that the Hecke eigenvalues of the
space of cusp forms are integral over A. In Section 6, we will review all of this
in detail.

Prior to this work, the above two isomorphism were essentially the only
known characterizations of Drinfeld modular forms.

Crystals over function fields

In the following, we want to give a brief account of the theory of crystals
over function fields. As a guiding example, one may think of the theory of
constructible étale Q;-sheaves over schemes in characteristic p # [. However,
there are also analogies to the theory of algebraic D-modules. For a morphism
f: X — Y of finite type, both of these theories have the six functors f*, ®, fi,
f', Hom, f, postulated by Grothendieck for any good cohomological theory.

The theory of crystals over function fields, constructed by R. Pink and my-
self, differs from the above two, in that the coefficients as well as the schemes
are set in characteristic p. Furthermore, in comparison to the étale theory, the
coefficient systems are arbitrary finitely generated F,-algebras.



The theory of crystals over function fields possesses only the first three of
the above six functors. Nevertheless, it is more flexible than Anderson’s theory
of t-motives, which essentially possesses only the first two of the above functors.
Important objects in our theory are given by families of Drinfeld modules or
more generally of t-motives. To such, one associates a 7-sheaf, similarly to [53],
and the latter represents a crystal.

A further aspect of this theory is its connection with the étale theory of
constructible sheaves with characteristic p coefficients. For a coefficient ring B
which is a finite F,-algebra there exists a covariant functor F — F between
crystals on X with B-coefficients and constructible étale B-sheaves on X. This
functor induces an equivalence of the respective categories which is compatible
with the functors f*, ®, Rf.

As a first application of the theory of crystals over function fields, in [4]
Ch. 7, we are able to give an algebraic proof of the rationality of the local L-
function of a family of Drinfeld modules, as conjectured by Goss, [53]. The
first proof of this, by Taguchi and Wan in [53], was of an analytical nature.
Essential for the algebraic proof is a Lefschetz trace formula for crystals, cf.
[4]. As a second application one obtains results on special values of Goss’ global
L-functions at negative integers, as these may be interpreted cohomologically as
local L-functions of crystals, [3]. This contributes to a proof of Goss’ conjecture
that global L-functions over function fields can be meromorphically continued

to all of Z,, x C%_, which replaces the complex plane for L-functions over number
fields.

Drinfeld modular forms and crystals

Denote by F, the crystal attached to the universal Drinfeld module ¢, on 9t,.
This is a family of pure uniformizable A-motives of rank 2. The theory of crystals
now suggests, in analogy to the classical situation, the following definition:

Snra(n, A) = Rlgy (Sym" £, ).

where R!g, is the direct image with compact support functor on crystals for
the morphism g,. This is a crystal on Spec A[1/n] with coeflicients in A. As our
results described below suggest, the crystal S,,12(n, A) should be thought of as
a motive over function fields for the cusp forms of weight n + 2 and level n.
For a place v of C' different from oo let p denote the corresponding prime
ideal of A and A, the completion of A with respect to v. The inverse system
(Fn ®a A/pi)‘ng represents a constructible étale A,-sheaf on 9%, which we

denote FEV. We define
Rl (n, Au) = Rlygur (Sym™ Z58 ).
which is a constructible étale A,-sheaf on Spec A[1/n].

We now describe some of our results:
a) An Eichler-Shimura isomorphism for cusp forms:

In [1], Anderson describes a procedure which attaches to a t-motive M over K
a vector bundle M{t} over the rigid space Spm K (t) together with a ¢ x id-
linear operator 7. The module M {¢} should be thought of as the analytic motive
attached to M and (M{t})” as its Betti cohomology. A similar procedure can
be applied to the crystal S,,12(n, A), cf. Section 9. By (M{t})” one denotes the
T-invariants of M{t}.



Based on Teitelbaum’s description of Drinfeld modular forms as harmonic
cocycles on the Bruhat-Tits tree, we construct in Section 10 a map

D Hhan(n A0)" — ((Suealn, A)/ K ) {1}) &)

and show it to be an isomorphism. This should be viewed as an Eichler-Shimura
isomorphism. It ‘says’ that the Betti realization of the ‘motive’ S,,(n, A)/ K
after changing coefficients to C, is dual to the space of cusp forms S, (n,Cy).
Note that there is no doubling up as in the classical case.

b) An Eichler-Shimura isomorphism for double cusp forms:

We have a similar construction for the space of double cusp forms: Following
Goss, [18], Def. 1.8.3, one defines the space of Drinfeld double cusp forms of
weight n as

S2(n,Coo) := HO(M-, 0™ (—2 cusps)).

n
This is a subspace of S, (n, Cs) of codimension equal to the number of cusps of
M, if n > 2 and equal to the number of cusps minus the number of connected
components if n = 2.

Let j, be the open embedding of 90, into ﬁn. The extension by zero
JntFEx is the smallest crystal which extends F,, to 9. It turns out that there is
another natural extension of F, to 9, namely the so-called mazimal extension
Fui= JnaFn, cf. Section 11. It is based on work of Gardeyn, [13]. In Section 11,
we show that for each n > 0 there is a short exact sequence of crystals on ﬁn:

0— Ju Symn(zn) — Symn(fn) — Qn — 0.

The sheaf G, can, up to twists with projective A-modules of rank one, be
identified with the unit crystal supported on 9t ~ 9M,. In Section 12, it will
be shown that there is a natural isomorphism

S2(1, Coc)” = (R (Sym” £4)/Coo ) {t}) @4 Coc: (2)
c) Sn(n, A) as a Hecke-module:

As in the classical theory, one has an action of Hecke operators on the spaces
of Drinfeld cusp forms (and double cusp forms) in their various incarnations:
sections of a line bundles, holomorphic functions on ©(Cy, ), harmonic cochains,
crystals and étale sheaves. We show that all isomorphisms among these are
equivariant for the action of the Hecke operators, cf. Sections 6, 10 and 13.

Since the Hecke-algebra is commutative, the above action allows us to de-
compose S, (n, A) into generalized eigenspaces. Let My, ..., My be torsion free
subfactors of S, (n, A), such that the M; ® 4 K form a complete list of non-
isomorphic simple subfactors of S,,(n, A) ®4 K. The M; will be shown to be
pure uniformizable A;-motives of rank 1 for a suitable finite extension A; of A,
and a suitable characteristic depending on i. We also show that the subfactors
of the crystal R!g,.G,, are isomorphic to twists of the unit-motive by finite order
characters, which depend on the cusps and can be given explicitly.

d) Galois representations attached to eigenforms:

The above decomposition of S, (n, A) corresponds to decomposing the Hecke-
module S, (n,Cy) into generalized eigenspaces. Let f; denote the normalized
eigenform corresponding to M;.



Using the étale realization of the crystal S, y2(n, A) and its compatibility
with pushforwards with proper support, one obtains a natural isomorphism

(§n+2 (t‘l, A) ® Av)ét = Rét (T’L, Av)7 (3)

which clearly is Hecke-equivariant.

Similar to the classical case, this will enable us to attach 1-dimensional v-
adic Galois representations py, , to the normalized cuspidal eigenforms f; for
any finite place v of A;. The Eichler-Shimura relation in characteristic p implies
that T, = Frob, for all prime ideals p prime to np,. In particular, py, ,(Frob,) =
ap(f;) in A;,, where ay (f;) is the eigenvalue of f; for the Hecke operator T},. The
results in ¢) and d) imply that py, , has finite image whenever f; is a cuspidal
eigenform but not a double cusp form. The simple structure of the crystal
So(n, A) implies the same if f; is any cuspidal eigenform of weight 2. For doubly
cuspidal eigenforms f; of weight greater than two, the representation py, will in
general have infinite image, as can be seen in examples. This will be explained
in detail in Sections 14 and 15.

A survey

Let us now briefly survey the contents of the present work section by section.
The first seven sections are largely a review of known material or material that
follows very closely the well-known treatment in the case of modular forms. In
Section 1, we recall the definitions and main properties of the algebraic moduli
spaces Mx of Drinfeld modules with some level-XC structure, e.g. [10], [35].
Section 2 is an expanded version of the discussion of the compactification ﬁ,c
of My as given in Drinfeld’s seminal paper [10]. We focus mainly on an explicit
treatment of the cusps, which seems not to exist in the literature.

As Drinfeld’s upper half plane will be important for various explicit compu-
tations, we give a fairly complete treatment of it and its quotients by arithmetic
subgroups in Section 3. This is first used, in our review of the analytic moduli
spaces of Drinfeld modular forms in Section 4. This material mainly stems from
[10] and [8].

The following two sections introduce Drinfeld modular forms in their various
incarnations and Hecke operators on them. This draws from various sources,
e.g., [15, 16, 19, 20, 55]. We give a local as well as an adelic description for all
these objects. Certainly none of the adelic parts is available in the literature.
Our treatment follows closely that in [52]. Finally, in Section 7, the main facts
from the theory of crystals over function fields as developed in [4] are recalled.

The material starting with Section 8 is the core of this article. Before we
can come to the first main result of the article, namely a description of Drinfeld
modular forms in terms of crystals, some technical issues on families of Drinfeld
modules, respectively t-motives have to be resolved.

In Section 8 we develop analytic sites of T-sheaves and crystals, following
closely the theory of algebraic crystals in [4]. An additional difficulty lies in the
fact that an extension by zero does not necessarily exist in the analytic context,
as one may have essential singularities. Also various compatibilities have to be
verified, when passing between different sites.

Then in Section 9, we discuss purity and uniformizability for families. The
first is modeled on [41] and the second is an extension of Anderson’s pointwise
treatment of uniformizability as given in [1]. Having all the above tools available,
in Section 10, we state and proof the Eichler-Shimura isomorphism for Drinfeld
cusp forms. Uniformizability is a key in our proof. The main result of [40] is
also an important auxiliary result.

The proof for double cusp forms is more involved, and uses the concept
of mazimal extension as introduced by Gardeyn in [13]. We further develop



this theory in algebraic, analytic and formal contexts in Section 11. Some
rather technical computations are needed for certain explicit results on maximal
extensions of the crystal corresponding to the universal Drinfeld-module on 9.
Using these results, we can finally state and proof in Section 12 the Eichler-
Shimura isomorphism for double cusp forms.

In Section 13 we define a Hecke action on our crystalline realization of Drin-
feld modular forms and show that it is compatible with the usual action under
our Eichler-Shimura isomorphism. Also we give a (non-canonical) decomposi-
tion of this realization into ‘simple’ pieces under the Hecke action. An Eichler-
Shimura relation on the special fiber of M over p is derived for the Hecke-
operator T},. In the following section, we construct Galois representations from
the ‘simple’ subfactors mentioned above. In this way, we can attach a Galois
representation to any cuspidal Drinfeld modular eigenform, where the relation is
made precise by using the Eichler-Shimura relation. The final section concludes
with an example, where some of the results of this article will be made explicit.

There still remain various open questions for future work.

(i) There should exists a canonically defined subspace of Hecke eigenforms
which are cuspidal but not doubly cuspidal. This space needs to be iden-
tified. Perhaps one can use Poincaré series to give simple explicit repre-
sentatives.

(ii) One needs to relate the L-functions attached to the factors of the crys-
talline realization of Drinfeld modular forms to the L-functions of modular
forms as defined by Goss. This would immediatly yield their holomorphy
by the results in [3].

(iii) At this point there are no purity results for the pushforward of pure fam-
ilies of ¢t-motives with compact support. As examples show, one cannot
expect purity in the same way as for l-adic cohomology, cf. Example 15.5.
However it should be possible to give ‘bounds on the weights’. (As their
is no duality for crystals upper bounds for weights will not imply lower
bounds for weights!) This should yield some results on the growth of
the eigenvalues of the Hecke operation in the spirit of the Ramanujan-
Petersson conjecture. Also the example in Section 15 suggests that the
subfactors that arise from Drinfeld cusp forms of fixed weight are pure,
however, of verying weights.

(iv) Despite the fact that canonical compactifications for Drinfeld modular
schemes of higher rank Drinfeld modules have not been constructed, it
does not seem unreasonable to hope to generalize some our results to
this setting. For many purposes, such as the analysis of the maximal
extension near cusps, it is enough to have a combinatorial description of
the codimension one points of a compactification near the cusps, and this
might be possible.
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Notation

p will be a prime, g a power of p and k the field of g elements.

By X, Y, etc., we denote schemes over k. Their absolute Frobenius en-
domorphism with respect to k is denoted by ox, oy, etc. When it seems
redundant, the subscripts are often omitted.

For a field L we denote by L%P and L*¢ a separable, respectively algebraic
closure.

We fix a smooth, projective, geometrically connected curve C' over k and
a closed point co on it.

The ring of regular functions on C \ {oo} is denoted by A, its function
field by K and its set of maximal ideals p by Max(A). Because C is
geometrically connected, k is the field of constants of K.

For X, A as above the projection of X x Spec A onto the first and second
factor are denoted by pr; and pry, respectively.

For a non-zero ideal n of A, we define its degree deg(n) := dimy A/n. By
V(n) the support of A/n is denoted and by A(n) C K the ring of regular
functions on Spec A \ V(n).

For any place v of K, we denote by K, the completion of K at v, by m,
a uniformizing parameter, by A, its ring of integers and by k, its residue
field. We set d,, := [k, : k] and ¢, := card(k,).

By |.|eo We denote that norm on K., with |Teo|oo = ¢oo 1, and by v :
Ko — Z U {0} the valuation with v (7e) = 1. In particular, |a|e =
card A/(a) = q4°8(e),

Cs will denote the topological closure of an algebraic closure of Ko, O¢__
its ring of integers and m¢_ its maximal ideal. The choice of the algebraic
closure of K, provides us with an embedding t,: A — Ko, — Co. By
| .|c.. we denote the unique norm on Co, which extends |.|. Analogously
one defines C, for any place v of Spec A.

Say X is a scheme over a ring R € {A, A(n), K}. Let S be an R-algebra.
Then bg is defined as the base change map X Xgpec g SpecS — X.

Define A := lim A/n, where the limit is taken over all non-zero ideals of

A, and let AQ := A ®4 K be the finite adeles of A. By Ay = AQ X Koo
we denote the adeles of A.

An A-scheme X will be scheme over A. Similarly, we define A-rings and
A-fields. The corresponding morphism A — T'(X,Ox) will be denoted
by tx.

For any ring R of characteristic p, let R{7} denote the non-commutative
ring of polynomials over R in the indeterminate 7 subject to the non-
commutation rule 7r = r97 for r € R. By deg,, we denote the degree of
a polynomial in 7.

For an element = € R ® A, we denote by 2(4") the element (o x id)*(z).

We define this notation also for matrices o over R ® A by defining ald)
as the matrix obtained by applying  — z(9") to any matrix entry.

11



1 Drinfeld modular varieties, the algebraic side

In this section we recall the algebraic moduli problem classifying Drinfeld mod-
ules of rank r with a level structure. Thereby we set up the notation for various
moduli problems we need in the sequel. The main source is [10].

1.1 Definition of a Drinfeld-module

Following [10], we first define a Drinfeld-module over an A-field F and then use
this to define it over an arbitrary A-scheme S.

Definition 1.1 A Drinfeld-A-module ¢ on F' is a homomorphism

pr:A— F{r}:aw— @, = Zai(a)ﬂ,

i>0
satisfying the following two conditions:
(i) aog(a) =tpr(a) for all a € A.
(1) pa # tp(a) for at least one a € A.

We often simply speak of Drinfeld-modules instead of Drinfeld- A-modules if the
ring A is understood. The kernel of ¢ is called the characteristic of p. If
ker(vp) = (0), then ¢ is of generic characteristic.

Given a Drinfeld-module ¢, by [10], Prop. 2.1, there exists a unique positive
integer r, called the rank of ¢, such that deg, ¢, = rdeg(a) for all a € A.

For notational convenience, we let &/S be the category of S-group scheme
k-vector spaces where S is any A-scheme. Let V be any one-dimensional F-
vector space. Viewing V as a torsor over G,/F, one may identify F{r} with
Endg,r(V), which is a more conceptual definition of F{7}. This leads to the
following definition, cf. [10].

Definition 1.2 A Drinfeld-module ¢ = (£, ¢) on S of rank r consists of a line
bundle L =L, on S and a homomorphism

¢: A— Endg,s(L) : a— @a,
satisfying the following two properties:

(i) For any A-scheme homomorphism Spec F' — S, where F is a field, the
induced map A — Endg,p(Lr) is a Drinfeld-module on F of rank r,
where Lp is the pullback of L along Spec F' — S.

(i) For any a in A, the derivative of v, in the tangent space of L along the
zero section is multiplication by ts(a).

A homomorphism £: ¢ — " of Drinfeld-modules on S, called an isogeny, is

a surjective & € Homg (L, L) such that for all a € A one has o @, = ¢, 0&.

Remark 1.3 Suppose that every line bundle on R is trivial. Then by [10],
Prop. 5.2, any Drinfeld module over an A-ring R, is isomorphic to the trivial
line bundle together with a homomorphism

p:A— R{t}:a— Zai(a)Ti

such that g = g, and for all @ € A one has deg, ¢, = r deg(a) and @, geg(q)(a) €
R*. This is called the standard form of a Drinfeld-module.

A morphism £: ¢ — ¢ of Drinfeld-A-modules in standard form is an element
¢ € R{r} such that o, = ¢,¢ € R{r} for all a € A. It is an isomorphism
precisely when & € R* C R{r}.

12



1.2 Level structures

We fix an ideal n of A, an A-scheme S and a Drinfeld-module ¢ on S of rank r.

Definition 1.4 The n-torsion scheme ¢[n] of ¢ is the intersection of the kernels
of oa: L — L for all a € n.

The scheme p[n] C £ is again in /S and it inherits an action of A which factors
through A/n. A homomorphism between Drinfeld-modules ¢ and ¢’ induces a
homomorphism of S-group schemes p[n] — ¢'[n]. N N

Suppose S = Spec R, n = (a) is principal and ¢ is in standard form. For an
element f € R{7}, we denote by f(x) the polynomial in R[z] obtained from f
by replacing 7¢ by x? for all i. Then [n] is the scheme Spec R[x]/(¢q()). The
polynomial ¢, () is monic of degree |a|”, with non-zero coefficients only for the
terms z9', j = 0,...,rdeg(a).

For any abelian group G, by G4 we denote the constant group scheme G
on S. The following result can be extracted from [10], Prop. 2.2 and 2.3 and
the proof of Prop. 5.4:

Proposition 1.5 The scheme p[n] is finite flat over S of rank card(A/n)". Its
étale locus on S is precisely the pullback along S — Spec A of Spec A(n).

For T C £ which is finite flat over S, we denote by [T] the corresponding
relative Cartier divisor.

Definition 1.6 A level n-structure of a Drinfeld-module ¢ is an A-module ho-

momorphism 1 : (n~1/A)" — @[n](S) such that 2gem-1/4y [W(9)] = [pn]] as
divisors.

If the scheme ¢[n] is étale over S, then a level n-structure is simply an isomor-

phism (n™'/A)% — ¢[n] in &/S.

1.3 The moduli problem

For any non-zero ideal n of A, one considers the fibered category M) over A-
schemes that assigns to each A-scheme S the isomorphism classes of pairs (¢, 9),
where

(i) ¢ is a Drinfeld-module on S of rank r,

(ii) 7 is a level n-structure of .

M7 is called the moduli functor for rank r Drinfeld-modules with level n-struc-
ture.
For a non-zero ideal n of A, we define K], as the kernel of the canonical map

GL,(A) — GL,.(A/n). From [10], Cor. on p.577 and from p.578, we obtain:

Theorem 1.7 Suppose that V(n) contains at least two primes, then MY is
representable by a reqular affine A-scheme M}, of finite type and dimension r.
Over Spec A(n), the scheme I, is smooth of relative dimension r — 1.

For w C n, the induced morphism M., — ML is finite and flat. Over
Spec A(W') it is a Galois cover with Galois group isomorphic to K7, /Kr,.

As we will mainly consider moduli spaces for rank 2 Drinfeld- A-modules, we
abbreviate 9, := M2 and K(n) := 2.
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1.4 More level structures

We now define further level structures. They will be needed for example when
defining Hecke-operators as geometric correspondences.

Let K be a compact open subgroup of GL,.(A). An ideal n is called a conduc-
tor for n if K(n) C K. Such an ideal always exists and the maximal such ideal
is called the minimal conductor of K. The action of K C GL,.(A) € GL,(A7)
on (AF)" preserves A" C (n='A)". Therefore K acts on (n=!/A)", and for any
conductor n, this action on factors via GL,.(A4/n).

Let ¢ be a Drinfeld-module of rank r on an A(n)-scheme S and n a conductor
of K as above.

Definition 1.8 Two level n-structures ,v' : (n=*/A)" — ¢[n](S) are called
KC-equivalent if there exists g € K such that ¥’ =1 o g. A level K-structure []
of ¢ is a K-equivalence class of level n-structures 1.

For an A(n)-scheme S and a Drinfeld-A-module ¢ on S, denote by S(¢[n])
the étale Galois cover with Galois group Ggs,, obtained from S by adjoining
a complete set of n-torsion points of ¢ to S, c.f. Proposition 1.5. The moduli
problem of rank r Drinfeld-modules with level KC-structure is given by the fol-
lowing fibered category Mj- on A(n)-schemes. To an A(n)-scheme S one assigns
the set of isomorphism classes of pairs (¢, [¢]), where

(i) ¢ is a Drinfeld-module on S of rank r,

(ii) [¢] is a level K-structure of the pullback of ¢ to S(p[n]) such that the
Galois group G's,, preserves the K-equivalence class of 1.

Two pairs (i, [¢]) and (¢, [¢']) are isomorphic if there is an isomorphism § :
@ — " on S such that £’ o 1) is K-equivalent to ¢’, where &’ is the pullback of

¢ along S(¢[n]) — S to S(p[n]) = S(¢'[n]). To see that M defines a fibered
category, we need the following lemma:

Lemma 1.9 Let m: S — S’ be a morphism of A(n)-schemes, let (¢, [¢']) be in
M (5") and define ¢ :=n*¢’. Then the following hold:

(i) There exists a morphism 7: S(p[n]) — S'(¢'[n]) extending .

(i) Given any two extensions ;: S(pn]) — S (¢'[n]), i = 1,2, of w, one has

T[] = 75[Y'] and this K-equivalence class is stable under Gg,,.
Based on the above lemma, one defines in the situation and with the notation
of the lemma: 7*[¢)] := 7*[¢'].

PROOF: Suppose first that R and R’ are affine and connected, so that we have
S = Spec R, S" = Spec R, S(¢[n]) = Spec R and S(¢[n]) = Spec R’ for suitable
rings R, R, R, R'. Suppose R’ is chosen in such a way that the bundle underlying
¢ is trivial. This implies that the equations ¢/,(z) =0, a € n, for the n-torsion
points of ¢’ are equations in R'[z], and R’ is obtained by adjoining a complete
set of solutions {z}} of these equations to R’. The same set of equations (after
applying R" — R) has a complete set of solutions {x;} in R. By an inductive
procedure and possibly relabelling the x;, one obtains a morphism 7 : R — R
which sends x} — x;, and thus (i) is proved for affine S, 5’.

Suppose 7;, i = 1,2 are lifts of 7w, where we are still in the affine situation.
Let 1); denote the level n-structure for ¢ on S(p[n]) induced via 7; from 4. Since
the 7; are uniquely determined by the images of the elements {«}}, which in
turn are zeros of polynomials over R, there exists o € Gg,, such that 7y = o7;.
Furthermore by considering the situation after specialization to points x € S

14



and ' = 7w(z) € 9, i.e. the case where all rings involved are fields, there
exists 0’ € Ggr o such that Ty = 710" when considered as a map from x to z’.
However by the definition of R’ and R', the maps 7; are uniquely determined by
the level structures 1; and vice versa, and two level structures on a connected
base agree, if they agree at one point. Therefore one also has 7o = 710",

The second relation between 71 and 7o shows that 17 and 15 lie in the same
K-equivalence class, since by our assumption on ¢’ the action of G/ preserves
the K-equivalence class of ¢’. The first relation now implies that the action of
Gs,, preserves the K-equivalence class of 1.

The general case, where S, S’ are not necessarily affine, is based on a patching
argument. The main point is that a local lift 7: Spec R — Spec R’ is uniquely
determined by the image 1» = (7')*¢’ of ¢’. Thus if on an affine connected
chart one is given maps 7;, ¢ = 1,2, that agree on a single point, then they
agree throughout. Details are left to the reader. n

The following lemma, whose basic proof is left as an exercise, compares the
above definition with that in the previous subsection and shows its independence
of the chosen conductor:

Lemma 1.10 Suppose that nln’. Then M. and My, are naturally isomor-

phic. In particular the above definition of Mj- is independent of the chosen
conductor n.

Let us first prove a weak representability result for Mi-:

Proposition 1.11 (relative representability, cf. [31] (4.2)) Suppose S is
a scheme over A(n) and ¢ a Drinfeld-A-module on S. Define M. 5, as the

unctor from S-schemes to sets defined by mapping (7m: 1 — to
fi fi S-sch defined b ) T—S5
{lWr] : [Wr] is a Gr x=p-invariant level-KC structure on T'(m*p[n])}.

Then M)TC/(S ) is representable. If S is connected, then it is represented by
(dglr A S (pln)) ) /K.

S,e

PROOF: For the proof it suffices to assume that S is connected, so that also
S(¢[n]) is connected and the automorphism group of level n-structures is simply
GL,(A/n). The action of Gg, on level n-structures thus identifies G5, as a

subgroup of GL,(A/n). We fix a level n-structure 1o on S(p[n]). It defines a

level n-structure g on S := Indg];;(A/")S(tp[n]). Finally set S" := S/K.

Let now [1)7] be a level K-structure on T'(7m*¢[n]) and i1 a representative of
it. We may assume that 7" is connected. By Lemma 1.9, there exists a morphism
' T(r*pn]) — S(p[n]) extending 7, so that (7')*1g is a level n-structure of
7 on T(m*p[n]). Because T is connected there exists g € GL,(A/n) such
that (7')*(¥og) = 1 The definition of S now shows that there is a unique
homomorphism # : T(m*¢[n]) — S extending 7 such that 7*ig = ¢r. The
same lemma implies that if we chose a different representative of [¢)7], then one
obtains the morphism g7 for some g € K. Thus there is a unique morphism
7. T — S’ independently of the representative of [¢)r] such that the following
diagram commutes:

g
T (7" pn])

b
71-\

n<—N<—wu
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From the definition of 7* on level K-structures, it follows that (7')*[¢ 5] = [¢7].
Since 7’ is the unique such morphism, the proposition is proved. n

To formulate a sufficient condition for the representability of M}, we make
the following definition.

Definition 1.12 A compact-open subgroup K of GLT(A) is called admissible
if the intersection of any GL.(A)-conjugate of K with GL,(k) C GL,.(A) is a
(possibly trivial) p-group.

Clearly the above condition is equivalent to the condition that any GL,(A)-
conjugate of GL,(k) intersects K in a p-group.

Examples are provided by the following simple lemma which is immediate
from the injectivity of GL, (k) — GL,(k,) for any place v of C.

Lemma 1.13 Suppose there exists a place v such that under the canonical map

GL,.(A) — GL,(ky), the image of K is a p-group. Then K is admissible. In
particular, for n a proper non-zero ideal of A the group K(n) is admissible.

The following result clarifies the importance of admissibility:

Lemma 1.14 If K is admissible, the action of IC/K(n) on M, is free.

PrRoOOF: The lemma is proved by contradiction, and so we assume that there
exists an A(n)-ring R, an element g € K, and (g, [¢]) € M (Spec R) such that
g(p, [¥]) = (¢, [¢]). This means that we can find u € Aut(p) C R such that
(p,15) = (upu=t,utp), where g is the image of g in K/K(n). We may clearly
assume that R is an algebraically closed field, which from now on we will do.

From ¢, = up,u~" for all non-constant a € A, it follows that u?" esl-1 ,
so that u is a root of unity of order prime to p. The field k := k[u] C R defines a
finite extension field of k. One now defines a Drinfeld-module over A := A®y k',
which ‘extends’ ¢, namely

¢:A— R{r}:a— Zdi(d)ri

where p(a®u?) := p(a)u’, and make R into an A-module via the map &y which
extends the given tp. Because k is the constant field of A, the map ¢ is injective.

Let 7 be the rank of ¢ so that r = s with s = [k : k]. The module
o[n] = @[nA] is free over A/nA = (A/n) @y k of rank 7, because @ is injective. If
D denotes the companion matrix of u over M, (k), say with respect to the basis

1,u,...,u*"! of k over k, then it follows that u acts on ©[n] through the matrix
D 0 0
p=| 0 P U lcaL k) carLAm.
0 0 ... D

Because uy) = g, we have ¢'D € ¢'gK(n) for some ¢’ € GL,(Af), and hence
D e g'ng’fl. Since K is admissible, the order of D must be a p-power, and
therefore the order of w, which is given by D (mod K) must be a p-power as
well. Thus the equation u9 ~ = 1 implies u = 1, as asserted. m
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Theorem 1.15 If K is admissible of conductor n, then M is representable
over Spec A(n) by an affine A(n)-scheme My.. The structure morphism g :
M- — Spec A(n) is smooth of relative dimension r — 1. The induced morphism

is a Galois cover with Galois group isomorphic to K/K(n).

The corresponding universal Drinfeld-module on M- is denoted by ¢j-. For the
base change of a moduli scheme to an A(n)-ring R we write M g, respectively
9N, - As in the previous subsection, we always suppress the index r if r = 2.

PROOF: All assertions in the case K = K(n) are shown in [35], Thms. 1.4.1
and 1.5.1. So let now K be an arbitrary admissible compact-open subgroup of
GL,(A) of minimal conductor n.

Following [31] (4.7), the moduli problem M} is representable since it is
relatively representable by Proposition 1.11 and rigid by Lemma 1.14. The
construction in the proof of Proposition 1.11 also shows that M} is represented
by MM := (M) /(K/K(n)). By [31], Thm. 7.1.3(2), and the previous lemma, it
follows that 9}, — 9 is an étale /K (n)-torsor. Because M, is smooth over
Spec A(n) of relative dimension r — 1, by the case already treated, this shows

that 9 has the same properties. m
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2 Drinfeld’s compactification of 91y.

For lack of a suitably detailed reference, we now reproduce and expand parts of
Drinfeld’s construction of a regular, respectively smooth compactification ﬁ,c of
the moduli schemes M, cf. [10], §9. We will need such an elaborate treatment
in Section 12 for our Eichler-Shimura isomorphism for double cusp forms.

The idea of the compactification of the moduli schemes My is similar to that
in the classical situation for arithmetic modular curves, as for example given in
[31]. There the Tate curve was used to glue in the missing cusps. The analogue
of the Tate curve over functions fields, as realized by Drinfeld, is a family of rank
two Drinfeld modules over a discretely valued field which has potential reduction
of rank one over the special fiber. The infinitesimal neighborhood of this family
along the special fiber serves to describe the degeneration of Drinfeld-modules
at the ‘cusps’.

This method of compactification by considering degenerations is particularly
simple for Drinfeld-modules of rank 2, because over a discretely valued field, any
such has potential reduction of rank at least one. If the rank r of the Drinfeld-
modules is greater than 2, the degeneration can appear in different ways. So a
compactification should contain strata X, for potential reduction of any rank
s between 1 and r such that X is in the closure of X,,;. In general, no
compactification has been constructed for M- for general r and admissible K.
For some partial results cf. [14], [29], [39]. Therefore from now on, we only
consider the case of rank two.

2.1 A moduli problem
Let (¢, £) be a Drinfeld-module on an A-scheme S, so that

¢: A — Endg,/g(L).

Define the projective bundle £ as the P!-bundle attached to £ such that £ is
the complement in £ of the infinite section. The action of A on £ via ¢ induces
an action $: AN {0} — End(£) by homogenizing the action of (,1) on L& Og.
(The extendability follows locally on S from the fact that the leading coefficient
of ¢, is a unit.) Furthermore, the addition £ x £ —, £ extends uniquely to an
action £ x £ — L, again denoted by 4. In homogeneous local coordinates the

latter map is given as the map
+r AN X PSP (2, (yo s y1)) = (2yn + 90t )

It is compatible with the action given by ¢. In particular via ¢ we have a map
of S-points - -
+: L(S) x L(S) — L(S) (4)

which respects the action of A ~\ {0}.

Definition 2.1 ([10], § 9) Fiz an admissible subgroup K1 of GL1(A) and a
non-zero ideal ny of A, which may be the unit ideal. Define Ni, n, as the
fibered category of pre-Drinfeld-Tate modules which assigns to an A-scheme S,
the set of triples (p, 1, X), where

(i) (p,%) is in My, (S), and

(i) X: nyt {0} — Homg(S,L) is an A ~ {0}-homomorphism, i.c., for all
a€ A~ {0} and m € ny' {0} one has A(am) = Pq(A(m)).

The following result due to Drinfeld motivates the above definition:
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Proposition 2.2 Suppose V is an A-ring which is a complete discrete valuation
ring with fraction field K. Fix an ideal n such that V(n) contains at least two
elements. Then there are (natural) bijections between the following sets:

(i) Isomorphism classes of Drinfeld-modules o of rank v over K with a level
n-structure and reduction of rank r — 1.

(ii) Isomorphism classes of quadruples (©',v', m, \) where
(i) @' is a Drinfeld module ¢': A — Endg v(V) of rank r —1,
(i) ¢': (n~t/A)T — '] is a level n structure,
(iii) m is a fractional ideal of A and
(iv) X: nim — K is an A-homomorphism such that the image of X is
discrete in K.

If r = 2, then there is a bijection between any of the above sets and:

(iii) Isomorphism classes of Drinfeld-modules @ of rank 2 over K with a level
n structure which do not extend to SpecV.

Define Gx := Gal(K/K).

PROOF: Let K be the separable closure of K and V its ring of integers. In [10],
Prop. 7.2 and 9.1.2, it is shown that for 1 < 7/ < r the following sets are in a
natural equivalence:

(i) Isomorphism classes of Drinfeld-modules ¢ of rank 7 over K with poten-
tially semi-stable reduction of rank 7’.

ii) Isomorphism classes of triples (¢, A, \) where
»

(a) ¢’ A — Endg v(K) is a rank r’ Drinfeld module with potentially
good reduction,

(b) A is a projective A-module of rank r — r’ and

(¢) A: A — KU{oo} is an A-homomorphism such that the image of A is
discrete in K and invariant under Gxk.

The proposition is now a consequence of the following two lemmas. n

Lemma 2.3 Let 'V be an A-ring which is a discrete valuation ring with fraction
field K. Letn be an ideal of A such that V(n) has cardinality at least 2. Suppose
¢: A — Endg,x(K) is a Drinfeld module of rank r with a level n-structure
v (nTY/A)" — pn]. If ¢ has potentially good reduction, then it has good
reduction.

PROOF: The proof rests on the analogue of the criterion of Neron-Ogg-Shafare-
vich for Drinfeld modules, cf. [54]. To state it, let v be the valuation on V and
p:={a€ A:v(w(a)) # 0}. For a place v of A, let Ta,(p) denote the v-adic
Tate-module of ¢ and p, ,: Gk — Aut(Ta,(¢)) = GL,(A,) the corresponding
Galois representation. Then the criterion says that the following are equivalent:

(i) ¢ has good reduction.

(ii) For all places v of A such that p, is different from p, the representation
Pop,v is unramified.
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(iii) For some place v of A such that p, is different from p, the representation
Pep,v is unramified.

Let v be a place of A such that p, is different from p and divides n. Such a
v exists as V'(n) contains at least two primes. We claim that p, ,, is unramified.
By the above criterion this will imply the lemma.

As ¢ has a level n-structure defined over K, the reduction modulo p, of p,
is trivial. Hence the image of p, . is a pro-p group. In particular, the image
of the ramification subgroup Ix of Gk under p, ,, we write I, for it, is a pro-p
group.

As ¢ has potentially good reduction, by [10], Prop. 7.1, there exists a finite
Galois extension K’ of K of ramification index prime to p with the following
property: There exists a Drinfeld-module ¢’ : A — Endg v/(V’), where V' is
the ring of integers of K’, such that ¢ is isomorphic to ¢’ over K. By the
above Galois criterion this means that the associated v-adic Galois representa-
tion pyr . Grr — Aut(Ta,(p)) is unramified. As this representation is isomor-
phic to the restriction of p, ., to Gxs, the group I, is a quotient of the inertia
subgroup I’ of Gal(K’'/K). As I’ is finite and of order prime to p, the pro-p
group I, must be trivial which proves that p, . is unramified as asserted. m

Lemma 2.4 Let m be a fractional ideal of A and X : n~‘m — PYK) be an
A~ {0}-homomorphism such that Tm X is discrete in K and invariant under
Gxk. Suppose further that the image of A carries a level n-structure, defined over
K, i.e., that there is a Gx-equivariant isomorphism n=*Im \/Im \ =, n1/A,
where n=t/A is a trivial Galois module. Then Im X\ C P*(K).

PrOOF: The existence of the level n-structure implies that the image of Gk in
Aut(n~'m) = GL;(A) is a p-group, because its reduction modulo n is trivial.
But GL;(A) = k* is of order prime to p, and hence the image is trivial. m

Theorem 2.5 Suppose K1 C A* is admissible open and ny is an ideal of A. The
fibered category Nic, n, is representable over Spec A(ny), where ny is the minimal
conductor of IC1. If V(n1) contains at least two elements, it is representable over
Spec A.

We write DMk, n, for the corresponding scheme. In the case Ky = KJ , we
abbreviate My, n, = Mic, 0, -

PROOF: Suppose first that Ky is contained in K}, for some n’ which contains at
least two different primes. This implies that the line bundle £ in the universal
family of sm}cl is trivial. Therefore £ is isomorphic to P! x E)ﬁ,lcl, and so if
ny = (b) is principal for some b € A, then Mg, n, is represented by P* x M. .
Let R denote the coordinate ring of the affine scheme zm}cl, and write P}, for
P! x Spec R. Then the universal object is the triple (o, 1, \) € Ni, n, (Pk) given
by
¢ = ¢n, : A— R{r} — T(Pg, Op1 ){7} = Endg p1 (G, p1)

deg(a)

a— Qg = Z ai(a)Ti,

=0

77[] = 1/411 : (nfl/A) i ‘p[nl] CR i F(P}%O]P%%
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and X is uniquely defined by mapping the generator b=! of ny 1 to the first
projection

pr; € Hom (P! xSpec R, P') = Hom(Mx, n,, P) = Homgp, . (mt,cm,]P;ﬁKW ).

The images of the other elements of n; AN {0} are uniquely determined by the
action of A \ {0} via @.

For general pairs (K1,n2) we proceed as in the proof of Theorem 1.15, and
apply [31], Thm. 7.1.3, and the following proposition. m

To formulate Proposition 2.6 below, we define for any ring R the group
B(R) := {( 3) GGLQ(R):C:O,dzl}%R* * R,

and for an open subgroup K of GLy(A) define Vi as the intersection KN B(AS).
We abbreviate Vi, = Vi(y). There is an action of v = ( ot ) € B(A) on
(907 ZZ% )‘) € N/Chnm defined by

’7(90’ 1/1, )‘) = (0407 m/% A+ w(b : 7))7

cf. also page 24.

Proposition 2.6 Suppose K1 C A* is admissible open and let K} be an open
subgroup of k1. Suppose further that n), C ny are non-zero ideals of A. Define
n to be the largest ideal such that Vi, C K} x (nyA). Then N1, is Galois over
N, ny over Spec A(n) with Galois group G = K1 /K} X ny/nly which acts freely.

Furthermore, if W denotes the ideal generated by all the prime divisors of
the minimal conductor of K1, then Ni; v, /G = Nic, n, over Spec A(n').

PROOF: Each of the groups Vy, K} x (nyA), K1 x (ngA) is normal in B(A). This
shows that G is well-defined, and that it suffices to prove the lemma in the case

Kh x (nhA) =V, i.e., from now one we write K} = K. and n) = n.
Consider the following inclusions of normal subgroups:

Ve < K::l X (HQA) < K:l X (HQA).

By Theorem 1.15, the second inclusion clearly corresponds to a Galois cover
over Spec A(n). On the other hand the action of (K} x A)/V, D (K} x ngA)/V,
is fixed point free on N, », because

(.0, A) = (9,9, X) = (a, ath, A+ P(b- _))

implies a — 1 € nA and b € nA. The freeness of the action of (K} x A)/V, also
easily implies the second assertion of the Proposition. n

Definition 2.7 Define the affine scheme ME . as the subscheme X\ = oo of
M1 ne, define ‘ﬁlCl,nz as the completion of the affine scheme M, n, (as a
scheme) along 9, ., and define Nic, n, as the complement of N | in MNic, n, -

IfK, = ICll11 for some proper non-zero ideal ny of A, we also write ny instead
of IC1 in the notation introduced above.

The definitions of {T\t;cl,nz, {ﬁlﬁ,uz and 9% . in terms of My, n, directly
imply the following result.

Proposition 2.8 For any ny and admissible K1, the assertions of Proposi-
tion 2.6 hold for MNic, ny, Nicy ngs NG, 4, 10 place of Nicy n, -

;N2
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2.2 The Drinfeld-Tate curve

The scheme My, », does not carry a Drinfeld-A-module of rank 2 along the
generic point of P! in any natural way. However its completion ‘i‘t;clm does so.
The main purpose of this subsection is to explicitly construct the corresponding
Drinfeld-module of rank 2 at least for K = K} , and ny principal, following the
ideas of Proposition 2.2 and [10], § 7. We will assume that Ky = K} for some
principal non-zero ideal ny = (b) of A, as the general case can be obtained from
this by Galois descent, cf. Proposition 2.6.

The scheme 9k, n, is the analogue of the Tate curve with level n-structure,
n € N, on Z[1/6][[¢~/"]] where the first component of the level n-structure is
a fixed choice Z/(n) = {z € Z : 2" = 1}. We call ‘?I;cl,nz the Drinfeld-Tate
module for (K1,n3). In the following we will assume that either V(ny) contains
at least two elements, or that we work over Spec A(ny).

We use the notation from the proof of Theorem 2.5. In particular, R is the
coordinate ring of M. and (¢, ¥, A) is the universal object in Ny, v, (P%). Thus

‘finhnz = Spec R[[1/t]], and we denote by (&, 0, 5\) the pullback of (¢, 1, \) along
the completion map. Thus we have

Qb = 901111 A — R{T} I R[[l/tH{T} = End(’ﬁ/Spec R[[l/t]](Ga,Spec R[[l/t]])
deg(a) _
ar Pq = Z a;(a)T,
1=0

s (ng!/A) = glm] € R C R[[1/1].

Finally ), which arises from the projection pry: Pt x Spec R — P! onto the first
factor by completing the first scheme at oo, is given by mapping b~! to

(1:1/t) € P*(Spec R[[1/t]]) = Homgpee r1 /4 (Sec RI[1/H], Pépee pi/a))-

In particular, for a € A \ {0} one has

o —1y . _ . 7qdega 1 )

A(ab ) - (@a(t) . 1) - (1 it Z,L ai(a)t_qdcga_;,_qi .
The quotient ring Q(R) is a product of fields, and we denote by K the
product of the algebraic closures of these fields. To see that M, ., carries a

naturally defined Drinfeld-module of rank 2, we will define an exponential map
ex from R((1/t)) := R[[1/t]][t] to itself: We denote by A the map

A (bil) — R((1/1)) : ab™! — ©wa(t),

i.c., A is the first coordinate of \ if the second coordinate is normalized to 1.
Observe that

deg(a

1/Mab™) = Qgeg(ay (@)1 - 7 v, € R((1/1))7, (5)

for some unit v, € 1+ 1/¢tR[[1/t]], and we have ageg(q)(a) ™' € R*. This implies
that the following expression defines a convergent product in R[[1/¢]][[#]]:

ex(z) =z H (1—)\(Za)).

ac AN{0}

Let z be in a finite extension R’ of R((1/t)). Then all but finitely many terms
in the product expansion of e, (z) are one-units in R’. In particular for any such
R’ the map z — ey (z) : R — R’ defines a k-linear morphism.
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Proposition 2.9 There exists a unique Drinfeld-module ¢': A — R((1/t)){7}
of rank 2 such that for all a € A the following diagram commutes:

0 AA) R((1/t)) —2> R((1/1)) (6)
0 A(A) R((1/t)) —= R((1/1)).

PROOF: Note first that R is regular and hence reduced because it is the co-
ordinate ring of the moduli space of rank 1 Drinfeld modules with a level K;-
structure. Therefore to prove uniqueness of ', it suffices to show uniqueness at
all fibers with respect to R, i.e. over all rings R/m((1/t)) where m € Max(R).
Passing to the algebraic closure of R/m((1/t)), the map ey becomes surjective,
and hence uniqueness is clear.

For the existence, we define ¢/ by the standard formula of [10], proof of
Prop. 3.1: Identify a with tg(a) and let S, be a set of representatives of {z €
K~ A(A) : ¢l (z) € AM(A)} modulo A(A). Define

0l (2) == az H (1 - ej(c)) = ZHceSfe)\(C) H (e,\(c) - z)

cES, cES,

By the following lemma and the invariance of the given expression under the
absolute Galois group of Q(R((1/t))), this expression lies indeed in R((1/t)){7}.
The proof that

o' A= R(1/D){T} 0 )
does define the structure of a Drinfeld-module of rank 2 on R((1/t)) is standard
and left to the reader. n

Lemma 2.10 One has

H ex(c) = uqa

cES,
for some unit u, € R((1/t))*, and the product on the left is independent of the
chosen set of representatives.

PROOF: Let S, be a set of representatives of
{r €K :p,(x) € \(A)} modulo A(A) + ¢la],

which contains 0, i.e. such that the class A(A) +¢la] is represented by 0. We will
assume without loss of generality that S, = (S, + ¢la]) \ {0}. Let R, be a set
of representatives of (a=1)/A which contains 0, and note that [ecpq(—c) =

©q(c) for  an indeterminate and ¢,(A(8)) = A(a3) for § € ny; ' ~ {0}. Then

I[ene = I1 (c I1 (1—5))

c€5a c€(Satpla)~{0}  acA(A)~{0}
_ %@ [Lees, Palo =)
I 1T eu0 11 alal
T ceS {0} aeX(A)~{0}

- a I @ ]I Hacr, Mas = d)

a 2
deR,~{0} BEA~{0} A(B) 1=

By formula (5) the second factor of the last expression is a unit in R((1/%)).
Furthermore the numerators and denominators of the third factor are units in
R((1/t)) and their quotient is a 1-unit for all but finitely many 5. Hence the
assertion is shown. m
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2.3 The infinitesimal neighborhood of all cusps

In the previous subsection we explained how to construct what should be the
infinitesimal neighborhood of a single cusp. The point of this subsection is to
show how to give an adelic description of the infinitesimal neighborhood of the
scheme of all cusps of M for a given admissible K.

By Proposition 2.6, the M, ,, form naturally an inverse limit system and one
defines 9 as lim N, , and analogously 9 and M — one may take the inverse
limit over all principal ideals n. The scheme )t represents triples consisting of
a rank 1 Drinfeld-module ¢ on a scheme S, a compatible system of level n-
structures of ¢ for all non-zero ideals n, or equivalently an A-homomorphism
¥: K/A — L£(S), and a compatible system of A~ {0}-morphisms n=*~ {0} — L,
or equivalently an A \ {0}-homomorphism A: K \ {0} — L. Define N to be
the corresponding moduli problem. Note that the coordinate ring of the affine
scheme 91 is simply the integral closure of R[[1/t]] in the infinite Galois extension
of Q(R((1/t))) generated by all torsion points of ¢'.

There is a natural action of B(A7) on N i.e., on triples (p,1,\) as above,
cf. [10], § 9. To describe it, we first recall the action of GL,.(Af) on IMM" =
lim 907, i.e. the fibered category of pairs (¢, v) consisting of a rank 7 Drinfeld-
module on a scheme S and an A-homomorphism (K/A)" — L(S), [10], § 5:

First consider g € GL,.(A7) N M,.(A). Then g induces an endomorphism of
(K/A)" with finite kernel H. By [10], Prop. 4.4, there exists a unique isogeny
fN of ¢ to a rank r Drinfeld-module ¢’ whose kernel subgroup scheme is the
Cartier divisor ZaeHiﬁ(a). Define g(,v) to be the pair (¢’,1’) where 9/ is
the unique A-homomorphism (K/A)" — L£(S) such that the following diagram
commutes

(K/A) 2 £(S)

|,

(K/A)" —— L(S5)

N

where the A-action on the top £(5) is via ¢ and on the bottom one via @’. If
g is a scalar matrix for some scalar a € A \ {0}, then the action of g induces
the identity on 9t". (One simply uses the isogeny £:= Do from @ to itself.) As
GL, (A7) = K*(GL,(Af) N My(A)) one can extend the action defined above to
all of GL,.(A7) in such a way that K* acts trivially.

Now one defines the following action of B(Af), cf. [10], § 9: For b € Af
define

by K — AT 2 AT AT A KA L(S).

Recall that we have an addition + : £(S) x £(S) — £(S). Thus if for g =
(8 l{) € B(AY) we set

9@, ¥, A) = (ap, ah, by + A),

this defines a homomorphism B(Af) — Aut(9), and it induces actions of B(Af)
on M and N. By Proposition 2.6 the scheme N, , is the quotient of I by V4.
By Proposition 2.8, the analogous results hold for 91 and .

Define M as the scheme Indgﬁgﬁv‘?f)/ K. By this one means the following:

The scheme 9 is the affine scheme Spec Ro where Ry, = lim R, and the R,
are the coordinate rings ‘?In,n. The action of B(A') is an action on the ring
Ro. One now considers the set of locally constant functions from GLg(A/)/K*
to Ro which are B(Af)-equivariant and are non-zero on only finitely many
B(A')-orbits. (Note that GLa(AS)/(K*B(A')) is infinite.) The resulting non-
unital ring may also be described as ]_[GL2 (AF)/ (K~ B(AF)) Rs. The spectrum of
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this latter ring together with the action of GLa(A/)/K* is the scheme defined
above.

One has the usual formula for the restriction of an induced representation.
Say H', H are subgroups of group G and H acts on the affine scheme S from
the right. Then

Res¢ IndGS= ] Idf, s
s€H\G/H’ ’

where H! := H' Ns"'Hs and an element h € H. acts on S as shs™! € H.

For an open subgroup K of GLy(A) one defines My as ﬁ/ K. Analogously
one defines S)Aﬁ;g and 9P, and if £ = K(n) we simply write the subscript n
instead of K(n). Noting that K* acts trivially on ‘ft, the above yields the
following explicit expression for ﬁ;c:

Lemma 2.11

M = 11 N/(B(AF) N s71Ks).
s€K*B(Af)\CGLz(AF)/K

If £ = K(n), a set of double coset representatives s given as follows: Choose
representatives x, € (Af)* of CI(A) = (Af)*/A* and let s1,, be the diagonal
matrix with diagonal entries (z,,x,). Furthermore choose elements s;, in
GLy(A) which form a set of representatives of k*\GLy(A/n)/B(A/n). Then the
elements s = 81,52, form a set of representatives for K*B(Af)\GL2(AS)/K.
Because the s;, are in the center of GLy(A7) and because K(n) is normal in

GLy(A), one concludes that independently of s one has
B(ANYNns™IKmn)s = B(AY) nK(n) = V.

For arbitrary KC, the schemes ‘fl/ (B(Af) N s71Ks) are called the formal neigh-
borhoods of the cusps of M. Thus we have shown the following.

Proposition 2.12 For any K and any K(n) contained in it, one may choose
a set of coset representatives of K*B(AM\GLy(AT) /K which normalize K(n)

and GLy(A). Furthermore, the formal neighborhoods of all cusps of M, are
isomorphic to Ny n.

Remark 2.13 The above proposition needs to be compared with the descrip-
tion of Drinfeld-modules with a level structure, and stable but bad reduction
given in Proposition 2.2 (ii). There we needed four parameters to describe such
an object, namely in addition to (¢,%, ), we also had an ideal m of A. We
claim that the fibered category of such triples for a fixed m is isomorphic to
Nun, as asserted by the above proposition: To see this choose v such that the
kernel of z,: K/A — K/A is of the form am™!/A for some a € K ~ m. Then
multiplication by s;, is an isomorphism between the fibered category for m

and M, .

2.4 Gluing the cusps into M

As the scheme 53}" naturally carries a rank 2 Drinfeld-A-module with a level
n-structure, there is a canonical map M, — IM,,. (For a modular interpretation
due to Drinfeld cf. Proposition 2.2.) This map is used in [10], § 9, to construct
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a commutative diagram

—~

My <M, M, INe

L —

Al <—— Spec A((1/t))—— Spec A[[1/t]] <—Spec A4,

which depends on the choice of a non-constant a € A, and where Spec A[[1/%]] is
the infinitesimal thickening of co € PL, all squares are cartesian and all vertical
maps are finite flat. To describe the left vertical map in terms of moduli, one
assumes, without loss of generality, that all Drinfeld-modules ¢ € 9, (S) are
given in standard form N

2 deg(b)

p: A S{r}:b— @ = Z i (b)T.
=0

Then the left vertical map is defined by
o (gf: Alt] = S b 15(b),t ajggggg—l(a)/ameg(a)(a)).

Details of this construction can be found in the recent work [36].

Clearly the bottom sequence of the above diagram can be glued to yield P}
and the diagram can be used to glue the cusps into 9, and hence to construct
a finite scheme 53\?]1 together with a finite flat morphism to P.

Theorem 2.14 Suppose that V(nlcontains at least two primes. Then there

exists a unique reqular A-scheme I, proper over Spec A, which contains the
A-scheme M, as an open dense subscheme such that:

(i) M, ~ M, — Spec A is finite,

1) The completion of the scheme M_ along M_~ M, is canonically isomor-
P n g >ty Y
phic to M, .

(iii) M, — Spec A is smooth over Spec A(n) of relative dimension one.

Furthermore for w' C n, the covering map My — M, extends to a finite flat
map M, — M, with an action of K(n)/K(n'), which is ramified possibly over
V(') and co.

Let I be any admissible open subgroup of GLQ(A) with minimal conductor
n. Then, there exists a canonical smooth compactification ﬁ,c of My over
Spec A(n). It is obtained as the quotient of M, by K/K(n) and has properties
analogous to (i) and (ii) over Spec A(n).

The A-morphism 9M,. — Spec A(n) is denoted by gr, and similarly gy : m, —
Spec A(n). The open immersion Mx — M is denoted by j.

PrOOF: All the statements concerning 9, stem from [10], Prop. 9.3. So it
remains to prove the assertions on M. Let G := K/K(n). By Theorem 1.15,
we know that M = M, /G is smooth over Spec A(n). As the gluing is easily
seen to be compatible with the action of IC/K(n), and as ﬁn/G >~ My, it
remains to show that ﬁ;c is formally smooth over Spec A(n). For this, we use
its explicit description given in Lemma 2.11.

Thus, we need to consider the action of s~/ CsNB(AS) on M, or equivalently,
making use of n, the action of (s~*CsNB(A'))/V, on N, . By Proposition 2.12,
we may choose a set of double coset representatives s such that each s normalizes
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GLy(A). Thus it suffices to show that for any admissible K, the action of
(KN B(A1))/Vy = Vic/Vi on My is free over Spec A(n).

Define K; C A* to be the quotient Vic(1 x A7)/(1 x Af). Then Vi C
K1 x A, and it will suffice to show that the action of (C; x A)/Vj is free. By
Proposition 2.6 it is enough to show that /C; is admissible.

Assume that K is not admissible. As K is abelian, there must exist an
element a € (k* ~ {1}) N Ky. Thus (g g’) will be in (1 x A), ie. £ will

contain an element of the form (‘5 ? ) for some b € A. If we conjugate this

element with ¢t := ( 1o ), we obtain

0 1
a 0 -1
J;A(Ol)et/o: A GLy(k)

contradicting the admissibility of L. n
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3 Drinfeld’s upper half plane

For the explicit description of the analytic moduli space for Drinfeld modules
of rank 2 with some level structure to be given in the following section, we will
review some necessary background in this section on Drinfeld’s upper half plane
Q) and its quotient by arithmetic subgroups. We first recall the description of the
Coo-valued points of Q as a subset of P1(C,.) together with its reduction map to
the Bruhat-Tits tree 7. Then we describe its structure as a rigid analytic space
over K. Finally we look at quotients I'\{2 and their canonical compactification
for arithmetic subgroups I' of GL2(K). For an introduction to rigid analytic
spaces, we refer to [5] and [12].

Two main objectives are, first, to give a self-contained exposition of the
affinoid cover of I'\{2 that arises from a natural cover of I'\7, and, second, to
provide a useful affinoid cover for the canonical compactification of I'\Q.

A word on notation. We will use gothic letters for three different purposes.
93?3 and ‘J’(g were (and will be) used for algebraic moduli space and moduli spaces
in general. Letters i, X, ), 3 will be used for rigid spaces. Finally, we also
gothic letter do denote Cech covers. We hope that no confusion will arise.

3.1 The reduction map for Q(C,)

As a set of points, we define Q(Co) := P1(Co) \ P}(K). This space has a
similar meaning for the uniformization of certain rigid curves, as the complex
upper half plane for compact Riemann surfaces of genus g > 1.

Following the treatment in [8], which is based on [10], we will now describe
the reduction map p of ©(Cy,). This will be useful when describing the rigid
structure of €2 and its quotients. To describe p we will introduce the Bruhat-Tits
tree 7 associated to rank 2 lattices of A, and the set of norms on the vector
space Vo, := K2 up to dilatations. The set {fo, f1} will denote the standard
basis of V.

Definition 3.1 An A.-lattice M of Vi is a free Ao submodule of Vi of
rank 2.

Two Aso-lattices M, M’ of Vi, are equivalent, if there exists some a € K*,
such that aM = M’'. An equivalence class is denoted by [M].

Definition 3.2 (The Bruhat-Tits tree 7) The set Ty of vertices of T is the
set of equivalence classes [M] of Ax-lattices of V.

The set Ty of edges of T is the set of pairs {v,v'} of vertices which satisfy the
following property: There exist lattices M C M' of index qoo such that v = [M]
and v' = [M'].

The elements of To U7y are called the simplices of 7.

The above definition of 7; does not involve any kind of orientation on 7, because
if M C M’ has index ¢, then so does M’ C 7. ' M and [M] = [ M].

It is simple to see that 7 is a connected tree and that there are go, + 1 edges
originating from every vertex of 7, cf. [48], IL.1.1.

By a path, we mean a sequence of distinct vertices vy, ..., v, such that for
all 4, {v;,v; 41} is an edge.

Definition 3.3 By 7°, we define the oriented graph associated to T: It has
the same wvertices as ’]; For any edge € connecting vertices 11_,)11', the graph T°
has an oriented edge vv' from v to v' and an oriented edge v'v in the opposite
direction.
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We say that two oriented edges e,e’ of T° have t}§> same orientat_i>on, if
there exists a path v, ...,v, in T such that either e = vov1 and € = v,_1v, or
e = U@l and e = vn__l)vn.

For an oriented edge e, define t(e) € Ty as the target of e. If e is an oriented
edge, then by —e, we define the oriented edge with the opposite orientation and
the same underlying (non-oriented) edge.

An orientation of 7 is a choice of an oriented edge of T° for each edge of T,
i.e., a splitting of the canonical surjection T, —» T7.

To distinguish notationally between edges and oriented edges, the former are
overlined, and the latter ones are not.

The geometric realization |T| of the graph 7 is defined as follows: To each
edge € = {v,v'} we assign an interval

iz = {(a, ) i @y + apy =1,0 <y, } 20, 1].

One then defines |7 := [[.cr, ie/ ~, where ~ is the equivalence relation that
identifies for each v € 7; the points (a, = 1,y = 0) such that {v,v'} € 77.

Definition 3.4 A point on iz is called rational if its coordinates o, and
are rational. A point t € |T| is called rational, if t is a rational point on some
interval iz.

As T is a tree, it is quite obvious how to define a canonical distance function
d(z,z") for z,a’ € |T| such that the distance between neighboring vertices is
one. This makes |7 into a metric space.

We now come to the definition of norms on V., modulo dilatations. This
provides a natural link between Q(Cs) and |7|.

Definition 3.5 A norm on V. is a map v : Voo — Rxsq such that for all
x,y € Voo and o € Ko the following hold: a) v(z + y) < max{v(z),v(y)}, b)
v(ar) = o] (), and ¢) v(z) =0 if and only if x = 0.

A norm v’ is called a dilatation of a norm v, if there exists r € Ry such
that v/ = rv. The dilatation class of v is denoted by [v], the set of all such
classes by N(Vx).

Given dilatation classes [v], [v'], we define their distance as
5([, V) = log,_supu(x)/v'(x) + log, _supv'(x)/v(z).
z#0 z#0

Note that this definition is independent of the chosen representatives and one
can check that N (V) together with § is a metric topological space.

Next we describe natural maps which complete the diagram

Q(Coc) —= N(Voo) <"— 7], (7)
Given (20 : 21) € Q(Cy), we define the norm v, .,y by

V(zg,20) (@0 fo + a1 f1) = |aozo + a1z1]c,, -

Based on the fact that (2o : 21) ¢ P1(K), it is simple to see that this defines
a norm. If one chooses a different representative of the point ( o ) € P1(Cy),

one obtains a dilatation of v, .,). Hence we obtain a well-defined map p as
described above. Because | . |c.. takes values in ¢2, the dilatation classes in the
image of 5 have a representative which takes its values in ¢2.
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We now describe 6: Given a lattice M, we define
vy () == inf{|a|e : @ € Koo,z € aM }.

It is simple to verify that this defines a norm. Given lattices M C M’ of index
Joo and o, apr € R>o with aps + apr = 1, we define the norm

VM,(IM,M’,QM/ (1’) = Sup{VM/(.T), ngaM' VM('I)}
These assignments induce maps from 7y to N (V) and similarly 6 : |7T| —

N(Vs). The following can be found in [8], Ch. 3:

Theorem 3.6 (Drinfeld) The map 6 is an isomorphism of metric spaces. If
one defines

pim 3071 Q(Cac) — [T,
then this map surjects onto the rational points of |T]|.

The map p is called the reduction map of Q(Cs).

3.2 The action of GLy(K )

Our next goal is to describe an action of GLy(K ) on the objects in diagram
(7) such that the morphisms 6 and p are GLo (K )-equivariant.

We fix v = ( ° Z) € GLa(K ). Its action on ( o ) € Q is defined by

(2) (%)

Elements of V., are considered as row vectors x on which « acts via © — yoz :=
2y~ 1. For a norm v we define

(W)(z) == v(z),

which is in line with the idea that a norm is a ‘morphism’ from a space on which
we act by GLa(K ) to a space with a trivial action. Finally, we define an action
of v on Ay-lattices of Vi, by sending the lattice M to yoM := {yom : m € M},
which is again an A -lattice of V. It is simple to verify that this induces an
action of vy on 7, 7° and |T]|.

Proposition 3.7 The above defines left actions of the group GLo(Ks) on
NNCx), N(V), T, T° and |T| which factor through PGLa(Ks). With re-
spect to these actions, the maps 6 and p are GLg (K )-equivariant.

Definition 3.8 The standard vertex is vy := [Aoo fo D Aco f1]. By v1 we denote
the vertex [TooAoo fo ® Aso f1]. The standard oriented edge is eg ::*v@l.

The inverse image of vy under the reduction map p is the set
{z€O¢c_ :z (mod mc_) & koo }

which is simply the closed unit disk in C,, with g open discs of radius one
around the points of k., removed.

Proposition 3.9 The action of GLa(K) is transitive on vertices, as well as

on oriented edges. The stabilizer of the action on vy is GLa(Ax)KZ,. The
stabilizer of eq is KX I'e,, where

I, = {( g) € QLo(A) i c € WOOAOO}.
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3.3 ) as a rigid space over K

We will now use the reduction map to construct a rigid space 2 whose points
over Cy are in bijection with Q(Cy). The set Q(Cy) is regarded as a subset
of Co via the map (z; : z2) — 21/22. We first define a Cech cover of |T|.

Definition 3.10 Define W,,, :={p € |7 | : d(p,vo) < 1/3} and
Wz, = {(vo, a,v1,8) :a>1/3,8>1/3,a+ 5 = 1}.

Furthermore for a general vertex v = ~yvg set W, := yW,, and for an edge
€ = yep set Wg := yWe,.

The set W,, is a star around vy where each of the g.,+1 line segments originating
from wvg has length 1/3, and W, is a line segment of length 1/3. The definitions
of W, and W, are independent of the chosen ~. The set 2 := {W; : t € T} is
a Cech cover of |7| by compact connected subsets of |7|. The next result, cf.
[8], shows how p~1(20) gives rise to an affinoid cover of Q(C.,) which is already
defined over K.

Proposition 3.11 For each connected compact subset of T with rational end-
points its preimage under p is the set of the Cyo-valued points of an affinoid
subset of Py

For t € T, we define 4;(Cy,) := p~1(W;). For t = vy and t = e, one has the
following explicit description of Ll;:

Uy (Coo) = {z € Coo |2 = Bloo > /% for all B € koo and |2]o < q;o/g}
ileo((coo) = {Z €Cqx: qéég < |Z|<>o < qgés}.

Via the action of GL2(K ), one can obtain the remaining {; from {,, and 4.,
and it follows from these explicit descriptions that the sets U; are C,.-valued
points of affinoids defined over K. In [12], V.1, the following result due to
Drinfeld is explained.

Proposition 3.12 The cover 4 := {U, : t € T} is an admissible affinoid cover
of a rigid analytic space Q whose set of Coo-valued points is P*(Coo) NP (Koo).

For any affinoid space X, the ring of holomorphic sections on X is denoted by
Ox. In particular, it is easy to see that all rational functions with poles in
P(K) lie in Oq.

3.4 Arithmetic subgroups of GLy(K)

For a non-zero ideal n of A, let I'(n) denote the standard congruence subgroup
of GL2(A) of level n, i.e., the subgroup of all matrices which are the identity
modulo n. Following [15], we make the following definition.

Definition 3.13 A subgroup T' of GLo(K) is called an arithmetic subgroup if
there exists an idealn of A such that I contains T'(n) and such that this inclusion
is of finite index.

The following gives an alternative characterization of such subgroups, which
is used in [15], V.2, as their definition:
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Proposition 3.14 A subgroup T’ of GLo(K) is an arithmetic subgroup, if and
only if there exists a projective A-submodule A of K2 of rank 2 and an ideal n
of A such that

Aut4(A) DT D Auta(A,n) :={y € Auta(A): y=id (mod nA)},

where Aut 4 (A) is the set of A-linear automorphisms of A.

PROOF: Let first I’ be an arithmetic subgroup of GLg(K) which contains the
group I'(n’) as a subgroup of finite index for some non-zero ideal n’ of A. We
will construct A and n with the desired properties: We define A := ﬂver v A2
Because A% = yA? for all v € ['(n’), this is really a finite intersection of torsion
free A-modules of rank 2 inside K?2. It follows easily that A must be a projective
A-module of rank 2 for which T' C Aut4(A).

As A is of rank 2, we can choose a non-zero ideal n C n’ of A such that
nA? C A. Hence

nA CnA? C A C A?

and it follows that Aut4(A,n?) C I'(n’) C T.
For the other direction, suppose we are given n and A. We may clearly as-

sume that A C A%, Choose n’ C n such that n”A2 C A. Then I' D Aut4(A,n) D
I'(n?), and it follows readily that T is an arithmetic subgroup of GLy(K). u

As the set of A-lattices A C K? of rank 2 is invariant under conjugation by
elements in GLy(K), the following result is clear.

Corollary 3.15 If T is an arithmetic subgroup of GLg(K), then so is yT'y~!
for any v € GLa(K).

Proposition 3.16 Suppose that T’ is an arithmetic subgroup of GLo(K). Then
det(T") C k* € K* and furthermore, the action of I' on T is orientation pre-
serving, i.e., for any v € I' and any vertex v of T, the distance between v and
~(v) is an even integer.

PROOF: Since the index of I' D I'(n) is finite, so is the index of the subgroups
det(T") D det(T'(n)) = {1} of K*. But the only finite subgroups of K* are
subgroups of k*. This shows the first assertion. The second follows from [48],
p- 104 f., which says that any I" which satisfies detI" C k* is orientation pre-
serving. (The reason behind this is that vo.(dety) = 0 (mod 2) provided that
dety € k*.) n

3.5 Quotients of 7

Our goal is to describe '\ and its Coo-valued points. As the reduction map is
crucial for the understanding of this quotient, we first recall some facts about
\|T]|.

For t € T, we define its stabilizer in I as T’y := {y € I : v(t) = t}.

Lemma 3.17 Fort € T, the group T'; is finite.

PRrROOF: For I' C GL2(A), this can be found in [48], I.1. For general I', one
uses the fact that T' and GL2(A) are commensurable. n
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By Proposition 3.16, the stabilizer of any edge ¢ acts trivially on its geometric
realization in |7|. On the star-shaped regions Wi, t € 7y, the action of T'; fixes
the vertex ¢t but may permute the edges emanating from t.

It is a simple exercise to construct the quotient graph I'\7 and to show that
its geometric realization agrees with the quotient I'\|7|. Note that I'\7 may
have multiple edges between two vertices. (However no edge may start and end
at the same vertex.) Before we give a useful description of I'\7, we review the
notion of an end of 7.

Definition 3.18 A half line of 7 is a sequence s := {[M;]}ien, of vertices of
T such that for each i > 0 the vertices [M;_1] and [M;11] are adjacent to [M;]
and distinct.

Two half lines s and s' are said to be equivalent if there exists 7,7 > 0 such
that [M;] = [M], ;/] for alli € No. An end is an equivalence class [s] of a half
line s.

Since 7 is a tree, any end has a unique representative s which starts at vg.
Using the elementary divisor theorem, one can see that there exists a vector [
in My := Ay fo ® A f1 which is unique up to multiplication by an element in
A’ such that s is given by the sequence of lattices M; := [A., + 7' My. For
the following proposition see [48], 11.1.1.

Because we had defined a left action of v € GL2(K ) on the row vector
v € Vo = Koo2 by youv = vy~ we define a left action of v € GLa(Ko) on
(21 : m2) € PH(K) by viewing (z1 : 22) as a row vector and acting on with y~*
from the right.

Proposition 3.19 The map which sends the end [s] to the line in P'(K)
generated by | induces a GLo (K )-equivariant bijection between the ends of T
and P*(K).

Definition 3.20 An end is called rational if it corresponds to an element in
PY(K) under the above bijection.

The elements of T\PP*(K), i.e., the equivalence classes of rational ends mod-
ulo T, are called the cusps of T\T.

The following theorem describes the structure of I'\7:

Theorem 3.21 Let T’ be an arithmetic subgroup of GLa(A). Then T\T is the
union of a finite connected subgraph Y and subgraphs A, for each cusp r €
I\PY(K) such that the following hold:

(i) Each Ay is a graph with vertices {vy; : © > 0} and edges {é,; : i > 0}
where the edge €, ; connects the two vertices vg ;—1 and vy ;. Furthermore,
A, is represented by a half line s of T whose corresponding end is in the
equivalence class of the cusp x.

(ii) For cusps x # a', the graphs A, and A,/ are disjoint.

(i) The subgraphs Y and A, have precisely one vertex in common, namely
”Ux’().

Note that for a cusp x, the geometric realization of A, is isomorphic to R>q.

PRrROOF: Let A be an A-submodule of K? as in Proposition 3.14, so that I C
Aut(A). If A = A2, then the theorem is given in [48], I1.2.3, cf. in particular
Thm. 9.

IfI' = Aut4(A), but A is arbitrary, the asserted result follows by modifying
[48], pp.130-146, as follows: In I1.2.1, on defines E, as the vector bundle on C
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which agrees with A, when restricted to Spec(A), and has L as the fiber above
oo (the place P from loc. cit. corresponds to oo in our notation). Let Fr be the
unique (up to isomorphism) line bundle on C' which agrees with A A A, when
restricted to Spec A, and satisfies 0 > deg Fr > —d. Then Prop. 5 in 11.2.1
asserts a bijection between the vertices of I'\7 and the vector bundles on C
whose determinant is isomorphic to either FT or Fr ® I.

I1.2.2 remains unchanged. Finally, I1.2.3 needs the following changes. Define
Fc’n = Iff” ® F7! ® Fr. IL.Prop 9 remains true if one imposes the condition
(n—1)de > 29 — 2 — 2f. + deg Fr. On page 143 one needs to define m :=
max{2g — 2 4+ dwo,3de — 2 — deg Fr} and n. as the largest integer such that
2fc + nedoo < m + deg Fr. Then I1.Thm.9 remains valid and the proof of the
above theorem is completed.

The case where T is a proper subgroup of Aut 4(T"), follows from the remarks
in [48], p. 172. n

For later use, we now recall the notion of stable and unstable simplices. It
will be important when we review Teitelbaum’s description of modular forms
and furthermore for defining an affinoid cover of the compactification of I'\Q.
All results which we do not prove are from [48], p. 176ff.

Let " denote an arithmetic subgroup of GLy(K') which is p’-torsion free.

Definition 3.22 A simplex t € T is called stable (with respect to T') if Ty is
trivial. Otherwise it is called unstable.

If an edge is unstable, then the vertices on both ends are unstable. Therefore
the unstable simplices form a subgraph 7., of 7 which is a countable disjoint
union of trees. By Lemma 3.23, there exists a map b: 7o, — P*(K) which sends
an unstable simplex ¢ to the unique rational end [s] such that I'; C I'y. It is
constant on connected components and thus b gives a labeling of the subtrees
of 7.

The group I' acts on T, and, by Theorem 3.21, the quotient I'\7,, is a
finite disjoint union of card(I'\P!(K)) graphs each of which contains precisely
one cusp of I'\7. One can also show purely combinatorially that all connected
components of the geometric realization of I'\75, are contractible.

Based on the finiteness of T';, one can show the following lemma, cf. [48],
11.2.9:

Lemma 3.23 Suppose T is p’'-torsion free. IfT'y is non-trivial, then there exists
a unique rational end [s] whose stabilizer I's C T contains T'y.

3.6 Quotients of ()

To obtain '\, one first constructs the affinoids I';\4l;. Their existence as rigid
spaces is guaranteed by the following lemma due to Drinfeld, cf. [5], 6.3.3, Prop.
3. Below we will give an explicit construction of these quotients.

Lemma 3.24 Let B be an affinoid algebra with associated space Spm(B) on
which a finite group G acts. Then the quotient space Spm(B)/G exists and is
given by Spm(B%).

The stabilizers of a non-trivial intersection Wy := Wy, N Wy is given by 'y :=
TyNTy. If Wy # &, one of t, t' is an edge e, the other an adjacent vertex v
and one has I'yy =T, C T',. One may therefore glue the affinoids I';\4; along
their intersections Ty \Lyyr, where Ly = U N4l . Furthermore, one may verify
that the reduction map induces reduction maps I';\il; — I';\W; which can be
glued.

Let D* denote the punctured affinoid unit disc defined over K.
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Theorem 3.25 For any arithmetic subgroup T', there exists a rigid quotient
space T\Q of Q by T with the usual universal property of a quotient and an
induced reduction map T\Q(Cw) — |T\T|, denoted by pr. The map pr satisfies
the following conditions:

(i) Lett € Ty be an edge with endpoints v,v" and E; a closed line segment of
iy with rational endpoints distinct from v,v'. Then the preimage of T4\ Ey
is a closed annulus.

(i) Let t be in Ty and for a rational number o € (0,1) define the star Sy()
with center t as {p € |T|:d(p,t) < a}. Then the preimage of '\ Si(c) is
isomorphic to the closed unit disc with ry disjoint open subdiscs removed,
where vy + 1 is the number of edges emanating from the vertex T;\t.

(i11) For any cusp x and any i > 0 let Cy ., denote the geometric realization of
the subgraph of Ay with vertices vy ;, 1 > m and edges €y, i > m. Then
there exists an mg such that for all m > mg the preimage of Cy . under
pr is isomorphic to D*(Cy).

Furthermore, $p = {T:\; : t € T} is an admissible cover of T\Q defined
over K.

PRrROOF: As we lack a satisfactory reference, we sketch a proof of the above
result, which seems to be well-known, cf. [42], Thm.2.1. We restrict ourselves
to the case where I' is p’-torsion free, which is the only case which will matter
later on. For the general case observe that any arithmetic subgroup IV contains
a p'-torsion free arithmetic subgroup I of finite index. Thus to derive the above
theorem for IV, one may describe I'"\Q as the quotient of I'\Q2 by the finite group
I"/T'. Details are left to the interested reader.

We will only sketch parts (ii) and (iii), as (i) is similar to, but simpler
than case (ii). We will explain the admissibility of $r when discussing the
compactification of T'\€2, cf. Remark 3.30. Let us fix ¢ such that I'; is non-
trivial. Using Lemma 3.23, there exists a unique rational end [s] of P!(K), such
that I'; C I'y. Furthermore, pick v € GLy(K) such that y[s] = (0: 1) € P}(K).
By replacing I' with yI'y~!, which by Corollary 3.15 is again an arithmetic
subgroup, we may assume [s] = (0 : 1).

Definition 3.26 We call an additive subgroup I of (K,+) a fractional almost-
ideal, if I contains a fractional ideal of A of finite indez.

As T is p/-torsion free, there exists a fractional almost-ideal I, of A such that
ry= {( (1) 11’ ) tbe Iﬁ}. Define I; to be the finite additive subgroup of I, such

thatl“t:{((l) ’1’) :beIt}.

Any vertex can be represented by a lattice whose basis is given by the row
vectors (1,y) and (0,77) where n € Z is unique and y € K is unique modulo
T, so we assume ¢ to be given by such a lattice. Then one has

Stabgr,(x..) (((1) WZZ )711)0)
(5 Joma(aars (b 4 ).

Because T'; is of the form given above, an explicit calculation shows that

StabGLg(KN) (t)

Ty =T, N Staba, ) (t) = {( Lo ) be A N zﬁ} ,

which does not depend on y. In particular, I; = 77 A NI, and typically n < 0.
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We now turn to the proof of (ii), where we assume that I'; is non-trivial.
The preimage of Si(a) under p is given by

Sa = {2€Cwilz—y—Brllw > [mocli™ for B € ko and

|2 = Yloo < Imoolng ™}

We consider the additive map f : z + [[;c;, (2 +1) : Coo — Cu. Clearly the
fiber of each w = f(z) is the orbit under T; of an element z. We will determine
f(Sa) and show that the map S, — f(S,) identifies f(S,) with the quotient
T':\S,. The explicit shape of f(S,) will finish the proof of (ii).

Define Ji 1= 7"t N Too A and let Jy C koo be an additive set of repre-
sentatives of 7 "I modulo J;. Then I; = 7% (Jy + J1) and for 8 € ko one
obtains:

lw—fly+Bri)le = [flz—y—B7%)|x (8)
= I I le-v-Gtiotimle ©

Jj1€J1 jo€Jo

=[] lz=v— (B+jo)rL |2 (10)
Jjo€Jo
> oo BT (11)

where we use in (10) that |z —y — (B + j1 + Jo)T™%|co = Moo > |717% 0o
and in (11) that at most one of the factors in (10) is of absolute value less than
LI

Let T, be the affinoid
To = {w: |w— f(y+ B7)]|oo > |Too|MItIF for all g € ko and

[w = F(Y)|oo < |Too| NN},

To prove surjectivity of f: S, — T,, note first that for any w we can find a
solution z € Co such that f(z) = w. We leave it to the reader to show that for
z € Co the element f(z) cannot satisfy the inequalities that describe T, unless
z € Sqy.

Note that the description of f(S,) only involves 1 + |koo|/|Jo| inequalities
as for B B2 € koo the inequalies

12— F((y + BT Yoo > |mao|PIelFl Nl =1, 2

describe the same set precisely when 8; — B2 € Jy. At the same time one may
verify that the number of edges in |I'\7| originating from ¢ is also given by

So far, we only checked that the map f is finite-to-one between the sets
of points S, and T,. Because S, is I;-invariant, we have S, = f~1(T,). To
conclude the proof of (ii), we use the following lemma, whose proof is obvious
and left to the reader:

Lemma 3.27 The morphism of schemes A! — Al corresponding the ring map
klw] — klz] : w — [l;g;, (2 + 1) is a finite étale cover with covering group I .
The induced morphism of rigid spaces f: AbT8 — ALY has the same prop-
erty. In particular
fiSa= f_l(Toc) —Ta

is a finite étale cover with Galois group Iy, i.e., T, = I\Sy as affiniod spaces.
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For part (iii) we only sketch the proof of a slightly weaker statement which
suffices for all our applications, namely: For each cusp x there exists mg such
that for all m; > mg the set plfl (|Cz,m,|) is isomorphic to the Cy-valued points
of D*.

Let ¢t be as in the proof of (ii). Then the path in 7 from ¢ to co is given
by taking for M,, the lattice generated by (1,y) and (0,72), m < n. For
m < Veo(y), the lattice M, is generated by the vectors (1,0) and (0,72).
Furthermore, by the theorem of Riemann-Roch, there exists an my < voo(y)
such that for all m < mg the reduction of 72" ;N A modulo 7o Ao equals kog.

Let m; > mg and let Cy,, ~ be the path given by the M, for m > m,. To
identify pp'(|Cin,.00|) With a punctured closed disc in Co, we define the map

z
zrer (2) =2 H (1—2) 1 Coo — Co.
1€l ~{0}
[I.N7T A |

One can easily check that |er, (2)]oo = |2|oc Cm for |Too| ™7 > [2]0e >
|Too |2 and m < myg, where ¢, is the constant

Cm = H |Z‘|71.

IET, NI Ao i£0

We leave it to the reader to check that the map z — e Ié(z)*1 induces for each
m > mg a biholomorphic map between I';y7, 1\4s,,) and the annulus

Cm|Too gfl/S)\IﬁﬁﬂosAool > |2]oo > emlToo ((32%2/3)”@%014@&.
Similarly, one can show that if e is the edge connecting [M,,] and [M;,+1], then
er, induces a biholomorphic map between I'.\i. and the annulus

(m—=2/3)[1sNm 3 Acc|

—4/3)|I.N m,—leo
Cm|Toooe > |2|oo > Cm+1|7foo\<(>? AU 3

Cf. [43], §3, for further details. m

3.7 Compactifying I'\{2

We recall the definition of properness for affinoid varieties:

Definition 3.28 An affinoid subdomain U := Spm(B) of an affinoid domain
X := Spm(B’) is called relatively compact, if there exists f1,..., fn in B’ such
that

(i) the map from the Tate algebra T,, to B’ which sends z; to f; is surjective,
and

(ii) there exists € < 1 such that U is contained in {z € X : sup; | fi(2)]|oco < €}.

One writes U € X.

A rigid space space X is called proper (over K. ) if it has finite admissible
affinoid covers {4;} and {B;} such that for each j there exists an i such that
‘Bj € Y;.

By Theorem 3.25 we know that for each cusp x there exists m > 0 such that
or ! (|Cz,m|) is isomorphic to a punctured disc. The rigid analytic space obtained
from T'\Q by gluing in the punctures for each cusp x is denoted by I'\Q2. The
notion cusp is also used for the finitely many points glued into I'\Q2. As they
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can be identified with I'\P!(K), one defines Q(Co) := Q(Co) UP(K), so that
the C4-valued points of I'\2 are in bijection with the elements of I'\(Q(C)).

Because the graph Y in Theorem 3.21 is finite, it is simple to see that the
rigid space T'\Q), contrary to I'\{, has a finite admissible affinoid cover. Fur-
thermore recall that the cover Ur is obtained from the cover 2J of |7 via p~*
and quotienting by I'. If instead of the Cech cover in Definition 3.10, which
defines 20, one uses stars and line segments which are slightly larger, and if
one applies the assertions of Theorem 3.25 regarding the cusps, the following is
rather obvious:

Theorem 3.29 The space I'\S2 is a proper smooth rigid analytic space over K.

Remark 3.30 We can now explain the admissibility of Up: Let X be an affinoid
subset of I'\Q2. Then X will also be an affinoid subset of I'\Q. For each cusp
x let D, be an affinoid disc around x such that there exists m, € N with
o1 (|0 m,|) = Dy — {z}. Then the set X N D, is an affinoid subset of D,
which does not contain z.

As the sets pp'(|€,]) for i > m, in the notation of Theorem 3.21, form an
admissible affinoid cover of D, \ {z}, there exists m/, > m, such that X N D,
is contained in U?i;m pr ' (|€x,:]). As the subgraph Y is finite, it follows that X
is covered by finitely many affinoids of the cover r.

Pictorially, one can ‘compactify’ T'\7 by replacing each cusp A, by the
graph {v;0,vz1,8;1}. Call the resulting graph I'\7. Then indeed I'\|7]| is
compact. It is obtained by replacing the non-compact sets |Ag| = R of I'\| 7|
by compact intervals. According to Theorem 3.25 one can adjust the reduction
map pr to obtain a map

pr: T\Q(Coo) — T\|T.

3.8 An affinoid cover of T'\(

The main point of this subsection is to define a ‘good’ affinoid cover of I'\2. We
assume for the following that I" is p’-torsion free. Recall that 7, is the unstable
part of 7 with respect to I and that it is labeled by the rational ends of 7.

Let z € I\P}(K) be a cusp and [s] a rational end in the I'-orbit of . Let 7
denote the connected subtree of 7., whose unique rational cusp is [s], and
the union of the affinoid subdomains ; for all simplices ¢ of 7;. The stabilizer
I'y acts on Q,. Note that the quotient I';\Q, exists and contains a punctured
disc around the cusp s of T'\Q2. (As this holds for any cusp z, there can be
only finitely many I-orbits of stable simplices!) By I',\Q, we denote the rigid
analytic space obtained from I';\€; by adding the cusp.

1,rig

Lemma 3.31 The space Fé\Qé is isomorphic to an affinoid subdomain ofIPKOQ

PRrROOF: To see this one only has to follow the proof of Theorem 3.25. Thus,
we may assume that [s] = (0 : 1). We define I, as in this proof. The proof of
parts (ii) and (iii) of Theorem 3.25 show that the image in P}g}g of User Ut
under e;, consists of a punctured disc together with a finite union of affinoid
sets. If we add in the puncture, the image will consist of the complement in
P}i}g of finitely many disjoint open discs. Thus it is an affinoid as asserted. m
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For an arithmetic subgroup I" which is p’-torsion free, we define the following
finite admissible cover p of T'\Q: For each cusp x choose a rational end [s,]
representing it. For each stable I'-orbit 2’ in the set of simplices of T'\(7 \ 7))
choose a representing simplex t,,. Define 4, to be the affinoid F§w\Q§wa and
define U,/ to be the affinoid I'\(I'tl; ,) = &; ,. Let

Up == {4, : ¥ a cusp of T\Q} U {4,/ : 2" a simplex of T\(7 \ 7o)}

Proposition 3.32 The collection Ur of affinoid subdomains of T\Q is a finite
admissible cover.

The proof is obvious as the affinoids in {Ur cover I'\Q by their very definition.
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4 Drinfeld modular varieties, the analytic side

Our definition of rank r Drinfeld-A-modules with some level structure carries
over verbatim from the algebraic to the rigid analytic setting over K., or Cq,
and hence so does our discussion of Drinfeld modular varieties and their exis-
tence, cf. also [10], [15], [58] and [57]. As a result, one obtains rigid analytic
moduli spaces 958 and im;ég as the rigidification of the corresponding algebraic
spaces. In this section we will describe an explicit model for these spaces as
disjoint unions of quotients I';\Q2. Another issue will be their compactification.
None of this is original and most of it can be found in the above sources.
Throughout this section, we fix a complete valued field L C C,, containing
the valued field (Ko, | .|). Also we regard Q(C,.) as a subset of A (C..), i.e., we

identify the point ( P ) € P1(Cy) ~ {oo} with 21/29 € Cop. Again K denotes

an open subgroup of GLs(A).

4.1 Lattices

It is well known that over C,, there is a bijection between rank r Drinfeld-
A-modules and projective A-lattices of rank r in Cu, cf. [8], Sect. 2.2. In
the following we will introduce a generalization of the above to general rigid
analytic varieties. This will in general not give a bijection, but will be useful in
the construction of Drinfeld-modules over a general rigid analytic base.

Let B be an affinoid algebra over L and let |_ |z denote any residue norm.
In particular, B is a Banach algebra with respect to |__|p. Also, let t5 be the
composition A 5 K., — L — B. A subset A of B will be called a discrete
A-lattice of rank r, if the following hold:

(i) A is a projective A-module of rank r via ¢,
(i) the elements of A \ {0} are units and
(iii) for all ¢ € R+ the set {z € A~ {0} : [z} > ¢} is finite.
Definition 4.1 Let S be a rigid analytic space over K.,. A local system

(L, A, s) of A-lattices of rank r on S, or short an A-lattice of rank r over S,
consists of the following data:

(i) A (rigid analytic) line bundle L on S.
(i) A sheaf A of locally free A-lattices of rank r over the rigid analytic site.

(ii) A monomorphism s: A — L of sheaves of A-modules such that locally on
the rigid analytic site A is a discrete A-lattice of rank r in L.

Note that for S = Spm(Cs) our definition agrees with the usual one, while if
L is not algebraically closed, it is more restrictive, cf. [23], Thm. 4.6.9.

Let M™"& denote the fibered category that associates to each rigid analytic
space S, the set of all Drinfeld-A-modules of rank r over S. Similarly, one
defines the fibered category of all A-lattices of rank r as A™'&. One has the
following basic result modeled after [10], Prop.3.1.

Proposition 4.2 There exists a natural transformation U™ : N7ris — Mmrie,
For S = Spm(Cy) it is an equivalence.
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PRroOOF: We will only provide the construction in the case that S = Spm(B) is
an affinoid, that H°(S, £) = B and that A := H%(S,A) is a rank r lattice. The
general construction can be obtained from the local one by gluing.

Define P

en:B—B:z—z H (1—=).
a€N,a#0 @

The argument of [10], Prop.3.1, shows that the following hold:

(i) The expression for ey is a convergent power series which defines an analytic
function on B.

(ii) ep is k-linear, i.e., for all « € k and all z,y € B, ex(az +y) = aep(z) +
ea(y)-

(iii) For all a € A, there exists a unique k-linear polynomial ¢,(z) € Blz],

namely .
ax - H (1_€A(’)’))’

yEa—1A/A~{0}

such that the following diagram commutes:

0 A B—2-p (12)
\Lw la- lwa
0 A B—2- B,

The uniqueness of ¢, might need some clarification, as the horizontal maps on
the right in the above diagram need not be surjective. First note that by [5],
Thm. 5.2.6.3, the ring B is Jacobson, and hence that the intersection of all ideals
I of B such that B/I has finite length is zero. Therefore it suffices to prove the
uniqueness of ¢, after completing B at any maximal ideal. Also note, that we
may base change to C.,. In this situation, the assertion is a consequence of the
following lemma, which we state without proof.

Lemma 4.3 Let m be a mazimal ideal of B and assume that L = C. Then
after completing B with respect to m, the map ep becomes surjective.

We continue with the proof of Proposition 4.2. By k-linearity, the coefficient
of 27 in ¢, can only be non-zero if j is a power of q. The element ¢, € B{7} is
defined by replacing the term z? in ¢, () by 7¢. Given the above properties,
it is easy to check that A — B{r} : a — ¢, defines a Drinfeld A-module on
B. Finally, the assertion on the case Co, is classical and can be found in [10],
Prop. 3.1. m

Remark 4.4 One can in fact show that M7z 5, NTT8 i the minimal hull
of M""& which is closed under faithfully flat (or simply étale) descent.

Next we want to define level structures for lattices. For any abelian group
G, we define G4 as the constant sheaf with stalk G' on the rigid site of S. This
is analogous to the definition above Proposition 1.5, and so there should arise
no confusion.

Definition 4.5 An isomorphism v : (n_l/A); — n~YA/A is called a level n-
structure of (L, A, s).
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For r = 2 and K an open subgroup of GL2(A) of conductor n, we make the
following definition.

Definition 4.6 Two level n-structures U, are called K-equivalent if there ex-
ists g € K such that ' = g (mod n). A level K-structure [¢)] is a K-equivalence
class of level n-structures.

Let ML denote the fibered category that associates to each rigid analytic
space S, the set of all Drinfeld- A-modules of rank r over S together with a level
n-structure. Let N™® denote the corresponding category for rank r lattices.
Analogously, one defines M}* and N¢®, for an open subgroup K C GL» (A).

Proposition 4.7 The natural transformation W™ of Proposition 4.2 extends to
a natural transformation Ul : Ny™® — My"®. The image of W' is the set of
pairs (o, ) of Drinfeld-modules o with a level structure ¥, such that p is in the
image of ¥,.. The analogous assertion holds for level K-structures.

PRrROOF: We only give the proof for level n-structures and in the case that S =
Spm(B), H(S,£) = B and A := H°(S,A) is an A-lattice of rank r. Let
¥ (n1/A)" 3 n~'A/A be a level n-structure.

Composing ej with ¢ gives a map ¢: (n71/A)" — B which satisfies ¢, = 0
for all a € n. Therefore 1) takes its values in ¢[n]. Comparing cardinalities of
(A/n)" and the image of ¥ composed with B — B/m for any maximal ideal m
of B, yields that 1 : (n"!/A)" — ¢[n] is an isomorphism. This is the desired
extension of VU,.. B

Finally, let ¢ be a Drinfeld-module which is the image under ¥" of a local
system A of rank 7, and let 1) be a level n-structure on ¢. The above argument
can be reversed to construct a corresponding level n-structure on A nm

4.2 The moduli problem

r,rig

Theorem 4.8 Let n be a proper non-zero ideal of A. Then My™® is repre-
sentable by a smooth rigid analytic space over L. It is naturally isomorphic to
the rigidification of the algebraic moduli space of Drinfeld-A-modules of rank r
over L with a level n-structure.

Furthermore, if KC is an admissible open subgroup of GLQ(A), then the above
holds for M;Cig, too.

We will only give names to the moduli spaces in the rank 2 case, and denote
them by M,* and 9%, respectively. If we want to indicate the base field L,

we write 9% and M2, | respectively.

Proor: The proof is rather a triviality, once the algebraic proof is established.
We give it for r = 2 and level n-structures. Let 91, denote the rigidification
of M, 1, the moduli space for rank 2 Drinfeld-modules over L with a level
n-structure. Let (gﬁig, ") be the pair induced from the universal Drinfeld-
module on M, ; together with its universal level structure. We will directly
show that (90T5%, gﬁig ,nE) represents MaE,

Let (é, 1;) be a Drinfeld-module over the rigid space S. By the universality
of My, it arises from (¢n, ¢n) on My 1 via a unique map from S to M, . It
is simple to check that this map induces a morphism S — ﬁ)ﬁfg, under which

(¢,9) arises from (fffg, 7€) and that there is a unique such morphism. m
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4.3 Analytic uniformization

Similar to the classical case when describing modular curves over the complex
numbers as quotients of the upper half plane, which is simple and very explicit,
one can obtain an explicit description of M. A slight complication in the
Drinfeld modular case arises as A may have class number larger than one, and
therefore we will usually work in an adelic setting. We follow closely [8] and will
use the functor Ui. .

To get started, suppose that we want to describe M’#(Cs,). By Proposi-
tion 4.2, we need to describe discrete rank 2 lattices over A inside C,, modulo
dilatations. This task can be decomposed into three steps. First describe sub-
lattices A of K2. Via K? — K2 = V,, this gives rank 2 sublattices of K.
Second, describe the monomorphisms V,, — C,, up to dilatations — they can
be identified with points z € Q(Cy) C Cs. Third, determine when different
pairs (A, z) are isomorphic. Once one has added also level structures to the

above, this gives a ‘recipe’ to construct M=,

We first give the description of the lattices (which works with obvious mod-
ifications for any rank). Note that K2, as well as A? sit canonically inside
(A7)? which is viewed as a module of row vectors. For g € GLy(Af), define
A, = A%~ N K? C (A/)2 This is an A-lattice of rank 2.

Suppose we are also given a non-zero ideal n of A. Then the element g gives
canonically a level n-structure z/;g on Ay, via

(n1/A)? =5 (nTLA%gT /A% ST /A,

where the left isomorphism is multiplication on the right by g—!. For the right
isomorphism, one needs to show that A2 /Ay is a divisible A-module.

The following lemma, which is implicitly contained in op. cit., we state with-
out proof.

Lemma 4.9 The set {(Ay,1,) : g € GLa(AT)} is the set of all A-sublattices
with a level n-structure in K* of rank 2. Two pairs (Ay,v4) and (Ay,1bg) are
isomorphic, if and only if g’ € gK.

We now consider the product Q x (GLa(A7)/K) =: Qx, which is an infinite
sum of identical copies of 2. We denote the copy corresponding to g by
Qg. Define £ := Oq, = Oq x GLy(A/)/K and A as the sheaf of A-lattices
Hyecr,ar/xc(Ag)e,, where (Ag)q, is the constant sheaf on Qy with stalk Ag.

For g € GL2(Ay) and y = (yo,y1) € Ay C K?, define a section s, in Ogq,
by ‘

Sg.y(2) ==voz +y1.

where z € 2 C C,,. For fixed g and varying y, the collection of all these sections
gives rise to a map of rigid analytic sheaves

(Ag)Qg — Ogg .

Let {yg}geqr,(ar)/k be any choice of elements y, € A,. Then we denote by sy, )
the section of Q. which on €, is given by s, . Via the maps s, one obtains a
monomorphism of rigid analytic sheaves of A-modules s: A < L. Furthermore,
the maps ¢, patch to give rise to an isomorphism (n='/A)g — n~'A/A. Using
the affinoids s, ¢t € T, the reader may verify the following result.

Proposition 4.10 The quadruple (L, A, s,¥) is a local system of A-lattices of
rank 2 with a level n-structure on Q.
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Next we describe an action of GLy(K) on (£, A, s,1) on the left so that over
C the quotient of Qx modulo this action parametrizes A-lattices of rank 2 in
Co with a level K-structure modulo dilatations.

Let v be in GLo(K). We let v act on the row vectors in (Af)? by having its
inverse act on the right, so that in particular one has yoA; = A;y~! = A,,. The
element v maps z € €2 to vz. Furthermore, z € Q) gives rise to a monomorphism
Voo — Coo, up to a dilatation, by mapping (yo,y1) € Voo to zyo + y1. It is
simple to check that the dilatation class determined by A, and z is the same as
that determined by v o Ay and vz. This leads to the definitions of the following
actions of GL2(K), which we describe for the element ~y, where y~1 = ( @ 2/, ):

(&

(2,9K) € Q¢ —  (72,79K)
ferQx, L) — (c’z—!—d')fo’f1
(.9K) e A — (yv ' 9K) yel,
Y (A =T A /Ay — yoi (nTH/A) =TT AL /A,

In particular, one verifies from the above definitions that yosg, 1 = 5y, 1,01}

Via Wi, this induces an action of GLy(K) on Qx together with the Drinfeld-
module of rank 2 with a level KC-structure, (¢(K),¢(K)) := Ux(L, A, s,9). In
[10], Prop. 6.6, it is shown that the map which sends a point of GLa (K )\Qi (Coo)
to the corresponding GLa (K )-equivalence class of (¢(K), 9 (K)) induces a bijec-
tion

GLy (K)\Qk(Cao) — M (Coy). (13)

Remark 4.11 The local system (£, A, s, ) does not descend to GLa(K)\Qx,
because for yo # 0, the section sy (,.0) : 2 — Yoz on any €, is not invariant
under I'y = GLo(K) Ng~'Kg. So while there is a universal Drinfeld-module on
the quotient, there is no local system on the quotient that could define it. Such
a system only exists on the stable part of Q.

We now want to give a local description of the bijection (13). This will
show that GLo(K)\Qk is a meaningful definition of a rigid analytic space over
K, which carries a universal Drinfeld-module of rank 2 together with a level
K-structure.

Lemma 4.12 For any open subgroup I C GLQ(A) the determinant map in-
duces a bijection of double cosets

GLy(K)\GLy(A) /K — K*\(A7)"/ det(K) =: Clx,
where det(K) denotes the image of K in A* under det.
PROOF: Let K’ := KNSLy(Af). The strong approximation theorem, [28], §14.3,

asserts that SLo(K)K' = SLo(Af). An application of the snake lemma to the
following diagram yields the desired result:

det

0 — SLy(K)K! — GLy(K)K —2% K* det(K) — 0

| |

0 —> SLy(Af) —> GLy(Af) —2 > (Af)* ——>0. u
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Remark 4.13 The above bijection identifies GLy(K)\GLo(Af)/K with the ray
class group Clx of the maximal abelian extension of K of conductor det K which
is totally split above co. In particular GLo(K)\GL2(AY)/K is finite.

Let {t,}, C (Af)* be a set of representatives of K*\(A7)*/det(K) and define
z, = (5 3) € GLy(AT). (14)

By the above lemma, the z,, form a set of representatives of GLo(K)\GL2(A) /K.
Correspondingly, we set T, := GLa(K)Na, Kz, t. Thus for v, € GLy(K) and
g,g' € K one has vr,9 = v'x,9' <= v 14 €T,.

Lemma 4.14 The groups I, are arithmetic subgroups of GLo(K). If K is
admissible, then the T, are p’-torsion free.

PrOOF: It is not hard to see that there exists a non-zero ideal n of A such that
K(n) C z,Kx, 1. By compact-openness of the groups involved, the inclusion is
of finite index. Thus

I'(n) = K(n) NGLy(K) C 2,Kx, ' NGLy(K) =T,

is an inclusion of finite index. This proves the first assertion.

For the second suppose that v € T',, C GLy(K) is of finite order prime to
p. As k is the field of constants of K, the minimal polynomial of ~ is defined
over k. Thus the rational canonical form of v over K lies in GLy(k). Hence a
GLy(K)-conjugate of v lies in GLg(k). As GLa(K) C GLa(A7), the element v
must be of p-power order by the definition of admissibility. It follows that - is
trivial. m

By the results of the previous section, the quotient T',\§) exists as a rigid
space for any v € Clg. Hence the isomorphism

GLy(K)\Qx = ]_[ r,\Q
VEC])C

shows that the left hand side has a meaningful description as a rigid analytic
space. As GLy(K) acts freely on (p(K),4(K)), it follows that it induces a

Drinfeld-module of rank 2 with a level K-structure GLa(K)\(¢(K),%(K)) on
the quotient space GLa(K)\Qx. The following is from [10], Prop. 6.6:

Theorem 4.15 Let & : GLo(K)\Qx — SmeigKoo be the canonical map that
arises from the Drinfeld module GLa(K)\(0(K),®¥(K)) via the universality of

SﬁfégK . Then £ is an isomorphism.

For the proof, one notes that £ is a map between two smooth rigid analytic spaces
over K, of dimension one, that £ is an isomorphism on C..-valued points, and
one shows that the map is an isomorphism on tangent spaces.

4.4 Compactification

We have two natural compactifications of GLg(K)\Qx = Sﬁfé%Km for an ad-
missible C: On the one hand, Theorem 3.29 yields a smooth compactification of
I, cCle ', \Q by compactifying each component. On the other, we are given in
Theorem 2.14 Drinfeld’s smooth compactification of M over Spec A(n), where

n is a conductor of K. After base change to Spec K, rigidifying yields ﬁ;me

as a second compactification of M,
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Theorem 4.16 The above two compactifications ofimfégK are canonically iso-
morphic, i.e., there exists a unique extension

& JT e mney (15)
llecl)c

of the isomorphism &: GLa(K)\Qx — zm“g

PROOF: Again for lack of a suitable reference, we sketch a proof. We note first
that by a simple Galois descent argument, it suffices to give the proof in the case
K = K(n). So, let I be the finite set M, .~ My k., and let {¢;}ies denote
the corresponding points. Clearly the ¢; are also the points of ﬁ:,g}{w ~ W;i,ng
For each ¢;, we choose a rational function f; on ﬁn, k., Whose only pole is at
¢; and define $; = {z : | fi(2)| > r;} for some sufficiently large ; € R, such that
the 4; are pairwise disjoint. Furthermore, if Y,, denotes the connected subgraph
of T,\7 from Theorem 3.21, and p, the reduction map I',\Q? — T',\7, then
we also assume that all the $; are disjoint from the union Xy of the p,!(Y,),
viewed as a finite union of affinoid subdomains of ‘)ﬁ“g
that 4; is isomorphic to a closed disk because the map

K, via &. Finally, note

Wi = Di=Aw: jw| =1} : 2= fi(2)

is an m;-fold cover of D; only ramfied at ¢; with ramification degree m;, the
order of pole of f; at ¢; (for sufficiently small r;).

Let j € J be an enumeration of the cusps c; of [[, I')\Q2. Write i € v if
¢; is a cusp of I',\Q2. We now construct a bijection between the ¢; and the c;»:
Denote by U¢ the affinoid {z : |fi(2)| < r;}. As the intersection of affinoids is
again an affinoid, the set U¢ := (J, [, Y5 is a disjoint union of affinoids. By
the construction of the 4;, the affinoid U*® lies inside [, I',\Q and contains X.
Hence for each j there are discs D; C D; C [], I',)\(2 around the cusp ¢, such

that the D, are disjoint and

U(Dj\{c :)ULLL\{Cz DU i A{d})

As the 4; are connected and the D; are disjoint and connected, each ; \ {ci}
lies inside at most one D; \ {c}}. For the same reason, each D’ \ {c}} lies in
at most one H; \ {¢;}. So from now on, we assume that I = J and D} \ {c}} —
U N A{ea} — D; N {c}. We claim that there exist unique rigid analytic maps
D} — il; — D, extending the above inclusions. This will complete the proof of
the theorem.

As the cusps ¢, are defined over K, after a base change to the field of
definition of ¢;, the discs D} and D; will remain connected. As we may choose
$l; arbitrarily small, this shows that the field of definition of ¢; must be purely
inseparable over K, and hence equal to K, by smoothness of ﬁn, K., over Koo

Thus each of Di~{c}}, U;~{c;} and D;~{c}} is isomorphic to D* := {z : 0 <
|z] <1}, and one may assume that D} \ {c;} — $; N {¢;} — D; ~{c}} is given
by explicit maps D* & Dr s D*, where the composite map is multiplication
by a non-zero constant of norm at most 1. Based on the characterization of
non-vanishing functions on an annulus, and the injectivity of the given maps,
one can show that a(z) = az(14)_,, . a,2") where a and the a,, are in K, the
sequence |a,| converges to zero and all a,, are of norm less than one. Obviously,
this map extends in a unique way to a biholomorphic function in a neighborhood
of zero. m
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In Proposition 3.32 we exhibited an affinoid cover tp of I'\Q) for any arith-
metic T'. Via the isomorphism (15) these local affinoid covers can be combined

to give a finite affinoid cover Ux of ﬁ;ng‘ One can check that this cover is
independent of any choices used in the isomorphism.

Definition 4.17 The cover Ui is called the standard affinoid cover ofﬁ;éi(w.

We record another corollary of Theorem 4.16.

Corollary 4.18 For any arithmetic T, the quotient T\ is isomorphic to the
rigidification of a smooth projective geometrically connected curve over K.

PROOF: Assume first that I' is one of the I', that arise in the isomorphism (15)
for some admissible K. The functor X ~ X' maps any smooth connected
curve over K, to a smooth connected rigid curve. Hence M x__ consists of
exactly hx := card Clg connected components, which must all be projective.
Thus each F,,\Q arises from such a component via the functor X — X'ig,

Let I' be any arithmetic subgroup, and choose an A-lattice A of rank 2
in K and a non-zero ideal n such that Auta(A,n) C I' C Auta(A). Clearly
Auta(A,n) arises as a I, for £ = K(n), and so we let X1, be any component
of Myc(n), k., such that Xlﬂivgn =~ T'\Q under the isomorphism (15).

The quotient G :=I'/ Aut (A, n) acts on Auta(A,n)\Q in the obvious way.
The corresponding action on My (n) k. is given by an action on level structures,
which in general is no longer free. For example via the correspondence given in
the above theorem, one can see that this action fixes the component X ,. It
follows easily that I'\Q is isomorphic to (G\ Xt .)"8. =
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5 Drinfeld modular forms

This section is devoted to the definition of Drinfeld modular forms. Our treat-
ment is based on [15], VII, [7] and [55]. The first two parts give a rapid intro-
duction to modular forms on €2 and their re-interpretation in terms of harmonic
cocycles by Teitelbaum. This is followed by a thorough discussion of modular
forms on moduli spaces My where we use adelic language. Unfortunately, this
is somewhat technical. However, the various reformulations of modular forms
we give in this context will all be needed when we introduce and compare Hecke
operators in various different settings.

Most results are well-known, but not available in the literature in the form
needed. In [55], a characterization of double cusp forms in terms of harmonic co-
cycles was given. We rework this in detail and obtain a similar characterization
in terms of the Steinberg module. Furthermore, we define integral Steinberg
cycles, which will be needed for the formulation of the Eichler-Shimura isomor-
phism in Section 10.

5.1 Modular forms for arithmetic subgroups

Let T' be an arithmetic subgroup of GLy(K). For v = (Z Z) € GLy(Kw),
n,l € Z and f: Q(Cy) — Cs , we define

(f Hl Y)(2) == f(yz)(det fy)l(cz +d)"

Note that (f ||nl ) HM’Y/ =f |’n7l(7’yl).

Definition 5.1 A rigid analytic function f: Q(Cs) — Cs is called a modular
function of weight n and type [ (for '), if

fllv=F vyerl. (16)
n,l

We write F,, ;(T) for the space of such.

For v € GLy(K) define the rational end [s,] = (0 : 1) of 7 and define ¢,
as the corresponding cusp in T'\P*(K). Let I, C Ty be the maximal p’-torsion

free subgroup. Then I', := *1F;'y = {((1) Z{) tb e Iﬂ,} for some fractional
almost-ideal I, of A. Define Q, = [J{; : 'y N T, is non-trivial}. If f is a
modular function for I', then the definition shows that f Hnl ~~1 is invariant
under I',, and in particular, the restriction of f HMW to Q, induces a rigid
analytic function f,:I',\Q,(Cs) — C.

By Lemma 3.31, I, \2,, is an affinoid subdomain of P! and by Theorem 3.25
there is a neighborhood of the image of the cusp c, which is a punctured disc.
Therefore the function f, has a Laurent-series expansion - possibly with infinite
principal part. It is easy to see that the index of the lowest non-vanishing term
of the Laurent series expansion of f, only depends on the cusp c,.

In analogy with the classical situation, the following notions are introduced:

Definition 5.2 An element f € F, ;(I') is a modular form, if for all v €
GL2(K), the function f, has vanishing principal part.

A modular form is called a cusp form, respectively double cusp form, if for
all v € GLo(K), the function f, vanishes at the cusp cy to the order at least 1,
respectively at least 2.

48



The Cyo-vector space of modular forms of weight n and type [ for I" is denoted
by M,,(T), the corresponding space of cusp forms by Sy, ;(I'), and that of double
cusp forms by S2 ,(T).

General convention: In the case [ = n — 1, we drop the subscript [. This
convention will also be applied to the doubly indexed spaces defined later.

Remark 5.3 The Laurent series expansion of f, can be made explicit by using
the reciprocal of the function e, (2) := [[;¢; (1—2/i) as a local coordinate near
the image of ¢, on I';\§2,. Namely, for z ‘sufficiently close’ to [s], the function
f an 7 has an expansion ) aner (2)™"

Note that while a priori, the weight can be any integer, the type should be
thought of as an element in Z/(Ir), where I is the order of the subgroup det(T")
of k*. If Ir = 1 it follows that for fixed n, all M,,; are isomorphic, and the same
holds for the S,,; and the SZJ.

Proposition 5.4 ([55], Lem. 15) Let g(I') denote the genus of T\Q and h(T")
the number of cusps of T\Q2. If T is p’-torsion free, then

dime._ S, () = (n - 1)(g(T) + A(T) - 1).

By [55], Lemma 15, and the simple observation that any arithmetic subgroup I'
contains a p’-torsion free arithmetic subgroup I", one obtains the following.

Corollary 5.5 For no arithmeticT C GLy(K), there exist cusp forms of weight
less than 2.

As in the case of classical modular forms, one can interpret modular forms

as sections of suitable line bundles on I'\Q2. We only indicate this in the case

when T is p/-torsion free. Define an action of v = ( ol ) € I" on Oq as follows.

A section f on an affinoid U is mapped to Tidfov which is a section on v~ 'U.

To see that wr := I'\Ogq exists as a line bundle on T'\(2, it suffices to consider
the action of I';y on Oy, for any simplex ¢t € T'. If I'; is trivial, there is nothing to
show. Otherwise, we may assume that ¢ is a simplex of the unstable component

7, of the rational end [s] = (0: 1), i.e., that I'; C {((1) 117) tbe K} NI. The
transformation property of a modular function shows that I'; acts trivially on

wr| . Hence wr exists.
e
As we assume that I' is p’-torsion free, it is not hard to show that wr has

an extension wr to I'\Q2, which near the cusp ¢, is isomorphic to Or \q,- Let
[cusps] denote the divisor [c] where the sum is over all cusps of T'\Q2. With
the above definitions in place, we obtain the following:

Proposition 5.6 For any n € Ny, there are canonical isomorphisms

Mn(T) = HO(T\Q,ep"),
SuI) = BT\, 5" (feusps))),
S2() = H°T\Q,o2"(2[cusps))).

5.2 Harmonic cocycles

Definition 5.7 Let M be an abelian group. An M -valued function c: T — M
on the oriented edges of T is called a harmonic cocycle if
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(i) for all vertices v of T,

Z cle) =0.

ecTP t(e)=v

1) for all oriented edges e € T° on has c¢(—e) = —c(e).
1

We now define various representations of an arithmetic group I' and an A-
lattice A C K? of rank 2 such that I' C Auta(A). Recall that K? is a space of
row vectors and that v € GLy(K) acts on v € K2 by v +— yov := vy~ 1. We
denote by 24 the module of differentials of A, and view it as a trivial GLy(K)-
module. For a projective (not necessarily finitely generated) A-module P, we
define its dual P* := Hom4 (P, A). If P carries a right action of GLs(K), then
so does P* in a natural way.

Let now R be an A-algebra and n > 2. We define the representation
Vai(A®4 R) of T as

Vn,l(A ®a R) = ((det A)H_l_n Xa Symn_Q Hom 4 (A, QA)> " ®a R.

This is a projective left R-module of rank n —1. We write ~,, ; for the operation
of an element y € 'on V,, ;(A®4 R). If R = A, we simply write V,, ;(A). We fix
an isomorphism K = Qp = Q4 ®4 K. For K C R, this shows that V,, ;(A®4 R)
is independent of A, and so we simply write V,, ;(R). If Ko, C R, then there is a
natural action for any v € GLy (Ko ) on V,,;(R), which we also denote by v, ;.

Remark 5.8 We chose a different normalization than the one given in [55], but
we also have a different action on A and below we also use a slightly different
residue map. The reason will eventually become apparent, when we prove the
Eichler-Shimura isomorphism, cf. Theorem 10.3.

Definition 5.9 Let T' C GLo(K) be arithmetic and assume that R contains K.
We define C:L‘f‘lr(F,R) as the set of T'-invariant harmonic cocycles which take
values in V,, 1(R), and call them R-valued harmonic cocycles of weight n and
type | (on T').

According to our general convention we write CE (I, R) for Ch% (T, R) and
Vo (A ® R) for and V,, ,,—1(A ® R).

In order to construct the residue map
ResF: Sk,l(r) - ]};ir(r; Coo)

from [55], we first have to explain the notion of residue for a holomorphic func-
tion on Q(C4) and an oriented edge e := 00’ of T. Let € be the edge {v,v'} and
choose an isomorphism between 4z and Ann := {z € Co : 1 < 2|00 < ¢'/3}
such that the boundary |z|o, = 1 comes from the part of l; that lies near v and
the boundary |z|os = ¢'/% from the part near v’. Such an isomorphism is not
unique. However if we fix a differential w on Ann and consider its (convergent)
Laurent expansion w = ) . a,z" dz, then the coefficient a_; is unchanged
under automorphisms of Ann which preserve the boundary components. In
analogy with the classical terminology, a_; is called the residue of w. In partic-
ular, for any holomorphic function A on Uz, the notion of a residue of hdz on
s relative to e is well-defined. We write Res. h dz.

Suppose R = C, and let X,Y be the dual basis of the standard basis f1, fo
of K2. Then Sym" ?(Hom(K?,Cy)) is the set of homogeneous polynomials
over Co in X, Y of degree n — 2. Hence an element of V,, ;(C) is determined
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by the values it takes on the basis X*Y"~27% i =0,...,n — 1. One easily checks
that for w € (Sym™ 2 Hom(K?,Cy.))* and v € GLy(K,,) one has

(Yaw) (XY 278 = det v ' ((dX — €Y)¥ (=X + aY)" 270,

For f € S,;(I") and an oriented edge e of 7°, we define an element (Res f)(e)
in V,,1(Cx) by

(Res f)(e) (XY™™ 27%) := Res.(—2)" 27" f(2) dz.

As we have a different normalization as the one given in [55], let us compute
the effect of the residue map on f||n - Lety = ( ot ) € GLy(K ). Then

Yn.1(Res(f Hl 7)) (e) (XEyn =271
= (Res(f ||l 7))(e)(det v 71 ((dX — cY) (=bX + aY)"~27"))

= Rese(f || 7)(2) det v ~H(d + c2)'(—=b — az)" > " dz
n,l
= Res, f(y2)dety!(cz + d) " det v (d + c2) (b — az)" 2" dz
= Resye f(w)(—w)" > dw
= (Res f)(ye)(X'Y"7*7")

Thus we find
Res(f Hl 7)(e) = 7,1 (Res f)(ve). (17)

This shows that Res f takes its values in C’ST(F, Cs). But more is true:

Theorem 5.10 ([55], Thm. 16) The map Resr : S, (') — Cf;f}r(I‘,Coo) is
an isomorphism.

5.3 The Steinberg module

Let I' be p’-torsion free. There is an alternative description of harmonic cocycles

which makes essential use of a complex based on the stable simplices of 7. Define

T3, T4, T, as the set of stable vertices, edges and oriented edges of 7 with

respect to I, respectively. For a vertex v of 7, we define [v] € Z[7§*] to be zero,

if v is unstable, and to be the symbol corresponding to v, if v is stable. For
o 0,5t

e=vv' €717, we define

Note that the vertices adjacent to a stable edge are not necessarily stable them-
selves. However, if a vertex is stable, then so are all adjacent edges.

In slight abuse of notation, we define Z[T™"] := Z[T,"*]/{[—e¢] + [¢] : e €
T,™"). We continue to use the notation [e] for symbols in Z[ZT5™"]. Because
Or[—e] = —0r[e], there is an induced map from Z[T 7] to Z[T*]. The stable
complez for I is defined as

Cit,: o — 00— Z[TY L BT — 0 — ... (18)

By the very definition of stability and the finiteness of the number of I'-orbits
—o0,st

of stable simplices, the Z[[']-modules Z[7$'] and Z[T, | & Z[T;"] are free of
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finite rank. In [48], ILThm. 13, it is shown that Op is surjective. Hence the
Steinberg module Sty of ' defined by

0 — Stp — Z[T0 25 Z[75] — 0 (19)

is a finitely generated, projective Z[I'-module.

For any group G, let us abbreviate ®z(q) by ®g. Note that for a left G-
module M and a right G-module N, the module N ®g M is isomorphic to the
covariants (N @ M)g.

For n > 2 and any K-algebra R, there is a map ®p: C**(T', R) — Z[T 7*"|®r
Vo (R) defined by

dr(c) := S o).

e€I\T* /{1}

The indexing set of the sum is formed by choosing one oriented edge in each class
of T\7$t. This map is well-defined because c is T-invariant. The harmonicity of
¢ implies that ®r takes its image in Str ®p V;,(A ® R). The following is shown
in [55], Lem. 20:

Proposition 5.11 If T is p’-torsion free and R is a K-algebra, the map
®p: C"(T, R) — Str ®r Vo (R) = Hi(CfF, @r Via(R))
is an isomorphism.

That ®r is an isomorphisms implies in particular, that a harmonic cocycle
is determined by its values on the stable edges. Therefore it must be possible
to express the value on any edge in terms of the values of suitable stable edges.
The following taken from [55], p. 506, explains how to do this:

Definition 5.12 For an edge e € T°, define its source, which is a subset of T°,
as follows: If e is stable, then src(e) = {e}. If e is unstable, then src(e) is the
set of all ¢ € T such that

(i) there exists an unstable vertez v' of €' such that e lies on the half line from
v' to b(v'), where b is defined below Def. 3.22, and

(ii) €' has the same orientation as e.
Lemma 5.13 For ¢ € C}(R) and e € TP one has c(e) = D eresre(e) €l€')-

Based on Proposition 5.11, the following generalizes Definition 5.9 for groups
I’ which are p’-torsion free.

Definition 5.14 Let T' be p/-torsion free, A C K? a lattice such that T C
Aut4(A), and R an A-ring. We define the module of R-valued Steinberg cycles
of weight n (on T, relative to A,) as

C3(IA ® R) := Str ®r V,,(A ® R).

As Str is a finitely generated projective Z[[']-module, it follows easily that
CSYT', A ®4 R) is a finitely generated projective R-module.

As a last result on the Steinberg-module, we describe a complex which is
quasi-isomorphic to CIS{., which will be needed in the application in later sec-
tions.

For an oriented edge e, define the corresponding non-oriented edge as € and
the map ~

or: ZIT™) — ZITT @ Z[T5"] - [e] = ([e], [t(e)))-
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Recall that we have [v] = 0 if v is an unstable vertex. Define for any I' the
complex

Gt o — 0 — Z[TY @ Z[T3Y] & 2T — 0 — .. (20)
Proposition 5.15 The diagram
— or <
Z[TY'] ZT5"]

a1i[6]H[e][e]l lao:[v]H(Oﬁ[v])
2|1 —E 21T & 223

g ; st Ast
defines a quasi-isomorphism Cy', — Cp',.

PROOF: For the diagram to define a morphism of complexes, we have to show
that it commutes. This follows from

ra(le)) = r(le] - [€]) = (0,[t(e)]) — (0, [t(~e)])
= ao([t(e)] = [t(=e)]) = codr([e])-

The morphism of complexes «, is injective on objects. Therefore to see that
it defines a quasi-isomorphism, we need to show that the cokernel is an exact
complex. But the cokernel is easily identified with

ZIT) =% ZIT),
where the map on the 1-chains sends [e] to [€] and the map on 0-chains maps a
pair ([e], [v]) to the symbol [¢]. n

5.4 Double cusp forms and Steinberg cycles

We will give a characterization of double cusp forms in terms of Steinberg cycles.
Again we assume throughout that I" is p’-torsion free.

We first recall the definition of Str as given in [48], I1.2, for an arithmetic
subgroup I' of GLy(K). Define degp: Z[P*(K)] — Z : Y ny[s] — > n,. This
map is clearly [-equivariant, if we let I act on Z[P!(K)] via its usual action on
ends, and on Z via the trivial action.

Proposition 5.16 ([48], § 2.9) As a Z[['|-module Str is isomorphic to the
kernel of degp.

PRrROOF: As in Section 3, the subgraph of 7 formed by the unstable simplices
will be denoted 7,. The symbols {v} denote the elements of the canonical basis
of Z[7Ty]. They are not to be confused with the symbols [v] used in the definition
of Or. Again we define the boundary map

0:T? > ZIT) s e = w0 — {v'} — {v},

which extends linearly to Z[7,°] and whose restriction to Z[7, ;] maps to Z[7o o]-

As in the previous subsection, we define the modules Z[7 ] and Z[?;l] as the
quotients of the respective modules without a bar by the submodules generated
by the chains [e] + [—¢]. Clearly the map 9 induces a map on these, too.
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Consider the diagram

o,st] 0

0—=Z[T2, ] — Z[T;] —= Z[T;

ia la lar

0 —> Z[Too 0] 2T — L~ 7[T5] — 0.

It is commutative and compatible with the action of I". Since 7 is a (connected)
tree, the middle arrow is injective with cokernel Z. The map to Z is given by
mapping > n,{v} to > n,.

Because 7, is a collection of trees, the left hand vertical map is injective,
too. Recall that the map b defined a labeling of the components of 7,,. To
describe the cokernel, we define the I'-equivariant map

b: Z[ T 0] — Z[PY(K)) : Z ny{v} — va [b(v)]. (21)

UGTOO,O

By the definition of b, the map b is surjective with kernel (Z[Tzo’l], 0).

Regarding the right hand vertical map, we have seen earlier that it is sur-
jective and its kernel was defined to be Str. Now the Snake Lemma yields the
short exact sequence

0 — Str 25 Z[PL(K)] <% 2 — 0 (22)

of Z[I']-modules, where ar denotes the connecting morphism. This proves the
proposition. m

To make the map ar explicit, fix an element 3. n.[e] € Stp. Via T,7% — T¢,
this can be regarded as an element in Z[7,]. Being in the kernel of dp means
that 9> nele]) € Ker((), where ( is as in the above diagram. In other words,
all symbols {v}, v € Ty, that appear in 9(3_ nele]) € Ker(8) with a non-zero
coeflicient, belong to a vertex in 7.,. To such vertices, we apply the map b to

obtain an end, i.e., an element of P*(K).

This shows that ar can be described as the restriction of the map Z[Ti’St] —

Z[P'(K)] to Str, which on symbols [e], e € T,”*", is defined as follows: First
the symbol [e] is mapped to the sum over the symbols of its unstable boundary
vertices with the appropriate signs. (The sum consists of at most two terms.)
Then this linear combination is mapped via the map b defined in (21) to a linear
combination of symbols of the corresponding ends.

Definition 5.17 Let T' be p'-torsion free, A C K? a lattice such that T C
Auta(A), and R and A-algebra. We define CS42(T', A ® R) as the kernel of

ar ®id: Str @r V(A ® R) 25 Z[PY(K)] ®r Vi (A ® R),

and call it the module of doubly cuspidal Steinberg cycles over R of weight n
and level T' (relative to A).

For R = K, and thus for any K-algebra R, the module C5%“2(I',A ® R) is
projective over R. However for general A, this will not be the case.

Proposition 5.18 Suppose that T is p'-torsion free and R is a field containing
K. Then

. S0 B g(T) ifn=2
dimg C;7(I', R) = { (n—2)(gM)+h()=1)+gT) =1 ifn>2
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PRrROOF: If we tensor the short exact sequenc (22) over Z[I'] with V,,(R) and use
the above definition, we obtain the following four term exact sequence:

0 — C32(I', R) — C5Y(T, R) — Z[P*(K)] ®r Vo (R) — Z @ Vi (R) — 0

The last term vanishes unless n = 2 in which case it is isomorphic to R. If
{T. : ¢ € cusps} is a set of representatives of stabilizer subgroups for the cusps
of T\, then

2PN (K)) ©r Va (R) = D Va(R)r..

One can show that each of the terms V,,(R)p, is isomorphic to R, cf. Re-
mark 5.23. The formula is now easily derived from Proposition 5.4. n

The following theorem justifies the above definition:

Theorem 5.19 The isomorphism S, (I') = C34(T,C,) given by ®r o Resr re-
stricts to an isomorphism S2(T) = C3%23(T, Cy ).

The above theorem and Proposition 5.18 yield:

Corollary 5.20 Suppose that T is p'-torsion free. Then

. 9 - g(T) ifn=2
dime,. 5, (T', Co) = { (n—2)(g(T) +h(T) 1) +gT) —1 ifn>2
For the proof of Theorem 5.19, we will need the following well-known lemma,
whose simple proof is omitted.

Lemma 5.21 Let G be some group and W a K[G]-module, which is finite di-

~

mensional over K. Then (W*)g = (W%)* via the map which arises from
W — (WO : o fuve.
Recall that V,,(C) is defined as the dual of the set Coo[X,Y],—2 of ho-

mogeneous polynomials in Coo[X,Y] of degree n — 2 with the (left) action of
v = (‘i Z) € GL3(K) given by

Y(X) =aX+cY y(Y)=0bX+dY.

Let [s] = (0:1) with I’y = {( o ) ta € I§} for some fractional almost-ideal
I, of A.

Corollary 5.22 The vector space (COO[X,Y]Ei2 has X"~2 as a basis. We iden-
tify its dual with Coo by evaluation at X"~2. Then the isomorphism

Va(Coo)r, — (CoolX, Y], % 5)* = C

is given by evaluating a functional v € V,(C) at X"~2.

PrOOF: The second assertion is immediate from the first and the previous
lemma. So it remains to identify the space C[X, Y]Zi 5, which obviously con-
tains CooX™ 2.

Let P be a homogeneous polynomial of degree n — 2 which is invariant under
I'y and consider p(y) := p(1,y). Then p(y) = p(y — a) for all a € I,. Since I is

infinite, p must be constant, and so P must lie in Coo X"~ 2. &
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Remark 5.23 The argument used in the proof of the previous corollary also
shows the following: Suppose F' is an A-field (possibly finite) and that under
the map Aut(A) — Aut(A ®4 F), the image of the p-group I'y contains at least
n — 1 elements. Then V,,(A ® 4 F)r, is one-dimensional.

Lemma 5.24 Fori = 1,...,1, let (; be in Cy and r; in Rsq, such that the
‘closed’ discs D; := {z € Coo : |2—C(iloo < i} are disjoint. By 10), we denote the

‘open’ disc {z € Coo : |2 — (iloo < 1i}. Let f be holomorphic on D := P — UZO)Z
with f(oo) =0. Then

"(o0) = ZResaDi f(2)dz

o]
where the 0D; = D;\ D ; are oriented toward oo (see proof) and f is given near
oo in local coordinates 1/z.

PROOF: Choose radii r; > r; such that the corresponding discs D} D D; are
still disjoint. Represent f on the annulus A; := {z € C : |2 Q|OO [ri,7i]}
as a convergent Laurent series

E a’TL’L ’L

neZ

Then Respp, f(z)dz = a_1,.
By [12], 1.1.3 Prop., on D the function f can be uniquely written as a

convergent series
o] l
F=Y anilz—¢)™ (23)
n=11i=1

On the annulus A;, the functions (2 —(;)~", j # 4, are holomorphic. Comparing
principal parts, it follows that a,; = a,,; for n < 0. Differentiating (23) and
evaluating at oo yields:

_zhlgof Za 1= ZRGSBDi f(z)dz

However in local coordinates w = 1 at infinity, one has > b,w™ = Y b,z7".
Therefore

f\w O*_hmf()

Z— 00

and the asserted equality follows. n

Let f be in S,(T'). Fix [s] = (0 : 1), 'y and I, as above Corollary 5.22.
Let 7, be the subtree of simplices ¢ with b(t ) (0 : 1), and define Q; C Q2 as
the union of all affinoid subdomains $l; where ¢ is a simplex of 7,. On these
two objects, there is a natural action of I';, and we had seen that f descends
to a holomorphic function f; on D, := I';\,. The space D, was identified
as an affinoid subdomain of P! w1th oo removed in Lemma 3.31. The point
oo corresponds to the cusp of [s]. Because f is cuspidal, it extends by zero
holomorphically to this cusp.

For any end [s], we define the source of [s] as

sre( U{brc e € 7Y, e points toward [s]}

= {ee T :0(t(e) = [s1}-
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Lemma 5.25 Let the notation be as above.

(a) The group Ty acts freely on src([s]) with finitely many orbits, say rep-
resented by edges e1, ..., €.

(b) For[s] = (0:1), the map

Cl;lzar(rvcoo) i Cyslt(F7Coo) Otll@)id @ Vn((coo)l—‘l E) Vn((coo)F = Coo> (24)

s

where pr is the projection onto the factor at [s], is given by sending a cocycle ¢

to Limy elen)(X" ).
(¢c) Suppose ¢ = Resr f. Then Zﬁzl c(e;)(Xn=2) = fi(c0), where at the

cusp 0o we take the local coordinate w = 1/z.

Proo¥: To prove (a), note first that 7 is acted on by I'y. Therefore the source
of [s] admits an action of I'y. Because the source consists of stable edges,
this action must be free. To prove the finiteness assertion, we claim that the
canonical map I'y\src([s]) — T\7;" is injective. Since the set on the right is
finite, this will finish the proof of (a).

To show the claim let e, e’ both be in the source of [s] and assume there is a
~ € I" such that ve = €¢’. Let s and s’ be the half lines starting at e, respectively
e’ that both represent [s]. Elements of I" preserve stable and unstable simplices.
Therefore s is a rational half line whose initial edge ¢’ is stable and all of
whose other edges are unstable. Furthermore e’ points in the direction of the
end [ys]. But then s is, except for ¢’ the half line from the unstable vertex
t(e’) to b(t(e')). Because s’ is another such half line, we must have vs = ¢, i.e.,
v € I'y, as claimed.

For (b), recall that the first isomorphism in (24) sends ¢ to

Y. [doce)

€M\ T /{+1}

Let us assume that the set of representatives T'\7;”*"/{#1} contains the edges
e;. For the map
Cit(rvcw) = Va(Coo)r,

these are the only edges that are relevant.

For each e; denote by v; its unique vertex that belongs to 7,. (Because 7
is a tree, and hence contains no loops, it is not possible that both ends of an
edge belong to the same unstable region.) From our explicit description of ar
given above Definition 5.17, we see that the image of ¢ in V,,(Coo)r, is given as
> {[s]} ®r, c(e;), where {[s]} is the symbol in Z[P'(K)] for the rational end [s].
Lemma 5.22 completes the proof of (b)

For the last part, we recall that (Resr f(2)dz)(e;) is given as the residue of
f(2) dz on the annulus 4., with the orientation inherited from e;. Furthermore,
this residue only depends on a neighborhood of ., N 4, inside i,,. Since e;
is stable, such a neighborhood can be chosen so that it maps biholomorphically
into D,. Let 0;D; denote the corresponding boundary part of Dg oriented
toward oo. Then we have

Resy, p, f(2) dz = (Resr f)(e:).

The proof of (¢) now follows from (b) and Lemma 5.24. n
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PROOF of Theorem 5.19: Via a suitable v € GLy(K'), we can move any end to
(0 :1). This was precisely the way in which we defined cusp forms and double
cusp forms in Definition 5.2. Therefore the above lemma applies to all cusps
and it shows that f is a double cusp form of weight n for I' if and only if its
image lies in the kernel of ar ® idy; (c_. ), which is precisely C3%2(I'Cy). m

Finally we want to comment on the integrality properties of C3%2(I', A® R).

Proposition 5.26 Fix n € N. Suppose there exists a non-zero ideal n of A
such that

(i) T 5 T(n),
(ii) the class group of A(n) is trivial,

(iii) R is an A(n)-algebra, and

() for all p € Max(A(n)) the residue field k, has order at least n — 2.

Then the module C5%2(I', A ® R) is projective and of finite rank over R.
The same conclusion holds if either R is a Dedekind domain or flat over A.

PRrROOF: The second assertion is rather obvious in the case that R is a Dedekind
domain, since from the definition we have C5%2(I', A® R) C C5Y(I', A® R). The
module on the right is projective and hence torsion free, and therefore the
submodule C5%2(I", A ® R) has the same properties.

Next we prove the first assertion. For this let [s1],...,[s,] be rational ends
which give a complete set of representatives of the cusps, so that

Z[PH(K)) = P Indr, Z,
i=1

where we abbreviate I'; := ',

We first claim that under our hypothesis, the modules M,, :== V,(A® A(n))r
and M, ; :== V,,(A® A(n))r, are projective over A(n). By Remark 5.23, we have
rank M,, ; = 1 for all 4,n, rank My = 1 and rank M,, = 0 for n > 2. Because
A(n) is a Dedekind domain, it suffices to show that the ranks at the special
fibers above all p J/n are the same as the generic rank.

Let us first consider the modules M,, ® k, for such a prime p, where the
case n = 2 is trivial, and so we assume n > 2. By (i), we have M, ® k, C
((Sym™ 2 kg)SLZ’(’“F))* =0, because n — 2 < |ky|. r For the modules M, ; ® k,,
we proceed as follows: By (ii), any projective module over A(n) is free. This
implies that any Borel in GLy(A(n)) is conjugate (over this group) to a standard
Borel. Hence it follows that I'; = T' N gBog~! for some g € GLy(A(n)) and the
standard Borel By of GLy(A(n)). Because I is p’-torsion free, this and (i) imply

that T'; modulo I'; NT'(p) is isomorphic to ( ob ) :b € kp}. By Remark 5.23

and condition (iv), we have dimg, M, ; ® k, = 1. This finishes the proof of the
claim.

The claim implies that all the modules in the 4-term exact sequence

0 — CS2(TA® A(n)) — CYT', A ® A(n)
— V(A @ A(n))p, — Vo (A® A(n))p — 0

are projective. Therefore tensoring it with R over A(n), which is possible by
(iii), yields the analogous 4-term sequence for R. But then

CS2(D, A ® R) = CS"A(I, A ® A(n) @ a(n) R
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By the part already shown C3%2(I", A ® A(n)) is projective over A(n). The first
assertion of the proposition is now obvious.

To prove the second assertion in the case where R is flat over A, one tensors
again the above 4-term sequence with R over A. Because R is A-flat, the
resulting sequence is exact. One concludes as in the previous paragraph. m

This concludes our discussion of Drinfeld modular forms in the local case.
We now turn to the global situation.

5.5 Adelic modular forms

Our presentation borrows heavily from the discussion of Hilbert modular forms
as given in [52]. We will develop the theory in global (i.e. adelic) as well as a
local form. Fix an open subgroup K of GLQ(A) and define z,, T', as in (14).
We will frequently make use of the isomorphism

& [Ir\Q — GLo(K)\(Q x GLx(AT)/K),

where the right hand side can be identified with a coarse moduli space for Mfcig.

Regarding the notation we make the following conventions. Elements in
GL2(A) will be denoted by w = (wf,we), where wy € GL2(AY) and wae €
GL3(K ). We also use the symbol g for elements in GLy (A7), g¢ for an element
in K and g for elements in GLy(K ). Finally elements in GLo(K) are usually
denoted by « or ~.

Definition 5.27 (Local Definition) The space of global modular functions of
level IC, weight n and type l is defined as

H Fn l
VECI;C

The respective subspaces of modular forms, cusp forms, and double cusp forms
are defined as

HMnl 7 ﬁn,l(’c) ::HSHJ(FD)7 —nl HS

A modular form is denoted by [ = (f.) = (fv),cC1,. € Mn,(K). Furthermore,
we define [xc as the least common multiple of the orders of the groups detT',,
v € Clk, so that M, ;(K) = M, (K) whenever [ =" (mod Ix).

To prepare the global definition of modular forms, we need yet another
description of (2 x GLa(A))/K. Let (g¢,900) € K x GLa(Ko) act from the
right and a € GLy(K) from the left on Q x GL2(A) b,

(2, W, Weo) = (95 2, QWEGE, AWoo oo )-
The map (z, w, Woo) — (Weoz, we) induces a GLa (K )-equivariant bijection
(Q x GLy(A))/(K x GLa(Ks)) — Q x GLy(A)/K.

We extend the x,, to elements of GLy(A) by defining their component at oo as the
identity. Thus the z, also form a set of representatives of GLg (K )\GL2(A)/ (K x
GL2(Kw)). Finally, we set X := Q(Cy) x GL2(K)\GL2(A)/K.
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To f we associate a C-valued function f on Q(C.) x GL2(A) by

f(z, ax,w) = (fl, H woo)(z)

n,l

for z € Q(Cx), o € GL2(K) and w = (wy, ws). To see that this map is well-
defined, one needs the invariance property of f, under I', from the definition
of a modular form. As GLg(K) does not act on © but only on GLo(A) via the
action defined above, the function f is a map from Q(Cy) X GL2(K)\GL2(A)/K
to Co. Clearly one can recover f from f via

fu(z) :==£(z,2,). (25)
For w € GLa(A), the function z — f(z,w) is a holomorphic function from
Q(Cx) to Cux. For goo = ( . 2) € GL3(K ), we define anlgoo by

(£ ] 90 ) 210) 2= gz, w) et gc) (2 4 7

n7

and the right translation r,__ by
Tgoof(z7 Wi, Woo) = (2, Wi, Woogoo )-

Definition 5.28 (Global Definition) An adelic modular function of level K,
weight n and type [ is a map f: Xx — Co which is holomorphic in the first
variable and satisfies

f H oo =Tg f  for any goo € GL2(K ).
n,l

The above discussion shows that for fixed IC,n,l there is a bijection between
adelic modular functions and modular functions for K. The C.-vector space of
adelic modular forms is denoted F,, ;(XC). One can use this correspondence to
define adelic modular forms, adelic cusp forms, etc., as follows: For w € GLo(Af)
let I, be the fractional almost-ideal of A defined by

{beK; (3) ’1’) c GLQ(K)ﬂwICw’l}.

Definition 5.29 An adelic modular function f is an adelic modular form, adelic
cusp form, adelic double cusp form if for allw € GLy(Af) the Laurent expansion

f(z,w,1) = aner, (2)7", (26)

neZ

which converges near the cusp (0 : 1), satisfies a, =0 forn <0, n <1, n <2,
respectively.

The corresponding Coo-vector spaces are denoted M, 1(K), Sy 1(K), S2 ,(K),
respectively. ’

The main reason for introducing the global view point is that it facilitates the
discussion of Hecke operators to be given in the following section, and that it is
unlike the local definition free of any choices, like choosing the x,. We omit an
interpretation of modular forms for My as sections of certain line bundles, as
it will not be needed in the sequel.

The following is immediate from the above discussion:

Proposition 5.30 There are natural isomorphisms

M,,,1(K) 2= M 1(K)  Sna(K) = 8n1(K)  S7,(K) = 53 ,(K).
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For an admissible subgroup K, let g(K) denote the sum over the genus of the

components of ﬁ,c’ ae- Let furthermore h(K) denote the number of cusps
of ﬁ,C,K.dlg, ie., card(ﬁ,cvl(alg N M gae).  Also, let d(K) be the number
of connected components of ﬁK,Kalg. Finally let s,(K) := dim S, ;(K) and
55, (K) := dim S} ;(K). The previous proposition combined with Proposition 5.4
and Corollary 5.20 implies:

Corollary 5.31 If K is admissible, then s,(K) = (n —1)(g(K) + h(K) — d(K))
and

200 ={ 9() =2
" (n = 2)(g9(K) + h(K) — d(K)) + g(K) —d(K) if n>2

While our local definition of modular form implies that the set of such is
equal if the type is changed by adding a multiple of Ix, this is no longer the case
for the global description.

Lemma 5.32 Suppose l,1' € Z are congruent modulo lic. Then the assignment
f — g given by

g(z, az,w) == £(z, oz, w)(det wso ) 7,

where a € GLa(K), w = (wf, weo) € K x GLa(Ko) and v € CI(K), defines for
fized K,n an isomorphism from the space of modular functions of type l' to that
of type l. It restricts to isomorphisms

Mn,l(lc) = Mn,l’(lc)7 Sn,l(lc) = Sn,l’(’C)a Si,l(lc) =~8S?

n,l’ (K:) .
Remark 5.33 Choosing a sign-function, i.e., a homomorphism sign: K% —
k%, which is the identity on k*, one could define (f || ,7)(2) := f(v2)(cz +

d)"sign(dety)!. Then the sets of global modular forms of types [,1’ would
automatically agree whenever [ = I’ (mod goo — 1). So at the expense of this
choice and various other somewhat less natural definitions, one could reduce
the amount of redundancy described in the previous lemma. As there seems to
be no definition that avoids this redundancy completely we opted for a simple
definition with lots of redundancy.

In the number theoretic case, one can avoid all this as taking the square root
and squaring are natural inverses for the positive real numbers. Over K, taking
square roots is no longer such a natural operation. To avoid its definition, types
are introduced.

5.6 Adelic harmonic cocycles

As in the local situation for T'\(2, we now turn to a reformulation in terms of
harmonic cocycles. The group GLa(K) acts on 7 x GLy(Af)/K on the left by

a(t,gk) = (at,agK) a € GLa(K).

Furthermore on 7 x GLy(K)\GL2(A)/K there is a right action by GLa(K)
defined as

(t, GLy(K)gK)goo = (9:t, GLa(K)ggeoK) for g € GLy(AT), goo € CLa(Koso).
The following identifications will be important

[T 0\T <& GLo(K)\(T x GLy(AT)/K) (27)
UGCI)C

~

= (T % GLo(K)\GLa(A) /Ic) /GLy(K),  (28)
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where the first map sends a tuple (¢, az,g¢) to (a~'t) on the summand v and
the second a tuple (¢, ws, weo) t0 (Woot, ws), where ¢ is a simplex of 7, we, €
GL2(K), wr € GLa(AY) and a € GLy(K).

Definition 5.34 Let R be a Ky -algebra. An adelic harmonic cocycle ¢ of
weight n, type [ and level K over R is a GLa(K o )-invariant element c in

Maps(7;” x GL2(K)\GL2(A)/K, Vi 1(Ceo))
such that
(i) for all vertices v of T, and all w € GLy(A)

Z cle,w) =0,

ecT? t(e)=v

(i1) for all oriented edges e € T)° on has c(—e, w) = —c(e,w).
The R-module of all such adelic cocycles is denoted C) (K, R).

Note that we let GLa(K ) act on Maps(77° x GLa(K)\GL2(A) /K, V,,1(Cx))
on the right, i.e., an element g, € GL2(K ) acts as

(cgsc)(e;w) = (g0) 1 1€(g50€, WS-

Using the isomorphisms (28) and (27), one can easily show the following.

Lemma 5.35 Let R be a Koo-algebra. For each tuple c,, v € Clg, of harmonic
cocycles of weight n and type | for T, define

1

cle, ax,w) = (W )iy (Weok€)

for (e, ax,w) € T x GLa(K)\GL2(A)/K and w € K x GLa(00). Then this is
a bijection
HChar F R Char(K: R)
In particular Char(IC R) is finitely generated projective over R.
As in the local situation, we define a residue map
Resf: 7T° x GL2(K)\GL2(A)/K — V;,1(Coo)
which to a cusp form f of level I weight n and type [ assigns
(Res f) (e, w)(X'Y"27%) := Res.(—2)" " f(z,w) dz for e € T, w € GLy(A).

Lemma 5.36 The following diagram commutes

(fo),ecl, ———f

I |

(cv := Res fV)ueCLc ——c = Resf.

We omit the proof which is easy if tedious. Regarding the assignment f — Resf,
we note that the condition f ’ ’n,l goo = 1gf for all goo € GLy(K ) translates
into the GLg (K )-equivariance of the map Resf.

Based on Theorem 5.10, the following is a direct consequence of our defini-
tions.
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Theorem 5.37 The assignment £ — Resf defines an isomorphism S,, ;(KC) =
Clﬁ?lr(lC, Coo)-

Unlike for adelic Drinfeld modular forms, there is also a good description
of adelic harmonic cocycles as maps on the finite adeles only, i.e. on 7% x
GLy(A7)/K. The benefit of this description is, that it can be used to define
cusp forms over any ring which contains K.

Lemma 5.38 For any Ko,-algebra R, there is a natural bijection
Mapsqr, (k..) (71" X GL2(K)\GL2(A) /K, V1 (R))
> Mapsgy, () (7 X GLa(AT)/KC, Vo i(R)),

given by the following assignments. To an element ¢ on the left, we attach an
element ¢ on the right by

c(e,wr) := c(e,wy, 1),
and to an element ¢ on the right, we attach an element c on the left by
cle, we, Weo) 1= (woo);}é(wooe,wf).

Again we omit the details of the simple proof and only remark that an element
a € GL2(K) acts on a map € on the left via

(a€)(e,wr) = anyl(é(ofle, atwy)).

Definition 5.39 Let R be a K-algebra. An adelic harmonic cocycle € of weight
n, type I and level IC over R is an element € in

MaPSGLZ(K)(TlO X GL2(Af)/’Ca Va1 (R))
such that
(i) for all vertices v of T and all g € GLy(AT),

Z ¢(e,g) = 0.

eeTpP t(e)=v

(i3) for all oriented edges e € T and all g € GLa(AT), é(—e,g) = —c(e, g).
We write CE?ZT(IC, R) for the R-module of all such cocycles.

Based on the previous lemma, it is simple to verify that this is a natural exten-
sion of Definition 5.34. This justifies that we call the elements of Cﬁflr(lC, R)
again adelic harmonic cocycles. The distinction will always be made in the
notation by putting a tilde or not.

The following proposition compares the above module with the projective
R-modules C?®(T',, R). The simple proof is left to the reader.

n,l

Proposition 5.40 For a tuple c,, v € Clg, of harmonic cocycles of weight n
and type | for T, define

éle,axyg) == ac,(a te)
for (e,ax,g) € TP x GLa(AT)/K and g € K. For any K-algebra R, this yields
a bijection
H 027&[1’ (Fuv R) = C?L?lr (]Ca R)7

and so in particular nglr(lC, R) is finitely generated projective over R.
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As for adelic modular forms, one can easily prove the following.

Lemma 5.41 Supposel,l’ € Z are congruent modulo lxc. Let R be a K -algebra.
Then the assignment ¢ — ¢’ given by

& (e, aw,g) == &(e, ax,g)(det )~

defines for fived IC,n, R an isomorphism from C' (K, R) to Cgi’lr(lC, R).

n,l’

5.7 The adelic Steinberg module

We now assume that IC is admissible. In particular, this implies that all T,
are p’-torsion free, so that we can drop the index I. Our goal here is to define
cusp and double cusp forms for M with coefficients over any A-algebra. To do
this, we will reformulate Definition 5.14 in adelic language, which needs various
preparations. The main point is that we want to obtain definitions which are
independent of various choices.

Define Txc := 7 x GLo(Af)/K and 7, := T x {2,K} = 7T for any v € Cl.
The i-simplices of Tx are denoted by 7i;, the oriented edges by 7¢,, and
analogously for the 7,,.

Definition 5.42 The stable i-simplices of Tic, and 7T, respectively, are defined
as
T = {(t,gK) € Ti : Stabgr, (k) ((t, gK)) is trivial.}

7% = {t € T,,; : Stabp, (t) is trivial.}

We often write Z, &, ¥ for simplices, edges and vertices of Tx, respectively.

AsTE =D, Indlg}2(K)’Z;f§ for i = 0,1, the Z[GLy(K)]-modules Z[T"] are
free and finitely generated. We use the notation Z[?"Kblt ] in the same way as in
Subsection 5.3, so that this module is isomorphic to Z[Zg',]. If we define the
map Ok : Z[?O,Csﬁ — Z[T,] in analogy to (18), then the surjectivity of the dp,
implies that of Jx. Define St by the short exact sequence

—o0,st

0 — St — Z[T gy 25 Z[TE] — 0. (29)

This sequence splits as a sequence of Z[GLa(K)]-modules as the object on the

right is free and hence projective. Because Z[TO,CSI | is free and finitely generated
over Z[GLy(K)], one has:

Proposition 5.43 As a module over Z|GLo(K)], the group Stx is finitely gen-
erated and projective. It is isomorphic to @, Ind?}z(K)Stpu.

In the local situation, cf. Definition 5.14, we were able to define ‘integral’
harmonic cocycles, i.e., cocycles with values R for any A-algebra R. By the
above proposition, for any K-algebra R there is an isomorphism

Stk @cLy(x) Va(R) = @D Str, @r, Va(R) = P CH(T,, R).

v

This suggests the following definition in the global situation:

Definition 5.44 Let R be a flat A-algebra and define A, := /ngl NK2 A
Steinberg cycle ® of weight n, and level K over R is an element in the image of
the injective map

P C (T, Ay @4 R) — Stx @cryx) Va(R®a K).
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The module of all such cycles is denoted CS*(KC, R).

The submodule spanned by the image of @, C54*(T,, A, ®4 R) is denoted
by C5%2(KC, R) and called the R-module of doubly cuspidal Steinberg cycles ®
of weight n, and level I over R.

By their very definition, the modules C5*(KC, R) and CS%2(K, R) are finitely
generated and projective over R. By flatness of R over A, the canonical map

PCE(r,. A 04 R) — CS2(K,R)

v

is always an isomorphism.

In Definition 5.44, we used special representatives of GLy(K)\GLo(Af)/K,
namely the elements x,. For these we defined I',-submodules A, inside K2. In-
stead, we could take arbitrary coset representatives and define for g € GLo(A/)
the group Ty := GLy(K) N gKg~! and the T'y-module A, := A%2g~' N K?2. The
following proposition shows that the result is the same:

Proposition 5.45 The above definitions are independent of any choice of rep-
resentatives of GLa(K)\GLa(A)/IC.

At least for CSY(K, R), a short direct proof of the proposition can be given.
However, we prefer to first introduce some more general machinery, which will
also be useful later, and to then give the proof.

Definition 5.46 A local system W = (W,W,) of left (right) modules for
GLo (A7) consists of a left (right) GLa(K)-module W and Ty-submodules W,
for each g € GLo(AF), subject to the condition that for each g,g' € GLa(AT)
with ¢g' € agk, a € GLy(K), one has

a(Wy) =Wy ((Wg)a_l =Wy).

Lemma—Definition 5.47 Let W be a local system of left modules for GLo(AS)
and let W' and Z be local systems of right modules for GLo(Af). Assume that

the natural map
P mdi="z, -z
QGCI)C
is an isomorphism for any choice of a set of representatives of Cli. Then the

following hold:
(a) The image of

@ (Zg r, Wg) B (Z ®GLy (K) W)v i >0,
gECl)c

denoted by Z®GL2(K) W, is independent of the chosen representatives g of Cli.
If the Z, are projective over Z[I'y], then the above map is injective.
(b) The map

& Homr,(Z,, W)) — Homar,x)(Z,W') i >0
gECLC

is injective. The tmage is independent of of the chosen representatives g of Cli,
and is denoted by HomGLQ(K)(Z, w.

(¢) Suppose the W, are A[l'y]-modules which are finitely generated and pro-
jective over A and that W = W, ®4 K. By W* we denote the system of
right modules defined by Wy := Hom(Wy, A), W* := Hom(W, K), and where
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a € GLy(K) acts on w* € W* by (w*a)(w) = w*(aw). Then the natural
isomorphism
HOInGL2(K)(Z, W*) = (Z ®GLy(K) W)*

induces a perfect duality between the submodules
HOIHGLQ(K)(Z, W*) and Z QGLa(K) w.
We omit the simple proof and give instead some examples.

Example 5.48 Fix an integer n > 2 and an A-algebra R. In the applications,
W', W} will always be the local system of left GLy(Af)-modules defined as

W, = Sym™ *(Hom(Ay, Q4) ®4 R), W' :=W,®4K.

For W we take system of right GLy(A7)-modules (W')*. Let us verify that
the conditions in (c) are satisfied for W’. By functoriality, it suffices to do this
for n = 3.

Suppose that ¢’ € agk for some o € GLo(K). Then

1—1

I, =GLy(K)Ng'Kg ™ =GLa(K)NagKg 'a ™t =alya™!, and

Ay = A2y K2 = A2 la K2 = (A2 ' N K?)at =aoA,,

where we recall that we defined an action of GLa(K) on the modules Ay below
Proposition 4.10. Because af = foa™! for f € Hom(A,,24), it follows easily
that Wya~" =W/,

It is now easy to check that W = (W, W,) satisfies the conditions of the
previous lemma, and for R = A also the conditions of c).

Example 5.49 For Z, Z, there will be various choices which satisfy the basic
assumptions of the previous lemma, namely:

(1) Z =Z[T,], Zy = Z[(T; x {gK})*], for i = 0,1, with the obvious GLy(K)
and I'y actions. Note that in this case, the Z, are free finitely generated
Z[T;]-modules.

(i) Z =ZITY], Zy = Z(T x {gK})*].

(iti) Z = Stx, Z, = Ker(Z[(T; x {gK})*] — Z[(Ty x {gKk})*]) again with the
usual actions of GLo(K) and I'y. The modules Z, are finitely generated
projective Z[I'j]-modules.

(iv) Z = Z[PYK) x GLa(AF)/K] and Z, = Z[PY(K) x {gK}], where the
GLy(K)-action on P!(K) is the action on ends, and the action on GLa (A7)
is the usual left action.

(v) Z =Z|Clk], and Z, = Z[g], where g denotes the class of g. The action of
GLy(K) is trivial. Only the hypothesis for (a) hold.

(vi) In analogy to the complex in (20), one defines a complex which is quasi-
isomorphic to the adelic Steinberg complex and globally takes the shape

ZITRY) — ZITRY) © ZITR]

with the boundary map defined as in (20). Locally it is given by Clitg’.,
where for given g, we identify 7 with 7 x {gK}. The corresponding
complex of local systems is denoted by Cﬁ,ct.
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PROOF of Proposition 5.45: The proof for C5*(KC, R) is obvious from the above
lemma and the examples given. The proof for C3%2(KC, R) follows in the same
way by considering the commutative diagram

0 0
@, Ci?(T, A, ®a R) CS'2(K,R® K)
@, Cy (I, A, ©a R) Stk L, k) Va(R® K)

@, Z[P(K)] @r, Vo(A, @ R) — Z[PY(K) x GLa(A) /K] @cr, (1) V(R ® K),

where both columns are exact, and where GLy(K) acts diagonally from the left
on PY(K) x GLa(A/)/K. The right hand column arises from the short exact
sequence

0 — Sty 25 Z[PY(K) x GLy(A)/K] %25 Z[Cle] — 0,

The latter can be derived by induction of groups from the analogous short exact
sequences in the local situation. Alternatively, one can prove a global analogue
of Proposition 5.16 and give a direct global definition of ax along the lines of
that for ar. n

To an adelic harmonic cocycle € of weight n and level K over a K-algebra
R, we attach the element

~ ~ —o0,st
Prc(€) == Z [(e,9K)] @ €(e, 9) € Z[T K 1] ®aLy(k) Va(R).
(e,9K)EGLa (KO\TZ'T /{+1}

As in the local case, it is simple to see that ®x(€) lies in fact in the submodule
St QGL, (K) Vo (R).

Proposition 5.50 For any K-algebra R, the assignment ¢ — ®x(C) defines
an isomorphism CE*(IC, R) — Sty ®aLy (k) Va(R).

The proposition follows immediately from Propositions 5.11 and 5.40 and the
chain of isomorphisms above Definition 5.44.

Combining Theorems 5.19, 5.37 , and Proposition 5.30 with the above propo-
sition yields:

Theorem 5.51 The isomorphism S, (K) = CSY(K,Cy) given by ®x o Resk
induces an isomorphism between the subspaces S2(K) and C3%2(K,Cy,).
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6 Hecke operators

We begin this section by abstractly defining a Hecke algebra Hy corresponding
to an open subgroup X of GLg(zZl). In a natural way a commutative subal-
gebra H(KC,)) is singled out. Furthermore, we also give a local definition of
such Hecke algebras avoiding adelic terminology. For these algebras we define
an action on modular functions, forms, etc., in their various incarnations, i.e.,
modular functions of level K, adelic harmonic cocycles and the Steinberg group.
At the heart of these definitions lies a geometric interpretation in terms of corre-
spondences, as is well-known in the number theoretic case. Again there is little
which is original here. The importance of double cusp forms seems to have been
noted first in [20]. It was remarked there that among the spaces of cusp forms
with higher vanishing order at the cusps, cf. [7] p. 171, precisely the spaces of
modular forms, cusp forms and double cusp forms are stable under the usual
Hecke action. Double cusp forms of weight two also played a prominent role
in [17].

6.1 Hecke algebras for compact-open subgroups of GLy(A/)

Let K be a compact open subgroup of GLa(A). We equip the locally compact
group GLo (A7) with a left-invariant Haar measure which is normalized in such
a way that [ « dg = 1. Because GL3 is uni-modular, the measure is also right
invariant. Due to the normalization, one has [ v a9 € N for any K-bi-invariant
compact set M. Therefore we can define for any locally constant compactly
supported K-bi-invariant functions F, H on GLy(Af) with values in A their
convolution product F' x G by

(FxG)(h) = /F(hg—l)G(g) dg Vh € GLy(AT).

Definition 6.1 By Hx we denote the set of compactly supported K-bi-invariant
A-valued locally constant functions on GLa(AT). Under pointwise addition and
convolution as multiplication this set is an A-algebra. Hy is called the global
Hecke algebra for K.

Using the uni-modularity of the chosen Haar-measure, one shows that the con-
volution operation is associative. Let 1., * € GLa(A'), denote the character-
istic function on KxK. The elements 1y, ,, v € GLa(AS), form a basis of Hy.
On such basis elements, the convolution operation can be described as follows.
Write Kz = [[ Kz; and KyK = [ Ky; as disjoint unions. Then

Do * Ly = Zlmiyj' (30)

,J

From now on, we will assume that K = [[C, where K, is a compact-open
subgroup of GLs (Ap). Then Hy is the restricted tensor product ®;€MaX(A)H;cp,
cf. [6], Ch. III, where Hy, is the Hecke algebra of locally constant compactly
supported Kp-bi-invariant A-valued functions on GLy(K}) under addition and
convolution. Because K is compact open, one has K, = GLa(A,) for almost all
p. Asone knows that Hgr,(a,) is commutative, the possible non-commutativity
of Hjyc stems from the finitely many exceptional local factors.

We are not so much interested in Hy itself, but in a certain commutative
subalgebra, which we introduce now, following the treatment given in [52], §2.
The basic idea is to restrict the domain of the functions in Hyc, at the finitely
many exceptional places, so that the subalgebra generated by these functions
will be commutative (with respect to the convolution product).
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We first define various open subgroups of GLa(K,). Let n be an ideal of
A (or Ap). Let us assume in the following definitions that z € GLa(A,) is the

matrix ( . Z) We define

Kopn) = {z € GLy(Ap):cend},
Kipm) = {ze€kop(n):a—1enA},
Ke(n) = {ze€kipn):bd—1€enA,}.

In particular, if p and n are relatively prime then K7 ,(n) = GL2(Ap).

Definition 6.2 For ? € {0,1,0} we define Ko(n) := [], K7 p(n).

Depending on the open subgroup K, of GLz(A,), we will now define a IC, bi-
invariant semi-subgroup ), of GLa(K,). Recall that 7, denotes a uniformizer
of Ap. There are three cases:

I) If £, = GL2(A,), then we define

yp = MQ(Ap) n GLQ(KP)

IT) If K, satisfies K1, (p™) C Ky C Ko p(p) for some n € N, then we define
10
yp ::U’Cp(o ﬂ-;">l<:p.

Because K, contains {( : 2 ) :d € Ay}, this definition is independent of

the choice of .

IIT) Finally, if IC, is of neither of the above types, we define Y, := K,. Accord-
ing to the above three cases, we call I of type I, II and III, respectively.

Note that if K is admissible, then not all factors can be of type I or II.
Finally, we define ) as the restricted product of the ), relative to the /Cy. Then
Y is a semi-subgroup of GLQ(Af).

Definition 6.3 Let H(KC,Y) denote the subalgebra of Hx of functions whose
support lies in Y. We abbreviate H(K-(n),Y) by H-(n).

Remark 6.4 Regarding the local factor ), for a group K, of type II, there are
various things to note.

(i) le( 5 Wop )ICp is the disjoint union [J,¢, Ky ( 0 Wbp )

063 2 )= (5 (3 2 ))"

(iii) Let Tym denote 1,1 ) . Then one has Tym * Ty = Tymsms for
plo xR

the convolution product.

To define a generating set for the Hecke algebras H(K,)), we choose for
each fractional ideal m of A an element an, € (A/)* such that amA = mA in AS
and such that all components (an), = 1 for p fm.
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Definition 6.5 Let m be any ideal of A. By T,(K) € H(K,Y) we denote the
characteristic function on the compact KC-bi-invariant subset

{y € Y : det(y) =m}.
Furthermore, for any ideal m of A we define Sy, (KC) € H(K,Y) by

S(K) = 0 if m is not prime to the minimal conductor n of K
L L,k if mods prime to n

It is easy to see that Sy (K) is independent of the choice of an. When there is
no fear of confusion, we simply write Sy, and Ty, instead of Sy (K) and T (K).
Note that if m contains a prime p in its product expansion such that C, is of
type III, then T\, (K) = 0.

As the elements of Hx have coefficients in a field of characteristic p, the
usual relation for the product T T, implies that

TwTy = Ty for any ideals m,n.

This is strikingly different from the number field case, where the above only
holds for relatively prime ideals.

Proposition 6.6 The Hecke algebra H(KC,Y) is commutative and generated by
the elements T (K) and Sw(K) where m runs through all ideals of A.

PROOF: For the commutativity assertion, it suffices to consider the local com-
ponents above all non-zero primes p of A. If K, is of type I, this is well-known,
cf. [6], Ch. IV. If K, is of type II, this was noted in Remark 6.4. In the remaining
case, this is trivial.

To see that the T, and Sy, form a generating set, it suffices to show that the
local Hecke algebra above p is generated as a A-algebra by 7}, and S,. Again,
this follows from [6], Ch. IV, or Remark 6.4 or is trivial, respectively. m

As with the description of modular forms either as hx = card Cl-tuples of
holomorphic functions on quotients I', \ Q2 or as functions on GLy (K)\GL2(A)/K,
the above adelic description of the Hecke algebras H(K,)) has a ‘local’ coun-
terpart in terms of double cosets for the arithmetic subgroups I', of GLy(K).

For p,v € Cli, define

R,,(K) = Al al, : a € GLo(K) Nz, Y, '],

i.e., as the free A-module on certain double cosets of I',\GL2(K)/T,. Note
that any double coset I',,al', can be written as a disjoint union [[T',«; of left
cosets of I, \GLy(K). Define R(IC,Y) as the direct sum over all R, ,,(K), where
one should think of this as some kind of matrix algebra due to the following
definition of multiplication for elements in R(/C, Y):

The product between elements of R, ,,(K) and R,/ ,-(K) is zero unless v = p
and in this case it yields elements in R, ,/(K). For I'yoI',, and I', 6T, choose
elements «; and 3; such that

/

Iyal), = [[Taa; and T80, =[5

Then the multiplication Ry ,,(KC) x R, ,(K) — Rx,,(K) is defined by

[Cxaly] - [TuAT] =Y mla, 8,7)[TaTy), (31)
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where the sum is over all double cosets I'yT", such that [[T\7T, = Iyal' 0T,
and the m(a, 3,7) € Fr, are defined as the reduction mod p of

card{(4,7) : Txeyi8; = a7}

One may verify that this definition is independent of any choices made and that
it defines an associative product on R(KC,)).
Finally we define a map £: H(K,Y) — R(K,Y) as follows. For y € ) and

€ Clg write 2,y ! = a, 2,9 € GLy(K)x,K for some uniquely determined

vV = vy, which depends on y and p, and set
g(lelC) = Z[Fﬂayfﬂryy,u]' (32)
123
Again this is independent of the chosen a .

Proposition 6.7 The map &: H(K,Y) — R(K,)) is an injective ring homo-
morphism between commutative A-algebras.

PRroOOF: We will only show that £ is compatible with taking products and leave
the proofs of the other assertions to the reader. This we may verify on elements
of the form 1y, y € V.

For such an element, write Ky = [[Ky; and define for each j and p
elements v, € Clg and elements ¢, ; € GL2(K) such that

-1 -1
Ty,y; € a,;r.K.

Note that v, is determined by the requirement that ¢, det(y)t;: € K*det K.
Let jo be any of the j. Then it is easy to see that

Lpayjoly = H Luay,j.

From equations (30) and (31), which describe the multiplication on basis ele-
ments for Hi and R(), K), respectively, one can now see the asserted compat-
ibility of ¢ with multiplication. n

6.2 Hecke operators on modular forms

We now define an action of H (K, ) on spaces of modular forms of level K. Fix
y € GLa(Ay) and choose elements y; € GLa(Af) such that

KyK =Ky, . (33)

From now on, given y € V, elements y; will always denote left coset representa-
tives of Kyk.

Definition 6.8 For a modular form f the operation of 1y, is defined as

f = iyt (2, w5, W) — Zf(z7wfy;1,woo).
J

If K is the level of f, then the individual functions f(z, wfyj_l,woo) are in-

variant under GLo(K) X yleyj_l. A simple computation, which is left to the
reader, shows that fjx, is again invariant under GLo(K) x K and moreover an
adelic modular form of level K.
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Proposition 6.9 (i) Fory,y €Y, the operation f — fjc, i satisfies

(ficyrc) iy = Z fieyric (34)
J
if the elements y; are defined so that Ly e x Licye = 32 Lyeyne. In

particular £ — fix x extends linearly to a right action of Hx on the space
of modular functions of weight n, type | and level K.

(ii) The operation defined in (i) preserves the subspaces of modular forms,
cusp forms and double cusp forms.

(iii) Furthermore for K' C K, the actions of H(K', V') C H(K,Y) on S,..(K)
and on the image of S, 1(K) in S, (K') agree.

Before we prove this, we first recall a geometric interpretation of the Hecke
operator attached to KyK. Consider

xlCﬂley*1 - xlCﬂyflle (35)
T
x’C x’Ca

where the m; are the natural projections that arise from the inclusions I N
y~ 'Ky, KNyKy~! C K, and where r,, is right multiplication by y € GLy(Af). By
7 and r:_l we denote the pullback of functions under 71 and r,-1, respectively.
The map trace,, denotes the trace of the pushforward, i.e., trace,, assigns to
a function f on Xyn,-1x, the function on Xx whose value at a point x is the
sum of the values of f at all preimages of . Then

_ * ke *
ficyc = tracer,r 1 mf = tracer,,, mf.

PROOF: Formula (34) easily follows from (30). That the operation f — fjc,x
extends linearly to H(K,)) is then easy to verify. We leave part (iii) to the
reader and now turn to the proof of part (ii).

To see that the operation of an element KyK preserves the subspaces of
modular forms, cusp forms and double cusp forms, it suffices to show this for
each of the maps (m17r,-1)*, and trace,,. For the first, this is obvious. Thus we
now consider trace,,f, and we let r € {0,1,2} denote the vanishing order of f
at the cusps.

Let ¢ be a cusp of X and let ¢y, ..., cs be the cusp above ¢ under the map
mo. Let R be the local ring at ¢ and R; that at ¢; fori =1,...,r. Let f; € R;
be the restriction of f to R; and trace; the trace map from R; to R. Then
trace,,f = ) . trace;f; when restricted to R. Therefore it suffices to verify the
claim for each of the maps trace;.

These trace maps are the usual trace maps for a finite flat morphism between
local rings. Furthermore, the maps R — R; are totally wildly ramified and
Galois. In fact, the proof given in [15], VIL.5, shows that the second higher
ramification group of R — R; is trivial and that the first higher ramification
group is the whole decomposition group at ¢;. Therefore the assertion is a direct
consequence of the following lemma.
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Lemma 6.10 Let m: R — R’ be a Galois cover between complete discrete
valuation rings of characteristic p, which is totally wildly ramfied. Let m and
m’ be the respective mazimal ideals. Assume that the second higher ramification
group s trivial and the first higher ramification group is the whole Galois group.
Then trace(m’”) C m” forr = 0,1,2.

PRrOOF: For r =0, 1, the assertion is trivial. So we now consider the case r = 2.
Let G; denote the i-th higher ramification group (in lower indexing). Then by
[50], one has Dp/ /g = m'* for the different of R’ /R, where ¢t = YoicollGi| = 1).
In the situation given, this yields D g/ p = m’z(‘G‘_l), where G is the Galois
group of R’'/R. Because the ring extension is totally wildly ramified, one has
"Gl, so that m? = @R/R/m’Q. The above and the definition of the
discriminant now implies that

2

trace(m’”) = trace(mZCDI}}R,) = mQtrace(QE}R,) C m?,

as claimed. =m

Remark 6.11 The above short proof we owe to R. Pink. Alternatively, one
can use the theory of Goss polynomials and an explicit computation to prove
the Proposition. These explicit computations can also be used to show that
triple cusp forms are not preserved under Hecke operators.

This is strikingly different from the classical case. There the local ramifi-
cation at the cusps is tame, and one can show that double cusp forms are not
preserved under the Hecke operators.

Remark 6.12 For y € GLy (A7), choose v € Clg and a € GLo(K) such that
y € ax,K. Let [ and I’ be congruent modulo Ir. Let f and £’ be adelic modular
functions of level K weight n and type [ and [’, respectively, such that f — f’
under the isomorphism of Lemma 5.32. Then under the same isomorphism one
has

fircyrc — det ol = ey

Thus while the spaces M, 1 (K), Sn.r(K), etc., only depend on !’ modulo Ik,
the Hecke actions defined above depend on [ € Z. However the eigenfunctions
for the action of H(K,Y) only depend on I (mod Ix).

To be able to compare our definition with the more classical one, given in
[15], VIII, or [16], §7, we translate the above definition to modular forms given in
their local description. So suppose that f corresponds to the tuple of functions
f= {fV}VECLc' We want to describe the local components of fj,x, which we
denote by (fxyic)v, v € Clk.

Fix v and y € GLy(A7). This determines a unique pu € Clg such that
z,y ' € GLy(K)z,K. Furthermore, choose elements « and «; in GLy(K)
such that z,y~! € a™'z,K and x,,y;l € a;lw#lC. By formula (25) and using
Definition 6.8 and the definition of f in terms of f on page 60 we have

(fieu)v =D fu ||l aj. (36)
j 2

If desired, one could use the dictionary between the local and global viewpoint
to directly define an action for a class [I',al',] of R(K,Y) on tuples f and derive
from this the above definition of fjjcyx.
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Example 6.13 Suppose A = k[T] and K = K((T)). Then Clk is trivial. Given
a maximal ideal p # (T'), let p, be a generator of p such that p, =1 (mod T')

and consider y = (po" (1)) To compute the action of T, = k., let E, be

the set of polynomials of degree less than degp. Then
b(1—
Ky =K% ) T £(s ).
bEE,

We use p, =1 (mod T') since this implies that

(% 9)=(5"%)=(s?) (moam)

and therefore can take for the o; the elements

(Pop (1) ) and ( (1) b(lp—ppp) )
Thus we find
Ty f(2) = (fixcyrc)(2)

(I (e ;))@ 2 UG )e

beE, Ml

pfg ”( p f(ppz) + Z f((z+0( 1—Pp))/pp))

beE,

Suppose now further that f € S,,;(GLy(A)). Then the last line simplifies to

Pl (pp + > Z+b/pp))

beE,

By Proposition 6.9 (iii), the Hecke operator T}, can also be computed via the
coset, decomposition

GLo(A) (7 9 )GLa(A) = GLa(A) (% 1) 11 [T GLa(A) (6 ) ),

beE,

where pj, is the monic generator of p. If we furthermore use [ = n — 1, we find

that
L) =py (0" F0h2) + D F(=+0)/8})).

bEE,

This can now be directly compared with the Hecke operator at p defined in
[16], (7.1), which we denote by T,. We take | = ¢ and n = ¢ + 1. Then on
Se+1(K((T))) one has

Tof = (py) ' Ty f-
This means that one has the same Hecke eigenforms, however to different sys-
tems of Hecke eigenvalues.

6.3 Hecke operators on harmonic cocycles

The issue here is to translate the above definition of a Hecke operation on adelic
modular forms to an action on harmonic cocycles which is compatible with the
residue map. We fix a K-algebra R and a K-algebra R.
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Definition 6.14 For c in CIT‘L‘:"IF(IC,R), ¢ in C};alr(lC,R) and y in Y we define
C|/CyIC and éUCyIC by

cyr(ewrwee) = Y ele,wry;t ws),
j
6|Ky)€(€,wf) = Zé(evwfyjl)'
j

Furthermore, for ¢ := (c,) € H,,C:L‘,alr(FV, R) corresponding to ¢, one defines

(Q\}Cylc)u(e) = é\)Cle(evmu) = Z(ajl)n,lcu(aje)v

if one has chosen o; such that xl,yj_l € ozj_lx#lC.

Using the isomorphism in Theorem 5.37 and the bijection in Lemma 5.38, it is
a simple matter to verify the following proposition:

Proposition 6.15 The isomorphisms

Sn.i(K) — Ch¥(K,Cy) : £ — Resf,

n,l

Ch (K, R) — CM(K,R) : ¢ — & and

n,l n,l

éhar(’C7R) N HVChfilr(FwR)

n,l n

are Hecke-equivariant.

Example 6.16 We continue with Example 6.13 in order to express the Hecke
operation on harmonic cocycles given in their local description. So we assume
the set-up from loc. cit. Let ¢ be the cocycle corresponding to f. The formula
at the end of Definition 6.14 together with formula (17), after Definition 5.9,
yields

Pyt T (epeyic) (€)

= () (5 2)e)+ 3 (5 0m) (50 o)

bEE,

This may be used to compute the Hecke action on harmonic cocycles, as well
as eigenvalues and eigenforms, if one is in the situation of Example 6.13.

6.4 Hecke operators on the Steinberg module

Our next aim is to give an action of H(K,)) on the Steinberg module Sty,
compatible with the action on harmonic cocycles. As noted in the proof of [55],
inequality (3), pp. b04ff., while it is true that a harmonic cocycle is completely
determined by its values on the stable edges, its values on unstable edges are
in general not all zero. More precisely, the value of a cocycle on an unstable
edge is determined by the values on its ‘stable sources’. This observation is
important for the action given by y € ), cf. Diagram (35), because the set of
stable simplices for XNy~ 'Ky is larger as that for K. Therefore, below we need
to recall the concept of sources.

In the following K will be admissible, so that all ', are p’-torsion free.
We freely use the notation introduced when describing modular forms via the
Steinberg module. Also recall that given an arithmetic p’-torsion free group
T, below Definition 3.22 we had defined a map b: 7, — P!(K) by sending
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a simplex t to e,[s] where [s] is the unique end such that I'; C T, & is 1 if
t is a vertex or an edge pointing towards [s], and —1 otherwise. We define
b, as the corresponding map from the unstable simplices of 7, to the ends
of 7,. By b we denote the induced map from unstable simplices of 7x to
the rational ends P'(K)x := PY(K) x GLy(A7)/K of Tx. One can directly
characterize b, by saying that it maps a simplex  := (¢,gK) to ;[3] where
3] = ([s],gK) € PY(K) x GLo(AF)/K is the unique element such that for the
action of GLy(K), the stabilizer of  is contained in the stabilizer of [3], and
such that ; is in {1} and determined in the same way as &; above.

Definition 6.17 For an edge € of T2, define its source, which is a subset of
T2, as follows: If € is stable, then src(€) = {€}. If € is unstable, then src(€) is
the set of all €' € T,gﬁt such that

(i) there exists an unstable vertex ' of € such that é lies on the half line from
¥ to b(?') and

(ii) € has the same orientation as € (along that half line).

For é € Tg", define its course as
crs(e) :={é' € ’T,Coﬁt e esre(e)}

Note that crs(é), src(é) and € lie in the same connected component of 7 x
GLo(AN)/K.

Translating Lemma 5.13, which is taken from [55], into an adelic context,
one obtains the following;:

Lemma 6.18 Let € be an element of Cgalr(R) Then for all € € T, one has
@)= > e@)= Y &@).
é’esrc(é) éccrs(e’)

To define a Hecke action on Stx, we first define actions on Z[7,] and on

7|7, ,git] For this we choose elements y; such that
[Tv;x = Kyk. (37)
Definition 6.19 Fory €Y, (v,gK) € T¢; and é € Tlgﬁt define

) 25l gyiK)] for (v,9K) € s, .
(0ol = { 0 otherwise. € Z[T¢))]

Fcpe = > (Dl gyl e 2Ty,
(e’,g’K)€Ecrs(€) J
where [(¢/, g'y;KC)] = 0 whenever (¢', g'yiK) is unstable.

Let us first explain why the sum defining [€]x,x is finite. For this, we fix j.
The elements (¢/, ¢'KC) in crs(é) form

(i) the one element set {€}, if both vertices of € are stable,

(ii) a half line starting at ¥, whose equivalence class is a rational end, if
precisely one vertex of €, namely 7y, is unstable,

(iii) a line from one to another rational end which contains é, if both vertices
of € are unstable.
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Therefore the elements {(e, gy;K) : (¢/,9'K) € crs(€)} form a translate of either
of the above sets, of precisely the same shape. But each half line going to a
rational end contains only a finite number of stable edges, and thus the sum is
finite as asserted.

The following result is obvious and left to the reader:

Lemma 6.20 The action |icyxc on Z[’T,Coﬁt] induces an action on Z[?,%Slt]

The induced action is again denoted by [€] — [€]jxyx. By linearity, the above
—o0,st

definitions extend to left actions of H(K,Y) on Z[T], Z[T,git] and Z[T 1]
The next lemma shows that these are compatible with the boundary map Oi:

Lemma 6.21 For m € Z[To,sf] one has

Ic(mycyx) = (Okcm) |y

In particular one obtains an induced action of H(K,Y) on Stx.

—
ProorF: To prove the lemma, it suffices to prove for each € = o0’ eT,g’it and

each j that

oY {lle. gy + (e, 9yK) € T (e,9K) € crs(@) |
= [(’U/,gy;»K:)} - [(’Uvgy;‘lc)]’ (38)

where ¥ = (v,¢9K) and ¥ = (v, gK), and where we require that the coset
representative g is fixed for all symbols.

If both, v and ¢’, are stable, then crs(é) = {€} and the assertion is obvious.
Let us now assume that ¢’ is stable and © isn’t. Then the elements in [ :=
{(e; 9y;K) : (e,gK) € crs(€)} are the translate of the union of € with the edges
on the half line s from © to b(9). Let @y := (v, gy;K) be the initial point of
[ and define wq, 1, W1, ..., m, Wy as the unstable vertices of s such that the
segment between v; and w; consists entirely of stable edges and such that the
union of these segments is the set of all stable edges on [. If the edge adjacent
to ¥g is unstable, then we have wy = v9. The vertex vy may or not be stable.

If one applies Jx to the sum of the edges of [ which are in the segment between
0; and w; for ¢ > 0, then the result is zero because the sum is telescoping. For
i = 0, the sum equals [0¢]. Because 7 is stable, the component of Ujxyx for given
j is precisely [(v, gy;K)], i.e. [o]. Thus the assertion is proved in this case as
well. Finally, the case that both ends are unstable is similar to the previous one
and left to the reader. m

For any Z[GLy(K)]-module V', we define an action of H(KC,)) on Stx ®qr, k) V
by having y € YV act as |k @ id.

Proposition 6.22 For any K-algebra R, the isomorphism @ : C?Lar(lC,R) —
Stx @crL, (k) Va(R) of Proposition 5.50 is Hecke-equivariant.

We consider the complex

Z[TK;),] .. — 00— Z[TOKJ] i) Z[TIC,O] 0 — ...
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where the symbol of a simplex (¢, gK) is denoted by {(¢,gK)}. Clearly there is
a commutative diagram

ZT 1] —2 5 ZTxc o]

where the vertical maps are given by mapping a symbol {(¢,gk)} to the symbol
[(t,gK)]. This map is denoted by [_].

We leave the proof of the following simple lemma, which uses Proposi-
tion 5.50 for the second assertion, to the reader:

Lemma 6.23 The map which sends a harmonic cochain € to

> {(e,9K)} ® (e, gK) € Z[Tx 1] @i, (i) Vi (R)
(e.9K)EGLa (K)\T,2 , / {1}

defines an isomorphism C2* (K, R) — Hy(Z[Tx..] ®GLy(K) Va(R)). Further-
more, the map [__] induces an isomorphism

H, (Z[T]gy.] QGL,(K) Va(R)) — St @ Vi, (R),
such that the composite map is the map given in Proposition 5.50.

We define a Hecke action on Z[7k,.], by having KyX map the symbol
{(t.gK)} to > {(t.gy;K)}. The following is the first stage in the proof of
Proposition 6.22.

Lemma 6.24 If the action of KyK on Z[Tk.] ®cr,(x) Va(R)) is defined as
lkyk @id, then the map Char (K, R) — Hy(Z[Tk,.]®cL, k) Va(R)) of the previous
lemma is a Hecke equivariant isomorphism.

PRrROOF: The lemma is a consequence of the following calculation:

> {(e.9K)} ® (&xcpx) (e, 9K)

(e.9K)EGLa(K\T,2 , /{1}
= > > (e, 9K)} @ (e, gy; ' K)
(e,9K)EGLa (K\T2 , /{#1}

Ly, k=Ky~'K > {le.gK)} ®@&(e, hK)

(e,gIC)GGLQ(K)\T}ng/{:I:l} hKCgKy—1'K

-1
hegKy ™ K& gehKyK Z Z {(e, gK)} @ &(e, hK)
(e,9K)€GL2 (K)\T2 ; /{£1} gKCThKyK

- > > {(e,hy;K)} @ &(e, hK)

(e,hK)EGLa(KN\TE , /{#1} J

_ Z {(e, hC)} iy ® €(e, hK). m
(e,hC)€GL2 (K)\ T, | /{+1}
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PROOF of Proposition 6.22: We may apply the above lemma to the first isomor-
phism given in Lemma 6.23. Therefore to prove the proposition, it remains to
show that the map in Lemma 6.23 induced from [_ | is Hecke-equivariant, i.e.,
we have to show that |y 0[] =[_]o|xyxc. We have on the one hand

[T e > {(e.9K)} @ (e, gK)

(e,9K)eGL2(KO\T ; /{£1}

= 1( > > (e gk} @ 6le,gK) )

(e,9K)€GL2(KO\TR o /{£1} J

= 2 2.

(e:9K)eGL2(KN\TR 1 /{=£1} {j:(e,gy;K)€CLa (K)\ Ty’

> [(e, 9y; )] @ €(e, gK)

(e,gK)€crs(e’,gK)

and on the other

euc o L > {(e'. gk} @ &( gk))

(¢/,9K)EGLa (K)\T2,, /{£1}

= > (€, gK)]jieyrc ® (€', gK)
(e/,gK)EGLy (KON /{+1}

(e/,9K)eGL2 (K)\TR ; /{£1} (e,9K)€crs((e’,9K))

> [(e, gy;K)] @ &(e’, gK).

{5:(e,99;K)EGLa (KO\TZY

This concludes the proof of Proposition 6.23. n

We also record the following compatibility, which is a consequence of Propo-
sitions 6.15 and 6.22, and Theorem 5.51:

Proposition 6.25 The isomorphism S2(K) = C5%2(K, Co.) given by ®xoResx
is Hecke-equivariant.

Finally, we state the following result on integral harmonic cochains, which
will eventually be proved in Subsection 13.2 as a corollary to our Eichler-Shimura
isomorphisms, Theorems 10.3 and 12.3, and their compatibility with the Hecke-
operation, Theorem 13.2.

Proposition 6.26 The submodules
G52 (K, A) € G (K, A)

of CSY(K, K) are stable under the action of H(K,)).
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7 Crystals over function fields

Throughout this section, we fix a morphism f:Y — X of noetherian schemes
X, Y over Speck and an open immersion j: U — X with closed complement
i: Z — X and ideal sheaf 7 of Z. The aim is to recall the relevant notions
and facts from [4]. For a more detailed account of the theory of 7-sheaves and
crystals, we refer to loc. cit. We also fix a k-algebra B essentially of finite type
over k. Also recall that o is the Frobenius on X, Y, ..., relative to k.

7.1 Basic definitions

Definition 7.1 A t-sheaf over B on a scheme X is a pair F := (F,7x) con-
sisting of a quasi-coherent sheaf F on X x SpecB and an Ox xspec B-linear
homomorphism

(o0 xid)*F ——= F.
The T-sheaf F is called coherent if F has this property.

We often simply speak of 7-sheaves on X. The sheaf underlying a 7-sheaf F
will always be denoted F. When the need arises to indicate on which sheaf 7
acts, we write 7 = 7x.

On any affine chart Spec R C X a 7-sheaf over B corresponds to a finitely
generated R ® B-module M together with a ¢ ® id-linear homomorphism 7 :
M — M. We will occasionally use the notation (M, 7) and call it a 7-module.

By QCoh_(X, B) we denote the category whose objects are the 7-sheaves
on X over B, and whose morphisms are those sheaf homomorphisms which
are compatible with 7. The full subcategory of coherent 7T-sheaves is denoted
Coh, (X, B). With the obvious definitions of kernel, cokernel, image and coim-
age, Coh, (X, B) and QCoh_(X, B) are abelian B-linear categories.

For a 7-sheaf F, we define the iterates 7" of T by setting inductively 7° := id
and 7" i= 70 (0 xid)*7": (6"t x id)*F — F.

Definition 7.2 A 7-sheaf F is called nilpotent if and only if 73 vanishes for
some n > 0.

A morphism of coherent T-sheaves is called a nil-isomorphism if and only if
both its kernel and cokernel are nilpotent.

Proposition 7.3 A homomorphism of coherent T-sheaves ¢: F — G is a nil-
isomorphism if and only if there exist n > 0 and a morphism of T-sheaves
making the following diagram commute:

(o™ x id)*F ——

F
(o™ xid)*gal / i
g.

(o™ xid)*G ——

Tt is shown in [4], Chap. 2, that the nil-isomorphisms in Coh, (X, B) form a
saturated multiplicative system, denoted by S. One can thus make the following
definition.

Definition 7.4 The category Crys(X, B) of B-crystals on X is the localization
of Coh, (X, B) with respect S.

Thus the category of crystals is obtained from that of coherent 7-sheaves by
‘formally inverting all nil-isomorphisms’.



If the need arises to distinguish different kinds of morphisms, we use the fol-
lowing convention. Dotted arrows -+ indicate homomorphisms in Crys(X, B),
solid arrows — denote homomorphisms in QCoh.. (X, B) and double arrows
= denote nil-isomorphisms in QCoh_ (X, B). Mostly however, we use —
in all three cases. In particular, any morphism F > G in Crys(X, B) is
represented by a diagram F <= H — G in Coh, (X, B).

For a 7-sheaf F on X over B, we define F7 :=I'(X x Spec A, F)" as the B-
module of T-invariant global sections of F. The following result is an immediate
consequence of the above definitions.

Proposition 7.5 The functor F — F7 from Coh.(X, B) to B-modules is in-
variant under nil-isomorphisms and passes therefore to a functor on Crys(X, B),
which is again denoted F — F7.

Proposition 7.3 provides us with a standard presentation for morphisms of
B-crystals:

Proposition 7.6 Any morphism ¢: F -+ G in Crys(X, B) can be represented
for suitable n by a diagram

F pral (c" xid)*F — G.

We call a 7-sheaf F (locally) free, if its underlying sheaf F is (locally) free.
We call a crystal (locally) free, if it may be represented by a (locally) free 7-sheaf.

We now give some examples which are explained in greater detail in [3]:

Example 7.7 (a) An A-motive on X of rank r is a pair (M, char ) where
M € Coh,(X,A) is locally free of rank r and chary; : X — SpecA is a
morphism of schemes such that the following conditions hold:

(i) The sheaf Coker((c x id)*M > M) vanishes on the complement of the
graph of char,, inside X x Spec A.

(ii) For every geometric point iz : & < X, so that Z is the spectrum of an
algebraically closed field, the T-sheaf i M is a Drinfeld-Anderson A-motive
of rank r in the sense of [41], Def. 5.1.

The pair (M, char ) is also referred to as a family of A-motives on X of rank
r, and char, is called the characteristic of M.

(b) Let ¢ := (¢, L) be a Drinfeld-A-module of rank r on an A-scheme X.

The pair (¢, £) defines an A-motive on X of rank r in the following way. Denote
by 7" € Endg ) x (Ga,x) the Frobenius on G, x relative to k. Define

M(QP) = Homg/x(£7Ga’X).

This is naturally a quasi-coherent sheaf of Ox-modules. The action of a € A is
defined as right composition with ¢(a), and the action of 7 as left composition
with 7/. This defines an Ox ® A-linear map 7: M(p) — (o x id).M(p), i.e.,
it makes (M (), 7) into a 7-sheaf M (). The sheaf M(¢y) is in fact locally free
of rank r on X X Spec A, cf. [11].

The characteristic of ¢, or of M(¢), is the structure morphism char,: X —
Spec A which makes X into an A-scheme. Equivalently, char, is the morphism
of schemes corresponding to the ring homomorphism

A — Endp, (Lie(£)) 2 T'(X, Ox)
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induced by ¢, where Lie(£) is the tangent space to £ along the zero section
and canonically isomorphic to £. The pair (M(p),char,) is an A-motive of
rank r. The verification of condition (ii) is given in [1], (0.2), (0.3), (0.4). The
verification of (i) is an easy consequence.

Further examples are provided in the following section by a) the 7-sheaf attached
to a pure Drinfeld-Anderson motive, cf. Definition 9.1, and b) the A-motive
associated to an A-module, cf. 9.9.

Definition 7.8 For an admissible KC, we define the T-sheaf attached to the uni-
versal Drinfeld-module i as Fx = M(g;c).

7.2 Functors

This subsection is somewhat informal and mainly serves to fix some notation
and recall some results from [4], § 2, 3. For a survey in the case where B is
regular, one may also consult [3], § 1. Note also that in Section 8 some of the
quoted results are presented in greater detail in an analytic context.

On the category of quasi- and coherent T-sheaves, one can define a functor f*
for any f, and functors R’ f, for proper f and i > 0. On the underlying sheaves
these functors are defined in the usual way, as for instance in Hartshorne, [26].
In both cases, the functoriality of f* and R'f, yields a canonical choice for
7. (To define R'f, on the category of quasi-coherent 7-sheaf the properness
hypothesis is unnecessary.) In [4], all these functors are developed in a suitable
derived context and it turns out a posteriori that on 7-sheaves they yield the
functors R'f, defined above.

Proposition 7.9 If f is proper, the functor f* is left adjoint to f.. In partic-
ular, one has an adjunction morphism

id 2Y, g,

& trace

If f is finite flat, then there is a trace map f,f* = id, which is defined
locally for Y = Spec S, X = Spec R and a 7-module M as

traceg/p @idpr : S@r M — M

with the induced 7, and where traceg, g is the usual trace map for the finite flat
ring S over R. Because traceg, g is zero for inseparable morphism R — S, one
has the following lemma, which we state for later use.

Lemma 7.10 If f is inseparable and finite flat, then trace: fif* — id is the
zero map.

One also defines the bi-functor ®, which gives the tensor product of 7-
sheaves, and @ g B’ for any morphism h: B — B’, which may be regarded as
change of coefficients. These functors have higher left derived functors. We
single out a certain class of acyclic objects.

Definition 7.11 A 7-sheaf F is called of pullback type if there exists a coherent
sheaf Fo on X such that F = pr] Fo.

A crystal is called of pullback type, if it can be represented by a T-sheaf of
pullback type.

In particular, if X is affine, then any locally free crystal is of pullback type.
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Lemma 7.12 Crystals and T-sheaves of pullback type are acyclic for the func-
tors ® and QpB’.

In [4], the notion of flat crystals is developed. It gives a general framework for
acyclic objects for ® and ® g B’. For simplicity, and because this will suffice for
most of our purposes, we do not introduce the more general notion.
The one-object for ® is denoted 1y p. Its underlying sheaf is Oxxspec B,
the morphism
T (J X id)*OXXSpeCB I OXXSPGCB

is the isomorphism underlying o x id. The object in Crys(X, B) represented
by 1y p is called the unit crystal on X over B.

For a coherent 7-sheaf F, we also define Sym” F and A" F, the n-th sym-
metric and exterior powers of . The construction on the underlying sheaf is as
in [26], Ex. I11.5.16, and again there is a canonical choice for 7. Note that both
Sym" F and A" F are defined as quotients of F®".

Our main examples of 7-sheaves will be families of A-motives, so it is natural
to ask when tensor products, symmetric and exterior powers are again families
of A-motives. The key to this is purity, and the precise results will be given in
Subsection 9.1.

It is not difficult to see that the functors f*, Rif., ®, Sym", A" and ®pB’
are compatible with localization at nil-isomorphisms and hence they induce
functors on the category of crystals.

The following theorem summarizes some results that hold in Crys(X, B)
but not necessarily in Coh, (X, B).

Theorem 7.13 (i) The functor f*: Crys(X, B) — Crys(Y, B) is ezxact.

(i) A crystal on X is zero if all its stalks are zero. If X is of finite type over
a field, then it suffices that all the stalks at closed points of X are zero.

(i4i) There exists a functor ji: Crys(U, B) — Crys(X, B), called extension by
zero, which is uniquely characterized by the properties j*ji = idcrys(u,B)
and *j; = 0.

(iv) If F € Crys(U,B) is of pullback type, then so is jiF. Also if G €
Crys(Y, B) is of pullback type, then so are the R'f.G for proper f.

The characterization of j; directly implies that a sufficient condition for a given
r-sheaf F on X to represent jiF for some 7-sheaf F on U, is that j*f = F
and i*F is nilpotent. This indicates how to construct 41 for F € Coh.(U, B)
regarded as a crystal:

Take any coherent sheaf F on X x Spec B, whose restriction to U x Spec B
agrees with F. One verifies that for n > 0, the morphism 77 extends to a
morphism

7: (0 x id)*I"F — I"F
such that the restriction of 7 to ¢*Z"F is nilpotent. The resulting 7-sheaf will
then represent j,.F.

Definition 7.14 (Cohomology with compact supports) Say f is compac-

tifiable, i.e., f = fj for some f:Y — X which is proper and some j: Y — Y
which is an open immersion. Then one defines

R'fy:= R'f, 0 ji: Crys(Y, B) — Crys(X, B).
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Standard arguments show that the definition is independent of the chosen fac-
torization, e.g. [38], Ch. VI, §3. Furthermore, due to a result of Nagata, any
morphism f:Y — X between schemes of finite type over k is compactifiable,
and so in this situation the R'f; exist, cf. [37]. The previous theorem also
implies:

Proposition 7.15 If F € Crys(Y, B) is of pullback type, then so are the R' fiF
for any morphism f.

7.3 Relations with the étale site

For this subsection we assume that B is a finite k-algebra. Let Et(X ,B) be
the category of étale sheaves of B-modules and EtC(X , B) its full subcategory
of constructible sheaves.

Let pr; : X X Spec B — X be the projection onto the first factor. For a
coherent 7-sheaf F, the sheaf pr;, F is quasi-coherent on X, and we denote by
F the associated étale sheaf, cf. [38], p. 48. There is a canonical isomorphism

(0 xid).F — F of étale sheaves of B-modules, because ¢ is the identity on

the topological space underlying X. By composing this isomorphism with the
map on the étale site induced from the adjoint 7 : F — (0 x id),.F of 7, one
obtains an endomorphism 7¢;: F — F on the étale site.

Definition 7.16 We define F¢; := Ker(1 — 151 F — F). This assignment

yields a functor )
Coh,(X,B) - Et(X,B) : F — Fg.

Generalizing Artin-Schreier theory, the following is proved in [30], Thm. 4.1.1:

Theorem 7.17 The functor F — Fg defines an equivalence between the cat-
egories {F € Coh,(X,B) : 7F is an isomorphism} and {F € Et.(X,B) :
F is locally constant} and there is an explicit functor P which defines an in-
verse.

In [4], § 8, this is further elaborated. The following theorem summarizes the
main results:

Theorem 7.18 The functor F — Fe maps nil-isomorphisms to isomorphisms,
i.e., it factors via Crys(X, B). Its image lies in Et.(X, B). The induced functor

e: Crys(X, B) — Et.(X, B)

is an equivalence of categories. Finally the functor e is compatible with any of
the functors f*, ®, ®pB’, Sym™, A" and R'f,.

In analogy to the unit crystal, we define E’;; p as the constant étale sheaf on
X with B-coefficients.

The main example to keep in mind is the following: Let ¢: A — R{7} be a
Drinfeld module of rank 7, where R is a normal noetherian ring over k, and fix
a non-zero proper ideal n of A. Define ¢[n](S) for any morphism u: R — S by

@] (S) == {f € SNVaeny,: f=0}.

One easily checks that ¢[n] defines a sheaf on the big étale site of affines over
Spec R, the sheaf of n-torsion points of ¢. Note that the functor ¢[n] is compat-
ible with direct limits. Finally define (M, 7) as the 7-module whose associated
T-sheaf is F := M(p). The following result is modeled after, [1], Prop. 1.8.3,
where Anderson proves it in the case where R is a separably closed field.
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Proposition 7.19 Suppose the characteristic of  is disjoint from n. Then
there is an isomorphism of étale sheaves

pln] = Hew a((F/0F)st,n” ' Q2a/Q4)

on the small étale site over Spec R, where n_lﬁA/QA is regarded as the constant
sheaf on Spec R.

PROOF: Let u: R — S be étale. Following Anderson, we define on Homy (A/n, S)
the structure of left S{7} ® A-module by

= s(h(a)),

= h(aa),
— (@)

(s - h)(
(a-h)(
(Th)(

L Ql
= =

IS])
=

for a € A/n, h € Homy(A/n,S), s € S and a € A. With this definition, the
map
¢[n](S) — Homg(ryga(u"F/nu*F, Homy (A/n, S))
e — (mw— (a— m(ae)))

for e € [n](S), m € w*F/nu*F and a € A/n is well-defined and functo-
rial in w. Via the residue map Res,, at co, one has a natural isomorphism
Homy(A/n,S) 2 n"1Q4/Q4 ®; S. The inclusion

(WE/muF) @ S — u'F/nu*F,
which is again functorial in s, induces therefore a map of étale sheaves
<p[n] —>HpmA((£/n£)ét,n_lQA/QA) =: F,. (39)

By the remark preceding the proposition, the latter map is an isomorphism
whenever S is a separably closed field. Because n is disjoint from the character-
istic of ¢, both ¢[n] and F, are locally free of rank r over A/n. Hence the above
map, being an isomorphism for algebraically closed fields, is an isomorphism on
the étale site above Spec R. m

The above proposition and the compatibility of € with Sym™ applied to the
universal Drinfeld module ¢x immediately yield the following:

Corollary 7.20 Let K be admissible and n a non-zero ideal of A which is rel-
atively prime to the minimal conductor n' of K. Then for any k > 0, on M
(regarded as a scheme over Spec A(n')) there is a canonical isomorphism

Sym" gp;c[n] — SymnHwﬂA((f)C XA A/n)éhn_lQA/QA).
Fix a place v of A. We introduce the étale realization of Fx as follows.

Definition 7.21 Forv prime to the minimal conductor ' of IC, the constructible
étale A,-sheaf Fy'" on Spec A(n') is defined as the inverse limit system given
by

((£/C/(pv)n£)C)ét)nEN-
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8 Analytic 7-sheaves and crystals

Throughout this section, let us fix a complete valued field (L, | |.), or for short
simply (L, | |), with Ko, C L C Co. Rigid spaces are denoted by X, 2), etc. All
rigid spaces will be over L and all products are formed over L. If X is a scheme
over L, then by X™& or X7'®, we denote the associated rigid space in the sense
of [5], § 9.3.4. By B we denote a ring that is essentially of finite type over k,
and by 9B a rigid analytic Stein domain over L, cf. [32]. Define B :=T'(%8, Ox).
The rings B and B will serve as coefficient rings. The main example is the one
where B = Spec(L ® B)".

The goal is to introduce two kinds of rigid analytic sites of 7-sheaves and
crystals. These will be needed in Subsection 9.2 to develop Anderson’s uni-
formizability machine on a rigid analytic base and not just pointwise. As in An-
derson, one can either have algebraic coefficients, in which case one has B = A,
or analytic coeflicients, in which case B is either the ring of entire functions on
2 := (L ® A)"& or on the ‘unit disc’ D4 of A, cf. Subsection 8.6.

We first introduce the rigid site with B-coefficients and redo some of the
results of the previous section for this site. In particular, we define the notions
of rigid 7-sheaf and rigid crystal and we introduce various functors for these. As
we want to use the results of this subsection merely as a ‘tool box’, we will not
attempt to develop the theory to its fullest. Therefore we do not discuss it in
a derived context, as was done in [4], but stay entirely within the framework of
coherent (rigid analytic) sheaves. Certain notions, however, are developed with
an eye toward generalizations to higher rank cases.

We then introduce a rigid site with B-coefficients. It is more of an auxiliary
nature, and so we neither need, nor do bother defining cohomological functors
for it. Finally, we define a functor from algebraic to rigid crystals and show that
it is compatible with all the relevant functors. We conclude with some remarks
on how to compute cohomology for proper rigid morphisms using Cech covers.

8.1 Basic definitions

For a rigid space X, we define by oy the Frobenius which acts on affinoid rings
as the g-power map. By oy, 9, we denote the pullback of the Frobenius on L
along Spm*B — Spm L, i.e., it acts as the g-power map on coefficients in L
and as the identity on variables of B. Finally 6 denotes the Frobenius of 95
relative to L, which acts on points by mapping their coordinates to g-th powers.
In particular o = o, 80%.

We define ox/5 := ox X or,», - The morphism oy, will take the role
played by ¢ x id in the algebraic setting.

Definition 8.1 A rigid 7-sheaf over B on X is a pair F := (F, Tz) consisting

of a coherent sheaf]:" of Oxxs-modules and an Oxx s -linear homomorphism
(O’x X UL,B)*ﬁ;> .7?

The corresponding category of rigid 7-sheaves over B is denoted (?)TIT (X,%8).
The morphisms are morphisms of the underlying sheaves, i.e., of sheaves of
Ox«s-modules, which are compatible with the morphism 7. Let B? denote
the elements of B which are invariant under the Frobenius relative to k. Then
Coh,(X,) is an abelian B?-linear category, where kernel, cokernel, image and
coimage are defined as for the underlying category of sheaves.

Let j: 3 — X be an affinoid subdomain of X. Then by the restriction £|u
of a rigid 7-sheaf F on X to 4, we mean the pullback under (j x idg)* of the
underlying sheaf, together with the morphism induced by 7.
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As in Section 7.1, we define the iterates 7" and make the following definition.

Definition 8.2 A rigid 7-sheaf F is called nilpotent if and only if for each
affinoid subdomain U of X, there exists an n > 0 such that the restriction of T;’:_

to 3 vanishes.
A homomorphism of rigid T-sheaves is called a nil-isomorphism if and only
if both its kernel and cokernel are nilpotent.

Remark 8.3 An equivalent definition of nilpotence for a rigid 7-sheaf F on X
is that there exists an admissible affine cover {{;} of X such that for each i
ng

there exists an n; € N such that the restriction of T; to 4; vanishes.

In particular, if X has a finite cover by affinoids, e.g., if X is proper, then F

is nilpotent if and only if there exists an n > 0 such that 7'2_ =0.

The proof of [4], Prop. 2.3.8, applies verbatim to rigid T-sheaves and yields
the following analogue of Proposition 7.3:

Proposition 8.4 Suppose that X has a finite cover by affinoids. Then a ho-
momorphism of rigid T-sheaves ¢: F— Q on X over B, is a nil-isomorphism if
and only if there exist n > 0 and a homomorphism of T-sheaves o making the
following diagram commute:

n

(Ugé/s)*l? —

[

(U?s/%)*wl

\
[(Qi<——
A

(0% ))"G —>

Following the proofs of [4], Prop 2.3.5 and Lem. 2.3.6., one shows that the nil-
isomorphisms form a Serre subcategory of the category of all rigid 7-sheaves —
Note that one does not need Lemma, 2.2.4 of loc. cit. Hence the nil-isomorphisms

in 6\0_}/17 (X, B) form a saturated multiplicative system, denoted by Sg. One can
thus make the following definition.

Definition 8.5 The category E;Sf/s(%, B) of rigid B-crystals on X is the local-
ization of Coh (X, B) with respect to Sp.

The proof of [4], Prop. 2.4.4, can be easily adapted to rigid 7-sheaves and
yields the following analogue of Proposition 7.6.

Proposition 8.6 Assume that X has a finite cover by affinoids. Then any
morphism @ : F oy g in Crys(X,B) can be represented for suitable n by a
diagram

F <= (0%p)"E— G

8.2 Basic functors

Throughout this subsection we fix a morphism f: ) — X of rigid spaces. The
basic functors which we will introduce in this subsection are pullback, tensor
product, change of coefficients and proper pushforward. As a general rule, we
do not give proofs, unless they differ substantially from those in [4], § 3.
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Definition 8.7 (Pullback) For a rigid T—{heaff on X over B denote by f*F
the rigid T-sheaf on Q) consisting of (f xid)*F and the composite homomorphism

T px 1

o} p(f x id)*F (f x id)*F.

% F

(f xid)*o% s F

For any homomorphism ¢: F — F' we abbreviate f*¢ := (f x id)*¢.

This defines a B7-linear functor f* : 6?)?17(367 B) — EZ)TlT(Qj,B), which
is clearly left exact. When f is flat, f* is exact. In general, its exactness is
governed by the associated Tor-objects L; f*F, cf. [4], § 3.

Proposition 8.8 (a) If F is nilpotent, then so are all L; f*F.
(b) If ¢ is a nil-isomorphism, then so is f*p.

(c) The above functor on T-sheaves induces a unique B -linear functor between
abelian categories

f*: Crys(x,B) — Crys(), B).

(d) For any two morphisms 3 ) . % there is a natural isomorphism of
functors (fg)* = g* f*, both on T-sheaves and on crystals.

Our next aim is to show that, as in the algebraic setting, the functor f* on
B-crystals is ezxact.

Theorem 8.9 (a) For any rigid r-sheaf F on X and any i > 1, the T-sheaf
L; f*F is nilpotent.

(b) The functor f*: Crys(X,B) — Crys(2), B) is exact.

PROOF: The assertions of the theorem are local in X and ), and so we assume
that P — X arises from a map of affinoids f: R — §. We write M for the
R-module underlying F. By the definition of affinoid, it follows that we can
factor f as
RIS RUT,.. T LS.

Since the first map is flat, we may assume that f is a surjection, say with kernel
I. Finally note that it suffices to prove (a), as (b) is an immediate consequence.

For (a) observe that by the usual technique of dimension shifting, it is enough
to show that Tor[ (M, S) with the induced 7 is nilpotent for any rigid 7-module
(M, 7). Because M is finitely generated, there exists a short exact sequence
0—>N—=R"— M — 0 for a suitable n € N and and a suitable R-module N
We consider the four-term exact homology sequence that arises by tensoring it
with S 2 R/I over R:

0 — Tor(M,S) = (IR"NN)/IN — N/IN — (R/T)" — M/IM — 0.
By the Artin-Rees lemma, there exists m € N such that for > 0
AIRAN) CITR" AN =I7""(I"R" N N) C IN,

This shows that Tor]*(M,S) is nilpotent and therefore finishes the proof of the
theorem. nm

88



Definition 8.10 (Tensor product) For any rigid 7-sheaves F and Q on X

over B, we let £~®Q~ denote the rigid T-sheaf consisting of.?’i'@oxx% G and the
composite homomorphism

_ TFed R
U;/B(‘}-@g) L N F®G.

A@"

(U;e/sf) ® (Ui/sg)

With the usual tensor product of homomorphisms this defines a B?-bilinear
bi-functor o o o
®: Coh,(X,B) x Coh,(X,B) — Coh.(%,5)

Its exactness properties are governed by the associated Tor-objects, cf. [4], § 3.

Proposition 8.11 (a) If F or G is nilpotent, then so is F®G and Tor;(F,G)
for every i.

(b) If ¢ and ) are nil-isomorphisms, then so is p ® 1.

(¢) The above functor on T-sheaves induces a unique B -bilinear bi-functor

®: Crys(X, B) x Crys(X, B) — Crys(X, B)
(d) The functor ® is right exact in each variable.

Definition 8.12 We let ix}B denote the rigid T-sheaf on X over B consisting
of the structure sheaf Oxx and the natural isomorphism

0% /80xx® S Oxxm-
By jx’B we also denote the corresponding unit crystal on X over B.

The canonical isomorphism ix B® g = g allows us to view this as a unit object

in Crys(X, B).
The following compatibilities, both on rigid 7-sheaves and on rigid crystals,
are obvious by construction:

Proposition 8.13 (a) F® (GOH) = (FRG)®
b) f(Fog) = fFFo fG.

=2

Definition 8.14 A rigid crystal F on X is called locally free, if there exists an
admissible affinoid cover Y; = Spec R; of X and U; = Spec S; of B such that for
each 1,7 the restriction E\uixmj s representable by a T-sheaf whose underlying
sheaf is associated to a projective module of finite rank over R; ® Sj.

Clearly locally free rigid crystals are acyclic for ®:
Proposition 8.15 Let F be a locally free rigid crystal on X. Then the functor
_ @ F: Crys(x,B) — Crys(X,B)

18 exact.
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Definition 8.16 A rigid 7- sheaf}' € Coh, (X,%B) is called of pullback type if
there exists a coherent rigid sheaf Fo on X for which F = pri Fo.

A rigid crystal is called of pullback type, if it can be represented by a rigid
T-sheaf of pullback type.

Definition 8.17 For an ideal sheaf Z on X and a rigid T-sheaf F we define IF
as the image of T®o, F — F. The map 7z clearly induces a map a;/B(I]:) —

(IJE), and the resulting rigid T-sheaf is denoted IF.

As in the algebraic case, one expects in fact that any rigid crystal of pullback
type is acyclic for ®, cf. Def. 8.16. We only provide the following result, which
is a direct consequence of Theorem 8.9 and its proof.

Proposition 8.18 Let T be an ideal sheaf on X. Then for any rigid T-sheaf F
we have:

(a) The map (IiX/B) @ F — TF is an nil-isomorphism.

b) The rigid T-sheaf Tor'(__, 71 = 0 is nilpotent whenever ¢ # 0.
X/CB
Let h: B’ — B be a map of rigid spaces over L.

Definition 8.19 (Change of coefficients) For any rigid r-sheaf F on X over
B we let FogB' denote the T-sheaf on X over B’ consisting of (idxh)*F together
with the composite homomorphism

TFopB -
0% 8(F @5 B') - FopB.

%B/

(036/8 XnB B

For any morphism ¢: F — F' we write o ®p B for the induced morphism.
This defines a B?-linear functor
_ ®p B': Coh,(X,B) — Coh,(X,B).

Our notation is meant to emphasize the role of B and B’ as ‘rings’ of coefficients.
Again, _®pB’ is not necessarily an exact functor and one can define left derived
functors Tor? (__, B') to measure the deviation from exactness.

Proposition 8.20 (a) If F is locally nilpotent, then so is F @p B'.
(b) If ¢ is a nil-isomorphism, then so is p @ 1.
(¢) The above functor on rigid T-sheaves induces a unique B -linear functor
__®pB': Crys(X,B) — Crys(X,B).
(d) The functors @B’ on rigid T-sheaves and crystals are right exact.

Proposition 8.21 Let F be a rigid crystal on X of pullback type. Then for any
h and any i > 0 one has Tor® (F,B') =

The following compatibilities, both on 7-sheaves and on crystals, are obvious
by construction:
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Proposition 8.22 (o) f*(FopB) = f*FopB.
(b) (FopB)op B"=FosB".

Definition 8.23 (direct irpage) Let f be a proper morphism. For any rigid
T-sheaf G on Y we let R'f.G denote the rigid T-sheaf on X consisting of R'(f x
id)«G and the composite homomorphism

) .. =5 TR't.¢G . ~
o RIS x1d).G — T Ri(f xid),G.

base change -
R'(fxid)«Tg

Ri(f x id),0x/B*G

For any homomorphism v : G — G' we abbreviate R fo1p == R (f x id),(1).
This defines B?-linear functors
R'f,: Coh, (), B) —> Coh, (X, B).

If i = 0, we write f, for R%f,. The functor f, is clearly left exact, and when f
is finite, it is exact and R'f, = 0 for ¢ > 0.

Proposition 8.24 Suppose f is proper.
(a) If G is nilpotent, then so are the R'f.G.
(b) If v is a nil-isomorphism, then so are the R f.1).

(c) The above functors on rigid T-sheaves induce unique B -linear functors
R'f.: Crys(9),B) — Crys(X,B).

(d) The functor f. is left exact. When f is finite, it is evact and R'f, = 0
fori>0.

The proof uses the fact that for a proper morphism f and an affinoid 4 of X,
the rigid space f~'4 has a finite cover by affinoids. Based on the observation
in Remark 8.3 it is then easy to adapt the proof in the algebraic context, given
in [4], § 3.

We also have:

Proposition 8.25 For any morphisms Z -~ Y o X there is a spectral
sequence

By = R'f.Rlg. = R™(fg).

induced from that of coherent cohomology.

Proposition 8.26 If f is proper, the functor f. is right adjoint to the func-
tor f*.
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8.3 Extension by zero

A rigid space X is called algebraic, if we have X = X"& for some scheme which
is of finite type over L. A morphism of rigid spaces ) — X is called algebraic, if
there exists a morphism of schemes Y — X which are of finite type over L, such
that its rigidification is ) — X. The morphism ) — X is called an algebraic
compactification, if Y — X is an open immersion and X is proper. Note that
any algebraic rigid space has an algebraic compactification.

From now on, for the remainder of this subsection, we fix an algebraic rigid
space Y and an algebraic open immersion j: 4 — X of rigid spaces. We choose
a closed algebraic complement i: 3 — X of 4 with ideal sheaf Z. Although 7 is
far from unique, this will cause no difficulties.

In the algebraic context, it is possible to define for any open immersion a
functor ‘extension by zero’ on the category of crystals. This relies on the fol-
lowing two facts: a) Every coherent sheaf on an open subscheme has a coherent
extension. b) Along a closed complement of the open immersion, the operation
7 can only have a pole of finite order. Both of these facts fail in the analytic
context. One can have coherent sheaves over the punctured disc which have
no coherent extension and one may define a 7-operation on the punctured disc
which has an essential singularity at the origin. Therefore we can only expect
to have an extension by zero for those rigid 7-sheaves which do admit an exten-
sion. The following two subsections describe a possible approach to a functor
‘extension by zero’ in the analytic context, as well as ‘direct image with compact
supports’, for algebraic rigid spaces.

Lemma 8.27 Suppose we have a commutative diagram
m//
7

9
U *J,> i’D/;

where j', 5" are algebraic compactifications. Then we have

i" (Coh. (Y, B)) = j"*(Coh, (", B)) C Coh. (4, B).
In particular j'*(é\o-irlT(@’,B)) C (i)/hT(Ll, B) is independent of the chosen

algebraic compactification 7' : 4 — 9).

NZAapes

PROOF: Since j'* =2 j"*¢*, the left hand side is clearly a subset of the right

IR~

hand side. For the opposite inclusion, observe that j”* = j’*g, and that g,
preserves coherence, because g is proper. This proves the first assertion.

The second assertion immediately follows from the first, because any two
algebraic compactifications are dominated by a third. n

By the above lemma, the following definition makes sense.

Definition 8.28 Let j': 4 — ) be any algebraic compactification. We define
Coh ¢ (4, B) := j"*(Coh,(2), B)) C Coh, (4, B)
as the category of extendible rigid 7-sheaves on i over B,.

There are examples that show that 6(3?15(11, B) is not a full subcategory of

6811(11, B). In Proposition 8.49, we will show that any rigid 7-sheaf which
arises via rigidification from an algebraic one is extendible.
The following is a direct consequence of the above definition.
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Proposition 8.29 The category (EZ)Jhi(il, B) is a B?-linear abelian subcategory
of Coh, (4, B).

Definition 8.30 By Crys $18 B) we denote the essential zmage under the lo-

calization map Coh., U,B) — Crys(il B). Objects of Crys (U,B) are called
extendible crystals on X over B.

Clearly one may also define a&/se (4, B) in the following way:

Proposition 8.31 Let j' : 4 — 2 be any algebraic compactification. Then
Crys“(U, B) = (j')" Crys(, B).

It is also possible to localize 65?1?(11, B) at its subset S, of nil-isomorphisms,
which is localizing. We do not know whether ;! (/foTli(il., B) — ail/se(ﬂ, B)
is faithful.

Now that we have clarified some of the basic properties of extendible 7-
sheaves, we will explain how to use them to define a functor ‘extension by zero’.

Proposition 8.32 For any extendible rigid T—{heaff on Y there exists an ex-
tendible rigid T-sheaf G on X such that F = j*G and i*F is nilpotent.

PROOF: Let j”: X — 9) be any algebraic compactification, which exists because
X is algebraic, and set 7' := j”j. Let Z” be the ideal sheaf of an algebraic
complement of j' and g’ any extension of F to 9). One easily verifies that the
extendible sheaf j”*(Z"G’) satisfies all the required properties. m

Lemma 8.33 Suppose X has a finite cover by affiniods. Let § : Q — é’ be a

morphism in Coh (X,%) with j*6 = 0 and assume that z*g/ is nilpotent. Then
Im(d) is nilpotent.

PROOF: Because X has a finite cover by affinoids, there exists m € N such that
Z™Im(d) = 0. By changing i if necessary, we may assume that m = 1, so that

Im () 2 i,i* Tm(0) C i4i*G'.

But i*G' is nilpotent, and hence the same holds for its sub-7-sheaf i* Im(5). m

Proposition 8.34 Suppose F and H are extendible rzgzd T-sheaves on U and
X, respectively. Then for any morphism ¢ : F — j*H in Coh® °(U, B) and any
ertension Q as in Proposztzon 8.32, there exists n € N such that ¢ extends to a
homomorphism ¢: I"Q —H.

PROOF: Let j': X — 2 be be an algebraic compactification, and choose a mor-
phism ¢’ : 7/ — H' in Coh (), B) whose pullback along j" =747 is ¢. Let
furthermore g’ be a T-sheaf on 2) whose pullback along j’ is g Then g’ and H’
are coherent 7-subsheaves of j”j*G. Using the coherence of G’ +H' C j5*G,
one easily shows that G” := G’ NH' is a coherent extension of j *G.

Let Z” be the ideal sheaf of an algebraic complement 3 of j”/. The cokernel
of the inclusion G” < H’ is supported on 3, and so, by the previous lemma for
d =1d, it is annihilated by a power of I", say (I')™. Hence the restriction of ¢’
to (I”)m}" takes its image in Q” C Q’ Because Z and 7" arise from algebraic
complements, there exists n € N such that Z" C (j/)*(Z”)™. Therefore the
restriction of ¢’ to X x B is the desired . m
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Passing to the localized categories we now find:

Theorem 8.35 (a) For every extendible rigid crystal F on Y there exists
G € Crys®(X,B) such that F = j*G and i*G is zero in Crys(3,B).
(b) The pair consisting of G and the isomorphism F = j*G in (a) is unique

up to unique isomorphism, and it depends functorially on F.

PROOF: (a) is a reformulation of Proposition 8.32. To prove (b) we may assume
that j is an algebraic compactification. Let us first show that the assignment

Y

F)

Q.
N

(G, 5"

depends functorially on F. For this, let Y F — F’ be a homomorphism of
rigid 7-sheaves on #{ and let G and G’ be extensions as in 8.32. For any integer
n € N, the inclusion I”g — Q is a nil-isomorphism, because the cokernel is
supported on 3 and annihilated by 7™. Thus we may replace Q by Z ”Q , if needed.
By Proposition 8.34, we can thus achieve that ¢ extends to a homomorphism
¢:6—¢

Lemma 8.33 shows that the resulting homomorphism in EITy/s(%, B) is unique,
by considering the difference of any two extensions, i.e., that ¢ extends to a
unique homomorphism G - G’ in Crys(%,B). This is the desired functorial-
ity. Applying it to the identity morphism on F proves uniqueness, finishing the
proof of (b). =

For every extendible rigid crystal F on 4 over B, we choose g as in Theo-
rem 8.35 and denote it by j1.F. By the previous theorem this defines a B?-linear
functor, extension by zero,

ji: Crys (4, B) — Crys*(X, B),
which is unique up to unique isomorphism.

Proposition 8.36 The following assertions hold.

—~—

(a) The functor j : Crys®(i, B) HEI'\y/se(%, B) is left adjoint to the functor
j*:Crys¢(X, B) — Crys¢(U, B).

(b) The adjunction morphism id — j*ji is an isomorphism on the category
Crys®(X, B).

(¢) The composite i*ji is zero.
(d) The functor j is exact.
(e) There is a natural exact sequence of functors on Crys®(X, )

0— jij* —id — 4,i* — 0.

PRrOOF: The isomorphism in (b) exists by construction and is functorial by
8.35 (b), and its adjunction property (a) follows from Proposition 8.34. Asser-
tion (c) is also clear by construction.

We now prove (d). It suffices to prove the assertion in the case where X is

proper. Let 0 — F' — F — F” — 0 be a short exact sequence in 6_;31/55 (U B).
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Using Proposition 8.34, we may represent the extension by zero of this short
exact sequence by

C?i)g B g~// (40)

in 65?15(% B). By Lemma 8.33, the image of Sa is nilpotent, and thus by
replacing G’ by Z"G’ for some n > 0, we may assume Sa = 0. The same lemma
implies that Ker(«) is nilpotent. Furthermore, as Sa = 0, the map « factors as

G — K(s) — &
So we have the four term exact sequence
0 — Ker(3)/Im(a) — G/Im(a) — G"” — Coker § — 0.

Again by Lemma 8.33, the rigid 7-sheaves Ker(3)/Im(a) and Coker 3 are nilpo-

—~—

tent. Hence the sequence (40) is short exact in Crys®(%, B).

Part (e) is simple again, because for any g € Crys®(X, B), the sequence in
(e) is represented by the short exact sequence

—_—~—

Finally, we list the following compatibilities in Crys(__, B):

Proposition 8.37 Suppose F,H € Crys®(4, B) and g € (/3;3//56(.’{, B). Then
the following hold.

(a) For open algebraic immersions V' L]» 5 SN X, we have (jj') = jiji.
(b) HE®j*G) 2 HE®RG.

(c) W(FE@H) = HF @ jiH.

(d) j(EepB) = jFopB.

(e) For any algebraic morphism g: X' — X consider the pullback diagram

HI(L%/

Then the base change morphism j,’g'*£~ — g*jg£~ is an tsomorphism.

PrOOF: In (a) through (d) one must show that the right hand side satisfies
the characterization 8.35 (a) for the left hand side. Restricting both sides to
i yields clearly an isomorphism. To show the vanishing of the pullback to
the closed complement one uses Lemma 8.33 and the various other foregoing
compatibilities.

For (e), observe first, that using any compactification of X and X’ one can
construct a commutative diagram

¥y

|,

XHS‘}J)
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where 9) and )’ are proper. Let 7 be the ideal sheaf of a complement of jj, and
assume that 7 = j*f , by changing i if necessary. Because the diagram in the
statement of (e) is cartesian, g*Z is the ideal sheaf of a complement of {'. Let
F be an extendible sheaf on £ and G’ be an extension to 9). Then G := j*(ZG")

represents jiF, and hence g*g represents g*jiF. On the other hand, we have
95" (2G") G2 (g INg TG ) = (9T 5G

The last expression clearly represents j/¢g*F, and so (e) is proved. n

I

g (Z

8.4 Direct image with compact support

In this subsection, we assume that X is algebraic. No assumption on 4l is made.

Definition 8.38 A morphism f: 4 — X is called algebraically compactifiable,
if there exists a diagram

g (41)

where f is proper algebraic and j is an open algebraic immersion. The diagram
(41) is called a compactification of f.

Since all objects in the above diagram are algebraic, 2) and X have algebraic
compactifications.

Definition 8.39 (direct image with compact supports) Suppose f: 4 —
X is algebraically compactifiable with a compactification as above. We define

R'fi == R' f.ji: Crys“(4, B) — Crys(X, B)
as the i-th right derived direct image with compact supports.

Strictly speaking R’ fi is not a right derived functor, it is only the composite of
an exact with an ¢-th right derived functor.

As given, the above definition depends on the chosen algebraic compactifi-
cation. The following result clarifies the situation.

Proposition 8.40 The functors R'f, are independent of the chosen algebraic

compactification (in a functorial way) and take their image in Crys¢(X, B).

We first prove various lemmas:

Lemma 8.41 Given a proper algebraic morphism p: o — 1 between rigid
spaces, there exists a pullback diagram

PIP) s, 32 (42)

@1 Hl' 31;

where the morphisms ji : 9; — 3 are algebraic compactifications and p is
algebraic.
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PRrROOF: Because p is algebraic and all the assertions concern algebraic mor-
phisms, it suffices to prove the assertion for schemes of finite type over L instead
of rigid spaces. The scheme corresponding to a given rigid space is denoted by
simply replacing the gothic by its corresponding latin letter. Morphisms will
still have the same name. ,

So, let Y5 EN Z, and Y3 EEN Z1 be any compactifications. Define Z5 as the
Zariski closure of Y5 in the product Z} x Z; under (j,5,p). The product has a
canonical map to Z1, receives a canonical map from Y5, and is proper. Thus Z,
is proper and there are an induced open immersion j4: Yo — Z5 and a morphism
p: Zo — Zp such that the above diagram commutes.

To show that the so-constructed diagram is a pullback diagram, we need to
show that the canonical morphism g: Yo — Y7 Xz, Z5 is an isomorphism. It
is an open immersion, because j5 as well as Y1 Xz, Zo — Zs are open. At the
same time it is proper, because p is separated and Y; xz, Zo — Y is proper,
cf. [26], Cor. 11.4.8. But any proper open immersion is an isomorphism. n

Lemma 8.42 Suppose we are given a diagram as (42). Then
Ji"R'Py = R'p.j; " : Coh.(32,8) — Coh, (1, B).

Proor: This follows from flat base change for rigid cohomology. The compati-
bility with 7 is clear. m

Lemma 8.43 Consider a pullback diagram

ﬂ2i>932
J
Lll $ Q317

where p, p' are proper algebraic, and j1, jo are open algebraic immersions with
dense image. Then

JuR'p, = R'p.jor: 6—1?37/56(1117 B) — EI;’/SG(@m B) fori>O0.

PrOOF: By Lemma 8.41, we have a commutative diagram

Uy $@2 L>32
I
U ——=D L>31,

where both squares are pullback diagrams.

We claim that it suffices to prove the lemma for the large rectangular pull-
back square. Suppose we have shown (5171 )1 Rip. = R'p(j572): for i > 0. Let us
apply ji*. Then

. i) o~ R AR s T LemQ8.42 % K] ~ DI .
JuR'p, =1 (IR, = jiR'D(jaje)r = R'pujy (Jaj2)i = R'paja,

and the claim is shown.
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Thus from now on, we assume that 9); and %), are proper. Let us fix a
rigid extendible 7-sheaf F on &f. We will make use of the following result from
‘Residues and Duality’ by Hartshorne, [27], which carries over to rigid coherent
sheaves and is compatible with the oy s-linear morphisms, we consider: One
has in the derived category of coherent rigid sheaves

Rp.(G & Lp*H) = Rp.(G) & H.

This yields the following spectral sequences for rigid 7-sheaves g € aTlT(QJQ, B)
and H € Coh, (91, B):

Passing to the category of crystals, we can eliminate nilpotent terms. Further-
more we specialize H to Z1y 5, where 7 is the ideal sheaf of a complement

of Uy in ;. Also we take for g some rigid 7-sheaf on 2, which extends F.
Because the above diagram is cartesian, p*Z is the ideal sheaf of a complement
of s in Ps. Proposition 8.18 yields

Tor;(__, 11@1,5) = Tor;(_, (P*Z)lmg,rs) =0

for all 7 # 0, and isomorphisms (112)1,8) @F 2 TIF for F € (/3\0T1T(@1, B), as
well as (p*(Z1y), 5)) ® G = (p*I)G as crystals. Thus in Crys(9);, B) one has

By’ = R'p((p'T)9),
B = IR'p.G,

and all Fo-terms with j # 0 are zero. The spectral sequence thus yields isomor-
phisms ' R o

R'p.((p*1)G) = IR'p.G
for all ¢ > 0. By Lemma 8.42, it follows that Rip*g~ is an extension of Ripii
for ¢ > 0. Hence IRip*g~ represents jlyRip*f. Observe also that (;D*I)Q~ repre-

sents joiF. Combining the last two identifications with the above isomorphism
completes the proof of the lemma.

PROOF of Proposition 8.40: To see that the R’ f, take their image in asr/se(%),
we apply Lemma 8.41 to have a commutative diagram of algebraic maps

’

g9 >3
N b
Z{J*>3/7

where the right hand square is cartesian, the horizontal maps are all open immer-
sions, the vertical maps are proper, and 3, 3’ are proper. Let F € (/3_;3//56(11, B)
and G € E;Sf/s(:i, B) some extension. Let furthermore Z’ be the ideal sheaf of a
complement of j'j. Then jiF is represented by 5'*(Z'G), and so we have

RAF=R'f.j"(T'G) =" R f.(T'G),
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and it follows that R!fi.F is extendible.

We now show the independence of R f; from the chosen algebraic compact-
ification. Using standard techniques, e.g., [38], Ch. 6, § 3, any two algebraic
compactifications are dominated by a third. Thus it suffices to consider the
case where one algebraic compactification dominates another one. In this case,
one needs to show that there is a functorial isomorphism between the two ex-
pressions for R’f;. Again one can follow the arguments in loc. cit. The proof
ultimately rests on the spectral sequence for composition of direct image un-
der proper morphisms, Prop. 8.25, and Lemma 8.43 applied to 4y = Uy = 4
and p’ =id. nm

As another application Lemma 8.43, we obtain:

Corollary 8.44 Suppose g: 3 — ) and f: 9 — X are algebraically compacti-
fiable. Then there is a spectral sequence

RifiRi g = R (fg),: Crys®(3,B) — Crys* (X, B).

PROOF: From the given compactifications, one may construct a commutative
diagram

3( j,; 3/( 5,; 3//

| A

)[R, )

iva

X

where the oblique maps are proper algebraic and the horizontal maps are open
algebraic immersions, and such that the parallelogram formed by j', §’, 7, g is
cartesian. By Lemma 8.43, we therefore have an isomorphism jiR'g, = R'g.,ji.
But then we have

R iR g ¥ RfjiRIgjl = R f.RG.ji5 = R (f). (7’50 < R (fg)r. u

8.5 Rigid 7-sheaves with B-coefficients

In this subsection, we develop some rudiments of a theory of rigid 7-sheaves
with algebraic coefficients. Such objects arise naturally from Drinfeld-modules
or Anderson’s t-modules over a rigid base.

As we are not sure, whether the following natural definition can be found in
the literature, we include it here for clarity.

Definition 8.45 Let X be a rigid space. We call a sheaf F of Ox-modules
quasi-coherent, if it is a direct limit of coherent Ox-modules.

Definition 8.46 For B as above, we define the quasi-coherent sheaf of rings
Bx on X as Ox ® B, i.e., so that on an affinoid Y of X, we have T'(4, Bx) =
T, Ox) @ B with the obvious restriction (ringhomo-)morphisms.

A coherent sheaf of Bx-modules is a quasi-coherent sheaf F on X such that
over any affinoid 3 of X, the sections T'(M, F) are a finitely generated module
over I'(U,Ox) ® B and such that the module structure is compatible with the
restriction maps.
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Note that for any coherent sheaf F of Bx-modules the sections of the sheaf
0% F on an affinoid U are given by I'({, F) ®p(y,0,) I'(Y, Ox), where the tensor
product is relative to the g-power map oy : I'(U, Ox) — T' (U, Ox) : z — 2.

On an affinoid X = Spm R, the category of coherent Bx-modules is equiv-
alent to the category of finitely generated R ®; B-modules M for which there
exists a direct limit system M; of finitely generated R-modules such that M =
lim M; as R-modules.

As both of the properties in the previous paragraph are preserved under
taking kernels, cokernels, images, coimages, the following is clear:

Proposition 8.47 The category of coherent sheaves of Bx-modules is abelian.

By ox/p, we denote the morphism of ringed spaces on Bx which is the
identity on the underlying topos, and ox ®id on Ox ® B. Clearly o% /B Preserves
coherent Bx-module. It will take the role played by (o x id)* in the algebraic
setting.

Definition 8.48 A rigid 7-sheaf on X over B, is a pair F := (F, Tz) consisting

of a coherent sheaf F of Bx-modules and a Bx-linear homomorphism
(O'x/B)*f*}_)ﬁ

The category of rigid 7-sheaves over B is denoted 6517 (X, B). The morphisms
are morphisms of sheaves of Bx-modules which are compatible with the mor-
phism 7. The category is B-linear abelian, where kernel, cokernel, image and
coimage are defined as for the underlying category of sheaves.

So if X = SpmR is an affinoid, any rigid 7-sheaf on X over B arises from
a finitely generated 7-module over R ®; B. Occasionally, we will take this
viewpoint.

Let j: 4 — X be an affinoid subdomain of X. Then by the restriction flﬂ
or j*f of a rigid 7-sheaf F on X to 4, we mean the pullback under j* together
with the induced morphism.

8.6 Some rigid sites

We will be interested in comparing crystals for the following sites. (Algebraic)
crystals on X over A, rigid crystals on X over A, and rigid crystals on X over
2 := (Spec L ®; A)"® and over D4, which is defined as follows: D4 denotes
the affinoid subset of points € 2 such that for n — oo the sequence Gyx
does not converge to co. The rings corresponding to the above rigid spaces
are A:=T(A, Oy) and Dy :=T(Da,O0g,).

Note that one can also define ©4 as follows: Choose a finite flat morphism
k[T] — A. Let L{{T)) denote the Tate-algebra over L. Then D, is isomorphic
to Spm(L{(T)) ®x7) A). To see this, observe that a point of D4 is given by
amap r: A — L such that each |z(a)] < 1 for all a € A, while a point of
Spm(L{(T')) ®pr) A) consists of a map 2’: A — L and an element ¢ € L, such
that |[t| < 1 and 2’ extends the map k[T] — L : T — t. Because A is integral
over k[T] the two sets of data are equivalent. In particular for A = k[t], one has
Da = L(T)).

In analogy to Definition 8.46, we define for a noetherian scheme X over k
the quasi-coherent sheaf of rings Ax by U — I'(U,Ox) @ A for U C X open.
A coherent sheaf F of Ax-modules is defined as a quasi-coherent sheaf of Ox-
modules with a compatible action of Ax such that on any affine U of X the
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module I'(U, F) is finitely generated over I'(U, Ox) ® A. Analogous notions can
be defined if X is replaced by a rigid space and A by 2 or 4, respectively.

Now the category of coherent sheaves of Ox x 4-modules is equivalent to the
category of coherent sheaves of Ax-modules. An analogous equivalence can be
formulated for Oxx7-modules, ? € {2, D4}. Because any quasi-coherent sheaf
of Ox-modules is a direct limit of coherent sheaves of Ox-modules, for any
scheme X of finite type over L this yields a functor

Coh, (X, A) —s Coh, (X8 A): F s FATiE,
Also for any rigid space X, the above defines a functor
Coh, (X, A) — Coh,(X,9) : F — F¥7ie,
Furthermore the restriction of sheaves from X x 2 to X x ©4 yields the functor
Coh, (X,%) — Coh, (X,D,) : F s F0aris,

For F € Coh,(X,A) and F € Coh, (X, A), we abbreviate the composite func-
tors

£Ql—rig = (£A—rig)Ql—rig7 £©A—rig = (£Ql—rig)CDA—rig7 £~®A—rig = (iﬂ—rig)@;‘—rig.

Note that on the underlying module-categories, each of the above functors can
be defined on quasi-coherent sheaves and preserves quasi-coherence.

The characterization of nil-isomorphisms given in Propositions 7.6 and 8.6
shows that the above three functors induce functors

FoFATis

Crys(X,A) Crys(X", A)

Foprs Grogoais

Crys(X,4) — > Crys(¥,2) ——

Crys(X,94)

The first result on the above functors concerns the subclasses of extendible
T-sheaves.

Proposition 8.49 The functor F + F27™& . Crys(X,A) — Er\y/s(X“g,Q()
takes its image in Crys®(X"& ). The functor

Crys(X,20) — Crys(X,D,) : £+ FOa7i8

preserves the subcategory of extendible rigid sheaves.

PROOF: For the first part, observe that by a result of Nagata, all schemes of
finite type over L are compactifiable and by [4], § 3, every sheaf has an extension
by zero to its compactification. It is simple to see, cf. also Theorem 8.50 below,
that F — FA78 ig compatible with j* for an open algebraic immersion j. The
result is now obvious.

The remaining assertion follows from the compatibility of the functor F ~—
FParig with j* for an open algebraic immersion j, see below. m
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The following theorem summarizes the main compatibilities of the functors
defined above.

Theorem 8.50 The functors Coh (X, A) — 6&17(%, 2A) : F — FA18 and
Coh.(X,2) — Coh,(X,D,) : F — FPA8 gre compatible with

(a) pullback,

(b) tensor product,

(¢) change of coefficients,

(d) higher direct image under proper morphisms.

Considered as functors on crystals, the above two functors are compatible
with (a)—(d) as well as the two functors

(e) extension by zero for extendible crystals,

(f) direct image with compact supports for extendible crystals and underlying
spaces which are compactifiable.

The proof of the above theorem is essentially that given in [33] for a GAGA
principle from schemes to rigid spaces, which in turn is based on Serre’s original
proof of a GAGA principle, [47]. The most difficult part in the proof is the
compatibility with higher direct image functors under proper morphisms. To
define a natural transformation for higher direct images, one uses Cech coho-
mology. For the convenience of the reader and because we will later use Cech
cohomology as a computational device, we now recall some basic results on this,
and then comment on the proof of the above theorem.

Let us first state the comparison theorem of Leray for Cech and derived
functor cohomology in the algebraic and analytic context. For a module M
over a ring R, we denote by M?° the associated quasi-coherent sheaf on Spec R,
and similarly for a module M on an affinoid ring R, we denote by M? the
associated quasi-coherent sheaf on SpmR.

Theorem 8.51 Let f: Y — X be a morphism of schemes of finite type over L
and F a quasi-coherent sheaf on' Y. Assume X = Spec R and {U;} is a cover of
Y such that HY (U, F) = 0 for all j > 0 and all finite intersections U of elements
U;. Then

R'f.F = H'({U}, F)™.

Note that H7 (U, F) = 0 whenever U is affine, so that one can use affine covers
of Y to compute cohomology. Also note that the case where X is not affine can
be treated by patching the above result for an affine cover of X.

Next we turn to the analogous result for rigid spaces.

Theorem 8.52 Let f: 9 — X be a morphism of schemes of rigid spaces over
L and F a quasi-coherent sheaf on ). Assume ¥ = SpmR and {4;} is an
admissible cover of Q) such that HI (U, F) = 0 for all j > 0 and all finite
intersections 4 of elements ;. Then

R'f.F = H' ({14}, F)™.

By Tate’s acyclicity theorem one has H®(4, F ) = 0 whenever 4 is an affinoid.
But more is true due to Kiehl’s Theorem B, [32], Satz 2.4:

Theorem 8.53 If X is quasi-Stein, then for all quasi-coherent sheaves F and
all i > 0 one has H' (X, F) = 0.
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Observe that the product of quasi-Stein domains is again quasi-Stein. Further-
more for any affine scheme X, the space X" is quasi-Stein.
We now give the proof of Theorem 8.50.

ProOOF: Note first that the result for £~ — £ Da-1ig g obvious since restricting
coefficients is compatible with any of the functors (a)—(f), and so from now on,
we only consider the functor F ~— F3i&. For r-sheaves, except for (d) all the
compatibilities are obvious.

To prove (d), let us first explain how to define the natural transformation
that will lead to the compatibility of functors. For this, we consider coherent
sheaves without a 7-action. Once the compatibility is shown for these, it is
straightforward to extend it to 7-sheaves. We leave this extension procedure to
the reader.

Let {U;} be an affine cover of Y and let F be a coherent sheaf of Oy xspec a-
modules. By a patching argument, we may assume that X is affine. Denote the
Cech complex with respect to {U; x Spec A} by C*({U;}, F). Then we have

R f.F = H'(C*({U}, F))™.

Similarly, we denote by C*({4;},F) the Cech complex of a rigid sheaf F of
Oxxa-modules for an admissible cover ; x 2 of X x . Because the rigid
spaces U;'® and arbitrary intersection of these are Stein-domains, one has the
formula

Rif*(fﬂ—rig) ~ Hi(co({U;ig},fﬂ—rig))as'

There is a functorial morphism of complexes
A-rig . .
(cquy 7)) — cr(uysy, P
from the construction of F + F%T&, This yields the desired morphism
(Rz f*f) A-rig . Rz f* (fi’l—rig).

To prove that this morphism is an isomorphism, one first considers the case
of projective morphisms. There one can follow the proof given in [47], i.e., one
first proves the result for the sheaves Opp ® A by direct computation, then for
the Opr (n)x ® A by some inductive argument, then for general coherent sheaves
F on P x Spec A by using resolutions 0 — G — Opp(n) ® A — F — 0 and
the fact that the cohomological dimension of the functors in question is n. The
result easily extends to any projective morphism. To obtain the same result
for general proper morphisms, one uses Chow’s Lemma and a comparison of
spectral sequences. For a complete argument in a similar situation see [33].

Passing from (rigid) 7-sheaves to crystals, immediately yields (a)—(d) for
crystals. Tt is also clear that once (e) is proved, (f) is automatically true by (e)
and (d). For this, let F be a 7-sheaf on U, and j: U — X an open algebraic
immersion. Choose a coherent extension G to X and let 7 denote the ideal
sheaf of a complement of j. Then Z™® is the ideal sheaf of a complement of
jUe: Urie — XTi& Furthermore it is clear that

(Ig)ﬂ-rig o~ Iriggﬂ—rig.

Because ZG represents jiF and Z"8G* "8 represents 5 F"8, (e) is proved. m
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Let us finally give some examples for rigid 7-sheaves, which will be impor-
tant in the sequel. Following Example 7.7 (b), however, with a rigid analytic
Drinfeld-module instead of an algebraic Drinfeld-module, one easily sees that
to each rigid analytic Drinfeld module (¢, £) on X of rank r, there is attached

a locally free rigid 7-sheaf on X over A. We denote it by M(g)

Definition 8.54 For ¢(K) as on page 44, we set F(K) = M(g(IC)) Further-
more for the universal rigid analytic Drinfeld-module g?cig for an admissible level
structure K, we define Fy = M(g;c).

Proposition 8.55 Suppose K is admissible. Then

GLy(K)\E(K) = Fx.

Furthermore one has . ~
(Fr)?™e = F.

PRrOOF: The first half of the proposition follows easily from the fact that @k
is constructed from (k) by quotienting the underlying space Qx by GLy(K),
cf. Subsection 4.3. For the second one uses that the moduli space for analytic
Drinfeld-modules of rank r with level K-structure arises from the algebraic one
by rigidification, and hence ¢)® arises from ¢ via the same procedure. This
yields the result for the associated 7-sheaves. m
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9 Auxiliary results on families of A-motives

9.1 Purity

Following Potemine, we define so-called pure Drinfeld-Anderson sheaves over
any base X. The most basic example is Drinfeld’s shtuka attached to any family
of Drinfeld-modules over some base X. Our main result is that exterior, sym-
metric and tensor powers do preserve the category of pure Drinfeld-Anderson
motives. This is a natural extension of results of Anderson and Potemine. It
follows easily that the T-sheaves fgcn) := Sym" F arise from a pure Drinfeld-
Anderson motive on M of rank n + 1 and weight n/2.
The following is similar to [41] Def. 6.2.1:

Definition 9.1 A Drinfeld-Anderson datum Fpa = (F;, ay, 55, char) of rank r
consists of

(a) locally free sheaves F;, i € Z on X x C of rank r,
(b) monomorphisms B;: F; — Fit1, 1 € Z,

(¢) monomorphisms o;: (o0 x 1d)*F; — Fiy1, i € Z,
(d) and a morphism char: X — Spec A

such that the following diagram commutes for all i

(O‘ X id)*]:i . Fit+1

l(UXid)*ﬂi lﬁul

Qi41

(O' X id)*]:i+1 B —— ‘7:7;4,2

A pure Drinfeld-Anderson motive on X of rank r, dimension d and weight
w = d/r is a Drinfeld-Anderson datum Fpa of rank v which is subject to the
following conditions:

(i) The sheaf Coker(3;) is supported on X x {oo} and pry, Coker(5;) is locally
free of rank d over X.

(#i) The sheaf Coker(«;) is supported on the graph of char in X x Spec A and
pry, Coker(cy) is locally free of rank d on X.

(i4i) There exist integers u,v with u/v = w such that for all i the map

Bitvdoo—1- - Bit1Bit Fi = Fitvda,
identifies F; with the subsheaf Fiiypa, (—X X {ucc}) of Fitvd,, -

Let moo be any uniformizer of A.. The following definition is from [1], § 1.9
and [41], § 6.1, respectively.

Definition 9.2 A pure A-motive of rank r and weight w on a field F' is an
A-motive M over F ® A{r}, which is projective over FF ® A of rank r, such
that there exists an F& aAs-lattice W contained in M& 4K which satisfies
the following: For suitable u,v € N with w = u/v one has 7% (W) = n “W,
where T is the action on M® 4K induced from M.
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Remarks 9.3 (i) For any pure Drinfeld-Anderson motive Fpa its restriction
to X x Spec A naturally defines a 7-sheaf on X, denoted by Fpa := (F,7F),
as follows: Define F := Fj|x xspec 4 and

-1
Q0| X xSpec A '80|X><SpccA
—

77 (o x id)*F Filxxspeca — F,

where we use that restrictions of the §; to X x Spec A are isomorphisms.

(ii) Let X = Spec F for an algebraically closed field F'. By [41], § 6.1 and
[1], § 1.9, there is a bijection between the set of pure Drinfeld-Anderson motives
Fpa on X and the set of pure A-motives (M, 7) on F such that 7='W C W
for some (any) W. The equivalence is given by mapping Fpa to (M,r, W),
where (M, 7) is defined as in (i) and W is the completion of the stalk of Fy at
Spec F x {00}, so that W is a free F®A-module of rank r.

(iii) From (ii) it follows that all the geometric fibers of the 7-sheaf Fpa ,
defined in (i), are pure A-motives of weight w and rank r, so that in particular
Fpa defines a family of A-motives on X of characteristic char.

Proposition 9.4 Let ¢ be a Drinfeld-module on X of rank r. Then to ¢ one
has a naturally attached pure Drinfeld-Anderson motive Fpa (¢) on X x C of
rank r, dimension 1 and weight 1/r, such that the T-sheaf Fpa () is canonically
isomorphic to the T-sheaf M(p) in Example 7.7 (ii).

ProOOF: The pure Drinfeld-Anderson motive Fpa (@) is precisely the shtuka
attached to ¢ by Drinfeld. For some details on this construction we refer to [3],
proof of Prop. 5.10, or [2], § 3.2. =m

Suppose we are given pure Drinfeld-Anderson motives Fpa and Ff,, on X
of ranks r, 7" and weights w, w’, respectively, which have the same characteristic.
Then the tensor product defines in an obvious way a Drinfeld-Anderson datum
denoted Fpa ® Fp,, of rank rr'.

Lemma 9.5 The datum Fpa @ F,, defines a pure Drinfeld-Anderson motive
of rank rr’ and weight w + w'.

PROOF: We have to verify properties (i)—(iii) of the above definition: Because
Fpa and FJ,, have the same characteristics, the cokernels of 5;® 8] and «; ®
are supported on X x {oo} and the graph of char, respectively. So to check (i)
and (ii) it remains to check that the pushforward under pr; of these cokernels
is locally free on X and of dimension (w + w’)rr’. Applying the Snake Lemma
to the the diagram whose basic square is

Fi® .7:1/ (—>ﬁ g Fir1 ® fl/

BiRB,
Fi @ Fl——= Fiq1 @ F 1,

one obtains the short exact sequence

0 — Coker 8; ® F, — Coker(; ® ;) — Fi+1 ® Coker 3] — 0.

K2

An analogous sequence can be obtained for Coker(a; ® ). To prove (i), one
may reduce the situation to the case where X is the spectrum of a complete
local ring R. Because the support of Coker(8; ® ) is on X x {00}, we may
the replace X x C by the completion Y of X x C along X x {oo}, which is the
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spectrum of a semi-local ring. But then the F; and F are free on Y and the
assertion (i) is obvious. A similar argument, in which one replaces X x C' by its
completion along the graph of the map char, proves the assertion (ii). n

In the same way in which we defined Fpa ® F{,4 above, one can for a given
pure Drinfeld-Anderson motive Fpa of rank r define Drinfeld-Anderson data
®"Fpa , Sym” Fpa and A" Fpa of ranks r™, ("+:L_1) and (;)7 respectively.
Proposition 9.6 For a pure Drinfeld-Anderson motive Fpa and any n €
N, the Drinfeld-Anderson data @"Fpa , Sym” Fpa and N\" Fpa define pure
Drinfeld-Anderson motives of rank r'™, (”Jr:;l) and (:L), respectively, each of
weight nw.

PROOF: The assertion for @™ Fpa is an immediate consequence of the previous
lemma. The other two Drinfeld-Anderson data are defined as natural quotients
of @ Fpa . For these, we will check (i)—(iii) of the above definition. As in the
proof of the lemma, part (iii) is easy and omitted.

Using the same reduction procedure as in the proof of the previous lemma,
we may assume that X = Spec R, where R is a complete local ring, and we
may replace X x C by SpecS where S = R[[z]]. In this situation, the proof is
completed by the following lemma. n

Lemma 9.7 Let R be complete local with maximal ideal m and S = R][[z]].
Suppose @ € My, (S) is such that one has a short exact sequence

0—S" %8 —C—0, (43)

in which C is a free R-module of rank d, supported on SpecS/(x). Then for
all m € N the map Sym" ¢ is injective and its cokernel is free over R of rank
d - ("t:*l). Similarly, for n € {1,...,n}, the map \" ¢ is injective and its
cokernel is free over R of rank d - (;)
PrOOF: We only give the proof for the symmetric powers, the other one being
similar. Observe first that ¢ becomes an isomorphism, if we invert x and that the
map S — S[z~1] is injective. Since computing symmetric powers of ¢ commutes
with inverting z, it follows that the map Sym™ ¢ : Sym™S"™ — Sym" S" is
injective, because after inverting z, it is an isomorphism.

Define C,, as the cokernel of Sym™ ¢. Set x := R/m and let @ be the
reduction of ¢ modulo m. Clearly

0 — Sym"™ S" Sym” e Sym"S" — C,, — 0

is an R-flat resolution of C,,, so that Tor?¥(C),, k) is isomorphic to the kernel of
Sym"” @. Because C' is R-flat, reducing the short exact sequence (43) modulo m
yields a short exact sequence

T T

0 — &[z]]” - K[[]] — C — 0,

where C has dimension 7 as a vector space over x. Over the valuation ring x[[z]]
it is easy to see that Sym" ¢ is injective and that its cokernel has dimension
d - (”+;_1) over k (e.g., by using the elementary divisor theorem). The first
observation shows that Torf(C,,, k) = 0, so that C,, is flat over the local ring
R. The second observation implies that rankgr C,, = dim, Coker(Sym”" @) =
d- (””71). This completes the proof of the lemma. n

n
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For later use, we record the following consequence of Propositions 9.4 and 9.6.

Corollary 9.8 The 7-sheaves f,(cn) = Sym" Fx arise from pure Drinfeld-An-
derson motives of rank n+ 1 and weight n/2 on Mx. In particular, they are
families of pure A-motives on M.

9.2 Uniformizability

In this subsection, we assume that all schemes X and affinoid spaces X are
reduced. Therefore the spectral norm | | will always define a norm on Ox.

We introduce an ad hoc definition for analytic family of globally uniformiz-
able T-sheaves, which follows closely Anderson’s pointwise definition, [1], § 2.
No attempt is made to obtain great generality. The central result is a criterion,
similar to the pointwise one given in [1], for a 7-sheaf attached to an A-module
over an analytic base to be globally uniformizable. This can then be applied
to Drinfeld-A-modules. As a corollary, we find an ‘explicit’ isomorphism on the
analytic site between fg,qx and ix,’}aA ®4 Px where X C Qi is any connected
component and Py is a suitable projective rank 2 module over A. In particular
this implies that for any affinoid i in the standard cover of Ui of ﬁ;ég which
does not contain a cusp, there is an isomorphism

Frjuxo, = Luo, ®a Pu

in Coh, (U, D4) for some projective rank 2 module Py over A.

Let /X denote the category of (rigid) vector bundles over X with k-linear
algebraic morphisms a : V — W, i.e., rigid locally on Spm R the morphism
« can be given by a polynomial >~ A;0%: R™ — R", where A; € M, »(R),
the restrictions of ¥V and W to SpmR arise from R™, respectively R", and
o denotes the g-power map on the components of R™. If V is such a vector
bundle, then End(Lie(Ende,%(£))) = Endo, (€), and hence there is a diagonal
action of a € A C Koo C L CT(%X,0%) on it.

Definition 9.9 A family of A-modules £ of dimension d and rank r on a rigid
space X/L consists of a vector bundle £ of rank d on X and a ring homomor-
phism

¢: A— Endg/x(£) :a— @q
subject to the following conditions: Let us denote by Lie(E) the tangent space of

the k-group scheme & along the zero section and ¢}, € End(Lie&) the induced
derivation of ¢,. Then:

(i) Ya € A3ng, € N: (a — ¢),)" Lie(€) = 0.

(ii) As a sheaf of Ax-modules, M(E) := Homg % (E,G,) is coherent, where
a € A acts as composition on the right with @, .

(i4i) The sheaf M(E) is a locally free sheaf of Ax-modules of rank r, i.e., there
exists an admissible affinoid cover 4; = SpecR; of X such that the re-
striction of M(E) to Spec R; ® A is isomorphic to P2* for some projective
R; ® A-module P; of rank r.

We define an operation 7 on M(E) as composition on the left with the Frobenius
on G,,x. Hence the sheaf M(&) is equipped with the structure of a rigid 7-sheaf
over A on X. By M(E), we denote the induced rigid 7-sheaf on X over Dj.
Let £ be a family of A-modules on a rigid space X and fix an affinoid subdo-
main U := Spm B of X over which £ is free, say of rank r. Let x: I'(U, &) — B?
be a fixed isomorphism and &’ the induced isomorphism I'(U, Lie(€)) — B?. The
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isomorphisms « and " are called coordinates of & and Lie(£)|y, respectively.
For a matrix £ := (x; ;) over B, one defines || := sup |z; ;|, v(A) := min{v(z; ;)}
and £P) .= (z7;). Asin [1], § 2.1, one can show:

For fixed coordinates &, expressing ¢!, and ¢, with respect to the coordinates
k' and k, respectively, yields p,(z) = Z?io fi(a)z{9") for some d, € N, f;(a) €
M4(B) and ¢!, = fo(a) such that fo(a) — a is nilpotent. As in [1], § 2.1, one can
show the following;:

Lemma 9.10 There exists a unique sequence of matrices (e,) in My(B) with
eo = id, lim, o log g "|e,| = —00 such that for each a € A, the rigid analytic
function expyg: B* — B4z 3 g enz\1") satisfies

/
€XPy,e °Pq = Pa © €XPyc -

The existence of such an exponential function as a formal power series can be
obtained by an argument similar to the one given in [23], Sect. 4.6, however
one has to work with vectors and matrices over B instead of scalars over a
field. Because we assume that B is reduced, it is possible to reduce the global
convergence proof to a pointwise computation - where one makes use of the
fact that B is equipped with the supremum norm. The following sublemma on
linear algebra allows it to make pointwise use of the proof in [1], § 2.1. Details
of the proof of the lemma and the subsequent sublemma are left to the reader.
It is in fact possible to prove the above lemma without the assumption that B
is reduced. A full proof is given in forthcoming work by Hartl, cf. [25].

Sublemma 9.11 Suppose F is a complete R-valued field of positive charac-
teristic with valuation || : F — R. Let e € GLq(F) be a matriz such that
e —id is nilpotent and let Mq(F') be a normed vector space under |(a; ;)| =
sup; ; v j|. Then there exists o € GLq(F) with |of =1 = o' and such that
e1 == a teal? is upper triangular with ones on the diagonal.

Furthermore, there exists 3 € GL4(F) with |B|',|87 Y < (le|")¢ such that
es = BB is again upper triangular with ones on the diagonal and satisfies
leal’ = le3 I = 1.

As the expy ¢ in the previous lemma are unique, patching yields:

Proposition 9.12 There exists a unique morphism expg: Lie(§) — & of rigid
spaces such that for all & € Lie(E) one has expg(phé) = walexpe &) and such
that on any affinoid U = Spm B of X which trivializes £, and for any coordinates
of Eu, the morphism expg|; takes the form given in the previous lemma.

For various constructions below, we choose a non-constant a € A and a uni-
formizer m € K, such that a = 7¥>~(%). (To obtain such a pair (a,7) one can
use the Riemann-Roch theorem.) Via a, we regard A as an algebra over k[T
by mapping T to a, so that the map induces a finite, possibly ramified cover
C — P'. Let ' be the degree of this cover. The place co of C is the only place
above the infinite place of P!.

In the sequel, we will need the following technical lemma:

Lemma 9.13 The action ¢': A — End(Lie &) extends uniquely to a continuous
action of K.

PROOF: Because Koo = A ®p[q k((1/a)), we may assume for the proof that
A = k[T]. Let @ be the image of T in K. Furthermore, we may work lo-
cally, since any continuous extension will be unique. Write X = Spm B and
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¢ = 0(I + N) with a nilpotent matrix N € My(B). For n € N, we define
@ =070 ()N Then |¢l .| < 0] - max;—o,.._,—1{| N[}, so that
limy, o0 [¢)—. | = 0. We define the action of ) a,T" on Lie £ as the endo-

n<< oo
morphism
r—1
n -n i
S a6 Z( Z, )N & Mqy(B).
n<oo =0

The sum converges because |#~!| < 1. Continuity of the endomorphism is easily
established. For the uniqueness, observe that by continuity it suffices to show
that any two extensions ¢’ and @’ take the same values on {IT" : n € Z}. But
since both are ring homomorphisms and since ¢ is invertible, this assertion is
obvious. =m

It will also be useful to have locally a rigid analytic inverse of expg.

Lemma 9.14 For each affinoid U which trivializes £ and any coordinates k,
there exists a unique sequence of matrices (l,) in Mq(B) such that log ¢ z v

ano 1,2\7") converges on a neighborhood V' of 0 € B and such that

expygologye=1id onV.

PrROOF: We first consider the formal equation
Z enzl") o Z 1,2(7") = 2.
n>0 n>0

Because ey = id, it yields the recursive equations
2 n
lo=id, I, = —(e1l'?, + el ) + .. 4 e, 1),

In particular, if loge exists as an analytic function, it will clearly be unique.

Define v, := ming,—o,.. n{v(ln)/¢™} and set ¢ := min;en, v(e;) < 0. The
above recursive formulas for the [, imply that v,41 > v, + ¢/¢"™, and hence
that v, > cq/(¢ — 1) =: ¢ for all n € Nyg. Thus the formally defined series
> >0 1,29") converges for v(z) > ¢, and the proof of the lemma is complete.
| ]

Definition 9.15 Define H.(E) as the kernel of expg in the vector bundle Lie E.

Clearly there is an action of A on H,(£) induced from ¢’ on Lie&.

Lemma 9.16 For any connected affinoid subdomain U of X, the set of sections
(U, H.(£)) is a projective A-module of rank not exceeding r.

PROOF: Let x be an L’-valued point in U for a finite extension L’ of L, and let
&£, be the stalk of £ at x. This is an A-module in the sense of Anderson.

By the explicit inverse to expg constructed in the previous lemma, it follows
that infiep |s(x) — s'(x)] > 0 for any distinct sections s,s’ € T'(U, H.(E)).
Combining this with the connectedness of U yields that the map

D(U, Ho(£)) = Hu(Ex) 25— s(x)

is an injective map of A-modules. By [1], Lem. 2.4.1, the module H,(E,) is free
over k[T] of rank at most 7'r, and hence projective over A of rank at most r. =
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Note that in the course of the proof of Lemma 9.16, we showed that for
connected affinoid U the specialization map T'(U, H.(£)) — H.(E,) is injective
for all points x € U.

Definition 9.17 A family of A-modules £ of rank r is globally uniformizable
on X if T'(X, H.(E)) is a projective A-module of rank r and if for all x € X the
map

s an tsomorphism.

A rigid T-sheaf F on X over D4 is called trivial if on each connected com-
ponent X' of X, there exists a projective finitely generated A-module Px: such
that Flxrxo, = 1y o, ®a Pxr.

A rigid T-sheaf F on X over A is called globally uniformizable if F2Aig g
trivial. A rigid crystal is called globally uniformizable, if it is representable by
a globally uniformizable rigid T-sheaf.

If X is a finite set of points, then we simply speak of uniformizability instead
of global uniformizability.

Remark 9.18 In [1], uniformizability is defined be requiring the exponential
map to be surjective. It is easy to see that this is only pointwise a good def-
inition. We therefore used an equivalent, more appropriate condition in our
definition of global uniformizability.

The following is the main result of this subsection.

Theorem 9.19 For a family of A-modules £ on X of rank r the following are
equivalent:

(i) £ is globally uniformizable.
(i) The family M(E) of rigid A-motives on X is globally uniformizable.
(iii) M(E) is trivial.
Before we come to the proof, we state two corollaries. Fix an admissible IC C
GL2(A'). Recall that on page 44, we defined a Drinfeld-module (¢(K), 1(K))

with a level K-structure on Qx from the local system (£, A, s,1). In particular,
©(K) is by its very definition globally uniformizable on Q). The lattice on €,

g € GL, (A7), which defines p(K), is given by A, = A2g~' N K?2. Recall that we
defined £(K) as the rigid family of A-motives on Qi corresponding to (k).

Corollary 9.20 The rigid T-sheaf F(K)24"is is trivial on Q. On the con-
nected component g C Qi it is isomorphic to lgng ®4 Homa(Agy,Qa).

The proof is given at the end of this section after that of Theorem 9.19.

Corollary 9.21 Let Ui be the standard cover of ﬁzg for an admissible K.

Assume that U € Ui does not contain a cusp. Then f%"rig’ s globally uni-
(€

formizable.

PRrROOF: An affinoid # € Y which does not contain a cusp corresponds to a
stable simplex ¢ of the Bruhat-Tits tree of GLo(A). The stability of ¢ implies
that there is an isomorphism between an affinoid U of Qx and 4 in such a
way that £,%A'“g ixD, 1 isomorphic to F (IC)%‘;,S;A. But the latter is globally
uniformizable by the previous corollary. m
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We now start with the preparations for the proof of Theorem 9.19, which is
quite similar to [1], § 2.

Definition 9.22 A topological A-module T is a commutative topological group
equipped with an A-module structure in such a way that for all a € A the map
fr—af: T —T is continuous.

Given topological A-modules T, T', let Hom$ (T, T’) denote the group of con-
tinuous homomorphisms T — T’ which are compatible with the A-multiplication.

Let £ be as above and U = Spm B a trivialization with coordinates x. Then
(B4, ) is a topological A-module. Furthermore the sequence

0—A— Ky — Ky/A—0 (44)
is a short exact sequence of topological A-modules.

Proposition 9.23 Applying the functor Hom% (_, (B¢, ¢)) to the short sequence
(44) yields a left exact sequence which is isomorphic to

eXPy,e

0 — T(U, Hi(£)) — (B, ¢') —" (B 9). (45)

ProoF: Clearly Hom¢ (4, (B2, ¢)) = (B%, ). We claim that the map
Lie & — Hom% (Koo, (B, ) : @ — (s y — expg(zy)) (46)

is an isomorphism. The claim easily implies the proposition, and so we will now
prove it.

The well-definedness of the map given follows from Lemma 9.13. Continuity
of ¥, follows from the continuity of expy; ¢ and that of the action of Ko, on Lie €.
That each v, is an A-module map is a consequence of the defining property of
expg. To prove injectivity, we assume v, = 1, for x,2’ € B. It follows that
expy e ((z —2")y) = 0 for all y € K. Choosing y sufficiently close to zero, but
different from zero, we may assume that |(x — z’)y| < ¢, where ¢ is the radius
of convergence of log;; ¢. Because expg has logy; ¢ as a local inverse, we must
have (z — z’)y = 0, and hence x = 2’ because y € K \ {0}.

Finally to prove surjectivity, let ©» be an element in Hom$ (Ko, (B%, ¢)),
and define w,, := ¢(a™"), where a is defined above Lemma 9.13. Because the
a~™ tend to zero on U, there exists an ng such that |w,| < ¢ for n > ngy. Define
Ty = logy g(wy) for n > ng. It follows that ¢}mx, = ¥y, for n,m € N such
that n — m > ng. Defining x := /., for n > ng, one has the equality ¢, = ¢
on the sequence {a™" : n > no}. Hence by continuity and the homomorphism
property of ¥ and 1, the two morphisms must agree. n

Definition 9.24 Given a topological A-module T, we denote by Hom®(T, B) the
group of continuous homomorphisms f: T — G,(B) equipped with the unique
structure of left B{T} ® A-module for which

(0f)(c) =b(f(c), (af)(c)= flac), (f)(c)= f(c)?,
forallb e B, f € Hom“(T, B) and c € T.

Applying the functor Hom®(_, B) to the exact sequence (44), which is split
exact as a sequence of topological groups, yields an exact sequence

00— 21— Zy — Z3—0
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of left B{r} ® A-modules, where

Z; = Hom‘°(K«/A,B),
Zy = Hom®(K,B),
Z3 := Hom°(A, B).

We omit the proof of the following result which is straightforward, if tedious.

Lemma 9.25 For any of the topological A-modules T in the sequence (44), the
map

Hom{ (T, (B?, ¢)) — Homp(r}e4 (L (U, M(E)), Hom"(T, B)) :
fr=(m= (c—m(f(c))))

is an isomorphism.

Abbreviate By, := BRA((T)) := BOL(A @kir L{(T))) and define By, {7}
as the set of finite formal sums B{7}&A((T)) equipped with the addition law

(Zfﬂj) + (Zgﬂj) = (Z(fj +9j)7j>
J j J
and the multiplication
(Zfﬂj)(zgj/fj/) = (ZZ(fjgﬁgj))Tﬂj/),
J J’ Jj J

where the f;, g are in BRA((T)).
Let aq,...,as be a k[T]-basis of A.

Lemma 9.26 The B{7}® A-module Z; carries a unique structure of Byp,{7}-
module such that

(fh)(c) = bi; @ a:h(T¢)
i
forallh € Zi, c € Koo /A and f = 37,5035 _ bij @ a;T" € BOA(T)).

PROOF: The expressions h(a;T"c) are well-defined for i € Z, j = 1,...,r by
Lemma 9.13. Because K, /A is compact and h is continuous, the image of h is
bounded. As b;; — 0 for i — oo, the series >, b; jh(a;jT'c) converges to an
element in B. The well-definedness of the action of Bg, {7} is now clear, and we
leave it to the reader to check that this defines the structure of a Bg, {7 }-module
on/Zi. n

Let Ress @ Qx.. — koo denote the residue map at oo. A topological k-
basis of K, /A is defined as a countable sequence of elements (a;);c;r C Koo /A
converging to zero such that every element in K, /A can be written uniquely
as a converging sum Z” a;a; with a; € k.

Lemma 9.27 The bilinear map
D4 X Koo — koo & (w,0) — Reseo (bw)
vanishes on Q4 X A and hence induces a map
()i QA X Ky/A— ks : (w,b) — Reseo (bw).

Let furthermore wy,...,w, be a basis of Qa over k[T|. Then there exists a
uniquely determined topological k-basis {a; j}ien,,je{1,....r} Of Koo/A determined
by the condition )

<TZ wj/, ai7j> = (52'71'/5]'7]'/.
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PROOF: For w € Qg and a € K one has
Z Res; (aw) = 0,
zeC

where Res, denotes the residue map at x. If w lies in Q24 and a in A, then all
the residues except for the one at oo are zero. Hence the above formula implies
Resoo(aw) = 0, as asserted.

For the second part of the lemma, note that Q4 = lim H°(C,Qc(n)),
and by Serre duality we have

HY(C,Q¢(noo))* =2 HY(C,Oc(—no0)). (47)
Let us fix m > 0 and consider the cohomology sequence induced by
0 — Oc(—noo) — Oc(moo) — Oc(moo)/Oc(—noo) =: Fryp — 0
for n > 0:
0— H°(C,Oc(moc)) — H(C, Fppn) —> HY(C,Oc(—noo)) =0

Lk

0—={a€A:dega<m}—>n"A/m"Ase — HY(C,0c(—nx)) — 0

If we first pass to the inverse limit, as n — oo, and then to the direct limit, as
m — 00, we obtain the short exact sequence
0— A— Ko — lim H'(C,0c(—noo)) — 0.
n—oo

So via Serre duality, the complete dual of Q4 is identified with K., /A. One
can make this explicit using repartitions as in [49]. Arguing in a similar way
as in the first paragraph, one finds that this duality is simply given by Ress.
The existence and uniqueness of a topological k-basis of K, /A with the desired
properties can now be obtained by studying the inverse system which arises from
(47) and by using the fact that the duality is given by Res,,. This is simple and
left to the reader. nm

Lemma 9.28 The map
(BR@QA)QLL{T)) — Zy
Z biﬁj ® iji — (C — Z bi,j RGSOO ((.UjTiC)>,
,J ,J
where b; ; — 0 for i — oo, defines an isomorphism of Bgp,{7}-modules, where
the T-action on (B ® Qa)QL{(T)) is defined by 7(b® w;T?) = b? ®@ w;T".

PROOF: Because each element of (B®Q4)®L((T)) is uniquely represented as a
sum »_; o by @w;T *_ the well-definedness of the above map is clear. Furthermore
it is easy to see that it defines an injective morphism of Byg, {7}-modules.

To show surjectivity, given f € Z; = Hom®(K /A, B) we define elements
b; ; := f(ai,;), where the a; ; form a topological k-basis of K, /A as constructed
in the previous lemma. Since the a; ; converge to zero for i — oo, so do the b; j,
and we may define

9:=> bi; ®w;T" € (B@Q)BRL{T)).
2,7
Clearly the image of g in Z; maps a;; to b; ;, and because the a;; form a
topological k-basis, it follows that the image of g agrees with f. n
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We have tigA ®4 Qa2 (B®QA)RL{(T)), so that by the previous lemma
and patching the following result is immediate:

Corollary 9.29 For connected X, there are natural isomorphisms

D(X, H.(€)) = Homgg, x 4)(M(E), 1y 0, ®422)
& HOHIC’JM(%’@A)(MN@Lix@A ®4 Q4).

We now give the proof of the main result:

PROOF of Theorem 9.19: For the proof, we may assume that X is connected.
As the equivalence of (ii) and (iii) is obvious from the definitions, we only prove
(i)4>(iii). We first prove (iii)=>(i). So let us assume that M(E) is trivial, so that
M(ﬁ) =1y 5, ®a P. Because M(é) is of rank r, it follows that P is of rank
r over A. We display the situation in the following diagram, where the vertical

maps are specialization maps:

I'(X, H. (§))C§>9_29HOH1651’17(x)@A)@x’g/@AP, 1y 5,8404) —> Homa(P,Q4)

Ho(€a) oMt 2y, o) (Liay 24848 Liay 0,040) = Homy (P, Q4).
Since the right vertical map is clearly an isomorphism, it follows that &£ is

globally uniformizable on X. ~
For the converse (1)=-(iii), let P :=I'(X, H.(£)) and define

b: M(E) — Homa(P, 1y 5, ®a Qa) = 1y 5, @4 Homa(P,Q4)
by mapping (m, f) € M(E)x P to f(m) € jx’@A ®404. Let us regard the map b
over k[T] where k[T] — A is a flat morphism of degree r’. Using our assumption
that the H,(E,) are of projective of rank r over A, and hence projective of rank
rr’ over k[T], [1], 2.11, shows that the fibers b, of b are isomorphisms for any
x. Because X X D) is a reduced rigid space, it follows that b itself is an
isomorphism. Therefore M(é) is isomorphic to ix,m ®4 Homy (ﬁ, Q4) and
the proof of the proposition is complete. m

PROOF of of Corollary 9.20: To prove the corollary, it will suffice to prove the
second assertion. By its very construction, the Drinfeld-A-module ¢(K) is a
globally uniformizable A-motive of rank 2 in the sense of Definition 9.17. Thus
by the above theorem, we may identify the restriction of F(K)®47# to the
connected rigid space €, with jﬂg,g . @a Py for some projective A-module P;.
We have the following chain of isomorphisms:

Def. ofp(K)
Ag = H*(ngf(lc)lﬂg)
Cor. 9.29 ~ ~
o HomEBET(Qg}@A)@%’@A ®a Py 1o o, ®aQa)
= HOHlA(Pg7QA).

This easily yields P, = Homa(Ag,Q24), as asserted. m
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10 An Eichler-Shimura isomorphism

In this section we fix an admissible subgroup K of GL2(A) of minimal conductor
n. We also fix a set of representatives {t, } of Clg and let =, be the correspond-
ing elements in GLy(Af) as in (14). By admissibility of K, the corresponding
arithmetic groups I',, will all be p’-torsion free. Recall that b ¢ Spec Koo, —
Spec A(n) is the base change morphism and gx: M — Spec A(n) the structure
morphism. Also, we recall that in Section 9 we defined F ,(Cn) = Sym" Fx. More-
over, we use the convention that for a 7-sheaf or crystal F on M, considered
as a scheme over Spec A(n), we denote by FP478 the object (b}wf)gA'rig.

The basic idea is that the 7-sheaf Fx plays a similar role for Drinfeld-
modular forms, as does Rét frQq for classical modular forms, where ff is the
map from the universal elliptic curve with level-T' structure to the corresponding
moduli space. For example, for any proper non-zero ideal n of A, the étale
sheaf (Fxx ®4 A/n)g describes the space of n-torsion points as a Galois module
in precisely the same way as R} frZ/(I™) describes the Galois module of I"-
torsion points on the universal elliptic curve of level T'. However Fi is a global
and not a formal object, and so it carries indeed more information than the
étale sheaf R}, frQ.

Carrying on with this analogy, it is natural to consider the following object:

Definition 10.1 The A-crystal of Drinfeld cusp forms on Spec A(n) of weight
n + 2 and level K is defined as

Sni2(K) == R'gn F.

We define the rigid ®4-crystal on Spm K, of Drinfeld cusp forms of weight
n + 2 and level K as

SPATE(K) 1= Spya ()P4,

Let v be a place of K. We define the constructible étale v-adic sheaf on Spec A(n)
of Drinfeld cusp forms of weight n 4+ 2 and level I as

SO (K) = (S 12(K) /Pl Sn+2(K))er-

m

Because extension by zero and commutes with pullbacks, taking symmetric
powers and analytification, we have:

Proposition 10.2 QSji;ig(lC) = Hl(ﬁzngm,j;a Sym”(ﬁ%"rig)).
Note also that by Theorem 7.18, there is a canonical isomorphism
Spi5(K) = Riygw (Sym" Fit").

Recall that in Proposition 7.5, we defined for a crystal F over A the A-
module F7 as the set of global T-invariant sections of any representing 7-sheaf.
The main theorem of this section is the following:

Theorem 10.3 For each admissible K, there is an isomorphism

(chie ) = (s2isk))

This is called the Fichler-Shimura isomorphism for Drinfeld cusp forms.
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10.1 The Eichler-Shimura map

To define the Eichler-Shimura map, we first give an explicit description of the
complex Homgr, (k) (@27_, M), for alocal system M of left modules for G Lo (A7).
Then we compute the cohomology module SPa1ig(K) via Cech cohomology for
the standard affinoid cover of ﬁjég and show that the complex obtained by
taking 7-invariants is directly isomorphic to Homgr, k) (ﬁéﬁ,VH(Ag)). This
easily yields an injective morphism

T

(Cff(ic,A))* — (QSA‘”g(IC)) ;

the desired Eichler-Shimura map. It being an isomorphism will result from
analyzing n-torsion sheaves, and will be the subject of the following subsection.

Let M = (M, M,) be any local system of left modules for GLy(A7). For

an explicit computation of Homgr, (k) (5%7., M), we make the following choices:
Let Rp, and R;, denote sets of representatives stable vertices and edges of the
tree T x {x,K} with respect to I',, cf. page 64. Furthermore we define RS,
as the set of all oriented edges e such that the associated non-oriented edge €
lies in Ry ,. For each oriented edge e € R{, with target t(e), we have a unique
vertex v, € Ry, and a unique 7. € I', such that

t(e) = vYeve.

Giving a function f; € Homgr,( K)(éféﬂ-, M) is thus equivalent to

(a) giving fo([v]) for all v € |, Ro,., and fo([e]) for alle € |J, R1,,, for i =0,
and

(b) giving fi([e]) for all e € J, RY ,, for i = 1.

This yields a commutative diagram

—st — —st _
Homgr, x)(Cx0. M) > Homgr, (k) (Cx,1, M)

: .

@I/ (@UGRO,V Mﬂ?u S2] ®U€R1,u M$u> @V <@SGRT,V Mﬂ;u) .
If f; is the image of fp under the boundary map, then

fi(le]) = fo(le]) = fo([t(e)]) = fo([e]) = vefo([vel)-
We recall that [ve] is zero if v, is unstable.

Let us now compute the Cech complex for the standard cover ik of ﬁ;ég
and the crystal ji, F("-Pa7i8  which computes the pushforward under Rigx

of f%)’gA'rig over the base Spm K,. This cover, which was constructed in
Proposition 3.32 and Definition 4.17, can be described as follows:

(i) For each € € |J,, R1,, one has an affinoid e,
(ii) For each v € |J,, Ro,, one has an affinoid 4,,
(iii) For each cusp ¢ of GLy(K)\Qx one has an affinoid 4.
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Let us choose an order on the elements of {x with respect to which all the
i, and all the {, are smaller than the i[z. Let I be the union of all sets Ry,
Ry, and the set of cusps. Then we have ; N, = & for elements i < i’ of
I, unless 7 is a vertex or a cusp and ¢’ is an adjacent edge. If the intersection
is non-empty, it is an annulus. Furthermore in this case we define e to be the
edge e with the orientation so that e points to v, respectively ¢ and we define
Ue := U; N4y, Finally, define

rig\ r Cor;v9.20 "
My = (EP4m8)0, 7= Sym™ (Hom(A, 24))

9=
for any g € GLa(A7). This clearly yields a local system (M := M, ®4 K, M,).

Lemma 10.4 Suppose X is a connected rigid space and j: 4 — X a Zariski
open immersion with 8 # X. If F is a rigid T-sheaf on X over D4 which is
nilpotent on X — . Then FT=0.

In particular (j,c,(zjg”m‘“g)wc)f =0 for each cusp ¢ of M.

PROOF: The second assertion clearly follows from the first. So let Z be an ideal
sheaf for a complement 7: 3 — X of X ~ 4. Choose m > 0 such that 7 = 0 on
i*F. Suppose now that u is a 7-invariant of . Then, upon repeatedly applying
7™, we find that u lies in Z9"F for all n > 0. But the intersection of these
sheaves is clearly zero, and hence u = 0, as asserted. m

The affinoids 4, and H; can be described as suitable affinoids of the Q,,6 C
Qx, namely those above the edge e, respectively vertex v of 7, . To make the
notation less confusing, we write 4} for the affinoid in Qx corresponding to a
simplex ¢t € T, and we use the isomorphisms i, = 4} for t € Ry U Ry to
describe the non-cuspidal affinoids of the cover . Furthermore, for iy < 4 ,
we identify the intersection t;, N4;, with the corresponding affinoid subdomain
of Ui C Q, which we call Ll ; .
Thus given a j-cochain ¢;, we can define a value for each translate V[ ;.
as ycj (Ui, M. .. 4U;; ). This can be used to explicitly describe the restriction maps
needed for the Cech cover {x in terms of the combinatorics and restriction maps
on Q. Let us look at the restriction maps that occur in the first differential of
the Cech complex. Assume that we have v = i < € = 4’ for some vertex v which
is ‘adjacent’ to an edge e, i.e., so that we have t(e) = v.v. and v, = v. Consider

the diagram

Uz >ili N Uy :ue( Uy

- -

UL <L N W, Nk, —— 4l

IR
IR

1R

(e) Ve

On Qi the restriction map from an affinoid to an affinoid subdomain for the
module ~ .
(Sym™ (Fa, ) 577%)7 2 Sym” (Homa(Ag, )

is simply the identity. Furthermore the transition from Uz N6 ) to &z NLL
is given by multiplication with .. Thus the horizontal maps on the bottom
are well understood. The vertical arrows and the down-left arrow are used to
identify the sections on iz, 4, and 4. Based on this, we leave it to the reader
to verify the following simple fact:
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Say ¢; are i-cochain for i = 0,1 such that ¢; is the boundary of ¢g. Then for
e € R ,, which say corresponds to i < i’ = €, we have

_ co(Uz) if ¢ is a cusp,
a(tle) = { co(Ue) — veco(Ll,,) otherwise. (48)
Thus we obtained the following commutative diagram for the 7-invariants of

the Cech cohomology for the sheaf j;c!(f,(g)’g“'rig) and the cover Hy:

co (QK7jKI£§C71),©A—rig)T Cl(ﬂ}C, j}C!zgcn),QA—rig)T

|- |2

®V <®U€Ro Mx‘/ b 69UER1 Mxv ®E€R(1) Mx")’

where the boundary map at the bottom is described by (48).

Comparing this with the description of Homgr, (k) (Cﬂ,ct’., M) and using The-
orem 8.50 for the comparison of algebraic crystals and ®4-crystals, we have
shown the following proposition:

Proposition 10.5 There is an isomorphism of complexes
—st = o/ . n),Da-rig\r
Homgr, k) (Cx,., M) — C (S, jror F 0 2arie)T,
By invoking Lemma 5.47, the only non-vanishing cohomology of the complex
on the left is (C;’Q‘Lt (K, A)) in degree one. Because any representing 7-sheaf of

jIC!£,(él)) can be twisted arbitrarily often with the ideal sheaf of the cusps, one
has HO (U, jx1F ;Cn)) = 0. Hence the right hand side in the above proposition
has its only non-vanishing cohomology in degree one. As taking 7-invariants is
left exact, this cohomology injects into Hl(ﬂ;g,j;g!f,(g)’@“'rig)T. Theorem 8.50
implies that the latter is isomorphic to

(Hl (ﬁ’C7Koo ’ le!fi(gn)’@A_rig) )
and hence we have shown:

Corollary 10.6 The above isomorphism of complexes induces an injective map

of A-modules
(C5ic.4)) — (s22s(0))

Definition 10.7 The map in the previous corollary is called the Eichler-Shimura
map for Drinfeld modular forms of level IC and weight n.

10.2 Torsion points

It remains to show that the Eichler-Shimura map is an isomorphism. The
essential tool will be an analysis of the torsion points of px and a result of
Pink, [40]. N

We first start with a lemma on S,,(K).

Lemma 10.8 The crystal S,,(K) is representable by a T-module (N, ) on Koo
over A such that N is finitely generated and projective over Ko, Qi A, say of
rank v € Ny, and such that one has a short exact sequence

0— K., @k, N N—C—0, (49)

for some T-module (C,7¢) such that C is finite over K.
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PROOF: By its definition and Theorem 7.13 (d), the crystal S, (K) is of pullback
type. Thus we can represent it by a 7-module (N’,7'), where N’ =2 K, ®; A" .
We consider the sequence of K., ® A-linear maps

’

0—C — Ky’ @ N 5N — " —0.

If 7/ is not injective, then the image of 7' is of smaller rank as N’. Since
(Im 7/ ,7'" m ) is nil-isomorphic to (N’,7’), an inductive argument yields the
desired (N,7n). n

Lemma 10.9 Let n be an ideal of A and Dy the coordinate ring of 4. Then
Da/nDy =2 Koo @4 A/n.

The proof is easily reduced to the case A = k[T]. In this situation, the important
observation is that points of Speck[t] ~ {0} lie on the rim of the unit disc
Spm Koo {((T')). Details are left to the reader.

The following simple lemma bounds the rank of the 7-invariants in terms of
the rank of the underlying module.

Lemma 10.10 Suppose (N, 1) is a locally free T-module on K, over A of rank
r. Then for each proper non-zero ideal n of A, the A/n-module (N Qx_ga
(K38 @ A/n))7 is free of some rank ry < 1, and ((N,7)®A™8)T is a projective
A-module of rank at most min, r,.

PROOF: Fix an ideal n as above. By Lang’s theorem, cf. [1], proof of Lem. 1.8.2,
it easily follows that (N ®g_ga (K48 ® A/n))7 is free over A/n of some rank
rn < r. By the above lemma, Dg/nDy = Ko, ® A/n, and furthermore

(N,7)°4M8 @ Dy /nDy =2 (N, 7) @4 A/n.

Since N®47& is A-torsion free, the set of its 7-invariants is A-torsion free.
Assume that its rank was greater than r. Then the set of 7-invariants of N ® 4
A/n would contain an A/n-module of rank at least 4+ 1. This contradicts the
bound r, <7r. n

Proposition 10.11 Let N be the 7-module (N, 7n) of Lemma 10.8. Then for
each p € Max(A), the induced morphism 7 on N @4 A/p is an isomorphism and
furthermore NP4 s yniformizable.

PROOF: Let 7 denote the rank of N. By Lemma 10.10 we know that (N®4i)7
is a projective A-module of rank r’ < r. It contains the submodule C5*(IC, A)
whose rank we denote by r”’. We claim that v = r.

To prove the claim, we fix any proper non-zero ideal n of A and consider
the étale sheaf F := by ((j;fgcn_z)) ® A/n)¢. By Corollary 7.20, this is simply
the sheaf of A/n-torsion points of i, raised to the (n — 2)-th symmetric power
and extended by zero at the cusps. Because K is of generic characteristic, the
sheaf of n-torsion points corresponds to a Galois cover of ﬁ,c’ Ko

By the previous lemma, (S, (K) ® A/n)e has global sections on K% with
rank at most . By Theorem 7.18, which described the functorialities of F —
Fet, we have

(Sn(K) ® A/n)ec(Spec K3#) 2= He (M jeus, F).
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We claim that H{ (M, ,F) is free over A/n of rank r”, independently of
n. Let us see how this second claim implies the first one. The sequence (49)
shows that for almost all maximal ideals p, the map 7 on N ®4 A/p is an
isomorphism. Hence for n = p it follows that r = r”, as asserted and we have
shown uniformizability. But the second claim together with r = r”’ also implies
our second assertion, and so to complete the proof of the proposition, it remains
to prove the second claim.

For this, we quote the following result from Pink, [40], Thm. 0.2, Def. 5.3,
Prop. 5.6 (a).

Theorem 10.12 Suppose X is an irreducible smooth projective curve over an
algebraically closed field of characteristic p. Let G be a constructible étale sheaf
of k-vector spaces on X. Let x(X,G) denote the Euler-Poincaré characteristic
of G. Assume that there exists an irreducible finite Galois cover m: Y — X such
that

(a) the generic monodromy of ©*G is a p-group,
(b) Y is ordinary,
(¢) all local ramification groups at x € X of the generic fiber G,, are p-groups.

Assume further that there is a dense open immersion j: U — X, such that j*G
is lisse and G =2 jij*G. Let h(X) = card(X \U). Then

A(X,6) = (1 - g(X) — h(X))dimG,.

As explained in [40], p. 3, the schemes X := ﬁ,c ois are ordinary for any
admissible K. Furthermore if K’ <K are admissible, then the induced morphism

7TIC,IC’ : ﬁl@ Kle — ﬁlc Kalg

is a Galois cover with Galois group IC/K’. In particular, the latter is satisfied
for the normal subgroup K(n) N K of K for any level n-structure. Moreover the
ramification of mx x/ occurs only at the cusps and is a finite p-group. Further-
more, for F as above, the generic monodromy of Wrz,ic(n)mcF is trivial. Hence we
find that

(X F) = (1 - g(X) — h(X)) dimF,,

with X =01, e, and where 2(X) is the number of cusps of X and dimF, =
(n — 1) dimy A/n. Because HY, (X, F) = 0, we have shown that

dimg Hi (X,F) = (n — 1)(g(X) + h(X) — 1) dimy, A/n.

By Proposition 5.4 and the comparison isomorphisms in Section 5, we also
have
rank 4 CSY(KC, A) = (n — 1)(g(X) + h(X) — 1)

for the projective A-module CS¢(K, A). Therefore the k-dimension of the mod-
ule CSY(KC, A) ®4 A/n is given by (n — 1)(g(X) + h(X) — 1) dimy A/n. As in
the proof of Lemma 10.10, the module C5*(K, A) ®4 A/n is a submodule of
H, (M ., F), which in turn is a submodule of H{ (X, F). Hence by counting
dimensions, all these modules must agree, and in particular the second claim is
shown. n
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As a corollary to the above proposition, we obtain the following;:

Corollary 10.13 The crystals b}(m§n(lC) on Spec K, are uniformizable in the
sense of Definition 9.17.

For the proof of Theorem 10.3, we need the following lemma:

Lemma 10.14 For F € (EE)JhT(%, Da) we consider the morphism
FT @4 (A/nA) = (F @o, Da/nDa)",
where n #£ 0 is an ideal of A. The following assertions hold:
(i) If F is flat over A. Then « is a monomorphism.
(ii) If F = i%,i)m then « is an isomorphism.

(iii) If X is connected and there is a point x € X such that the fiber of F at x
is milpotent, then the domain and range of a are both zero.

PROOF: For part (i), we may assume that n is principal, say generated by (a).
Let us first show that ~ ~ ~
F ' NI(X,aF) =a(F)".

The inclusion D is obvious, and to show C, we let f be an element of the left
hand side. This means that there exists g € ['(%, F) such that ag = f and that
f™ = f. But then a(g — ¢") = 0 and hence g = ¢” because F is A-torsion free.
This shows that f = ag lies in the right hand side. By what we have just shown,
it follows that (aF)” = a(F)7. The assertion in (i) now follows by applying the
Snake lemma to

£ ®®A QA/G/QA > ()

£®©A Da/aDy —=0.

Part (ii) is a simple explicit computation and left to the reader. In part (iii),
the domain of « is zero by Lemma 10.4. To show that the range is zero as well,
one needs to prove an obvious modification of Lemma 10.4. Details are left to
the reader. m

PRrROOF of Theorem 10.3: Let n be a non-zero ideal of A. We use the following
abbreviations: M = Ci(ﬂ;c,j;cg£§€)’9“'“g), ;’/n = M? ®p, Da/nDy and
H:= Hl(ﬁ,QK(>c , b*ijKgﬂgg)). Consider the following diagram:

0——> (MO)T ®a A/n - (MI)T ®4 A/n - (ﬂ@A—rig)r - A/n

e

00— (Mon)T (M}n)T (ﬂ Ko, DA/n@A) ,

where by the previous lemma, the left and middle vertical maps are isomor-
phisms and the right vertical map is a monomorphism.
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In the previous proof, we had shown that (K ®p, Da/nD4)7 is a free A/n-
module of the same rank as CS*(K, A)*. Because the latter module is flat over
A, the short exact sequence

—st — —st — %
0 — Homgr,(x)(Cx o, M) — Homgr, (x)(Cxc 1, M) — CSY (K, A)* — 0.

remains exact after tensoring with A/n over A. Let us denote this latter sequence
temporarily by (). Then the left and middle terms in (x) are isomorphic to
the left and middle terms of the left exact sequences displayed in the diagram
above. Therefore counting dimensions over k, it follows that the second row in
the above diagram is short exact. But then clearly the first row must be short
exact as well, and this for all non-zero ideals n of A. This implies that

0 — (M®)7 — (MY)7 — (H @y o, jraF 22y g

is exact, and hence the monomorphism in Corollary 10.6 is an isomorphism. n

Remark 10.15 Recall that s,,(K) is the dimension of S,,(K). The above proof
shows ((bj;_Sn(K))®A/n)e is locally free over A/n of rank s, (K), and further-

more that any locally free 7-sheaf which represents (b3S, (K)) and on which 7
is injective, is of rank s, (K), too.
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11 Maximal extensions

In this section we will develop a notion necessary to formulate, in the following
section, an Eichler-Shimura isomorphism for double cusp forms, namely the
notion of mazimal extension of a coherent 7T-sheaf, respectively crystal.

Let j: U — X be an open immersion. The idea is that a crystal F on U has
two natural extensions to X. One extension is jiF, which is in an obvious sense
the smallest one. The other is the direct limit jxF of all coherent 7-subsheaves
of j.JF, where we represent F by a 7-sheaf. The latter is called the maximal
extension provided it is coherent. The functors j; and j4 have properties similar
to the corresponding functors j, and j. in étale cohomology.

Building on work of Gardeyn, [13], Ch. 1, in Subsection 11.1 we introduce the
main concepts and prove some basic results. In particular, we give a criterion
for j4F to be coherent. In Subsection 11.2, we will study the maximal extension

of the universal 7-sheaf F ;C") under the open immersion jx: My — ﬁ,c. This

yields the T-sheaf jxuF ;C") which, considered as a crystal, contains jx1F ,(Cn). The
discrepancy will turn out to be the essentially the unit crystal supported on the
cusps. Again, some of the basic results we need are due to Gardeyn, [13], Ch. 1
and 6.

Subsection 11.3 compares jx for the étale and crystalline sites. In Sub-
section 11.4 we briefly discuss maximal extensions for rigid analytic 7-sheaves.
This is applied in the last subsection to compute the 7-invariants of the maximal
extension of Sym” F(K) near the cusps.

11.1 Maximal extensions of T-sheaves and crystals

Let us fix throughout this subsection an open immersion j: U — X, a closed
complement i: Z — U in the Zariski closure U C X of U and a coherent 7-sheaf
(respectively crystal) F on U. Motivated by some work of Gardeyn, [13], Ch. 1,
we will introduce the notion of a maximal extension of F. Moreover we provide
some results on the existence of maximal extensions that will be needed in the
subsequent sections.

The definition of a maximal extension, given below, generalizes [13], Def. 1.12,
and is modeled after the Néron mapping property.

Definition 11.1 Any G € Coh.(X,A) with j*G = F is called an extension
of F.

We define juF C j.F € QCoh_(X,A) as the union of all extensions G of
F, or equivalently as the union of all coherent T-subsheaves of j.G.

If juF is coherent, it is called the maximal extension of F with respect to j.

If a maximal extension exists, it is unique up to unique isomorphism.

Remark 11.2 For F = (F,0), one has jxF = (j.F,0) and thus in general
j#F is not coherent. Note also that for codimx Z = 1, the functor F +— juF is
not exact.

The following gives an intrinsic characterization of juF:

Proposition 11.3 A coherent 7-sheaf G on X is a mazximal extension of F if
and only if for all H € Coh, (X, A), the canonical map

Homgon, (x,4)(H,G) — Homcon, v,4) (1" H, F)

18 an isomorphism.
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PRrOOF: It clearly suffices to show that juF is characterized by the properties
that a) for all H € Coh,(X, A) the canonical map

Homqcon, (x,4)(H, jzF) — Homcon, v,4)(i"H, F)

is an isomorphism and b) jxF is an inductive limit of coherent 7-sheaves.

By its very definition j4F satisfies b). For a), observe that the isomorphism
holds for j.F in place of j4F. Because all the H are coherent, and hence so is
their image in j.F, the isomorphism holds for j,F as well. It remains to show
that juF is determined by a) and b) up to unique isomorphism.

Let G’ be another quasi-coherent 7-sheaf which satisfies a) and b). Without
loss of generality we assume G’ = lim G; where the G; are coherent subsheaves
of G’. By a) for G’ and for j4F, we have for any G, an isomorphism

Homqcon, (x,4)(Gi, j#F) = Homgon, (x,4)(Gi, ') (50)

Let ¢; : G; — juF be the homomorphism that corresponds to the canonical
inclusion i;: G; — G'. It is easy to see that the ¢; form an inductive system,
and hence there is an induced homomorphism ¢ : G’ — juF. Let G, be the
kernel of ¢; and i}: G, — G the corresponding monomorphism. Then it follows
from the isomorphism in (50) for G instead of G; that i, must be zero. This
shows that ¢ is a monomorphism.

Reversing the roles of G’ and jxF, one obtains conversely a monomorphism
¢+ G — juF. By considering coherent subobjects of G’ and jxF, it is not
hard to see, that the composites ¢’ and ¢’ are the identity. This proves the
assertion. m

Definition 11.4 A crystal G € Crys(X, A) is called an extension of F if j*G =
F. It is called a maximal extension if in addition for all H € Crys(X, A), the
canonical map

HomCrys(X,A) (Ev Q) - HomCrys(U,A) (]*ﬂ) f)
is an tsomorphism.
Note that in the category of crystals there always exists a unique minimal ex-

tension of F, namely ji.F.

Proposition 11.5 Assume that G € Coh, (X, A) is a mazimal extension of
F. Then the crystal represented by G is a mazimal extension of the crystal
represented by F.

ProOF: Given ¢: j*H > F, we need to construct an extension ¢: H -+ G
and show that it is unique in the category of crystals. So let ¢ be given. Then
for some n € N, there exists a diagram of 7-sheaves

FH = (0% x 1d)*H) 2 (o x id)*(j*H) 25 F

which represents ¢. By the maximality of G as a 7-sheaf there exists a unique
map of 7-sheaves @,,: (6% X id)*H — G which extends ¢,,. Hence the induced
diagram

H &= (0% x id)"H =% G

defines an extension of .
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Because Hom(H, G) is a group under addition, for the uniqueness it suffices
to show that any extension ¢ of ¢ = 0 is the zero morphism. Let ¢ be such an
extension. Then for some m € N there exists a diagram in Coh. (X, A)

H <= (o} xid)"H 2 g

which represents ¢. Furthermore, if we define for all n > m the map ¢, :=
Pm 0 (™™ x id)*7™ ™™ then the diagram

H <= (0% xid)'H 25 G
also represents @. Defining ¢, := j*@,: (o x id)*j*H — F, the diagram
JH = (o xd) T S F

clearly represents . Thus for n > 0 the map ¢,, must be zero. Because G is
maximal, the extension ¢,, is unique and hence it must be zero as well, and the
assertion follows. m

Remark 11.6 We do not know whether any crystal posseses a maximal ex-
tension. For instance the example F = (F,0) of Remark 11.2, considered as a
crystal, has zero as its maximal extension.

Next we give some examples of maximal extensions:

Proposition 11.7 Suppose X is normal, codimxZ > 2 and F is locally free.
Then j.JF is coherent, so that j4F = j.JF is the mazimal extension of F to X.

The coherence of j,F is a well-known result. Alternatively, it follows from
Lemma 11.13 which we prove below.
For some further examples, we introduce the following notion from [13], §1.2:

Definition 11.8 A 7-sheaf G on X is said to have good reduction on Z if the
map
Tirg: (0 xid)*i"G — "G
18 1njective.
A locally free extension G of F € Coh, (U, A) is called good if T is injective

and G has good reduction on Z. (In particular, good extensions can only exist
if F is locally free.)

Proposition 11.9 If X is normal, then any good extension is mazximal.

The proof will be given after the proof of Theorem 11.15. As a consequence, if
G is a 7-sheaf attached to a family of A-motives on X and U is a dense open
subset of X, then G is the maximal extension of the restriction j*G. For later
use, we state the following immediate corollary.

Corollary 11.10 Suppose X is normal and U = X. Then J#lya=1x 4. In
particular, iof 7 F D 1y; 4, then with respect to this inclusion, one has

FNjly 4 Clhy 4.

For the remainder of this subsection, we will give sufficient conditions for
the existence of maximal extensions of coherent 7-sheaves. The proofs of the
following two results are elementary and left to the reader.
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Lemma 11.11 Suppose j': V — X is an open immersion. Consider the pull-
back diagram

X

wf

V.

Then (j')*juF = j'# (4")*E. Thus if F has a mazimal extension, then so does
(4")*F and it is given by (j')*juF.

J
U———
=
J

uvnv —
J

Proposition 11.12 Let {U;} be an open cover of X. Suppose G is an extension
of F such that each Gy, is a mazimal extension of Fiy,nu- Then G is a maximal
extension of F.

The following lemma is useful to prove that j. preserves coherence in certain
important cases.

Lemma 11.13 Let W be a normal scheme. Let j;: V; < W be open subschemes
such that V := UV, is dense in W. Let x1,...,x, be those generic points of
W NV which are of codimension 1. Let F be a quasi-coherent torsion free
sheaf on W such that all the sheaves Fy, and all the sheaves F @o,, Ow,s; are
coherent. Then F is coherent.

PRrROOF: As coherence is a local property, we may assume that W = Spec R is
affine, where R is some normal domain, and that W contains at most one of
the x;, which we denote by p € Spec R. Refining the V;, we may assume that
they are all of the form Spec Ry, for suitable elements f; of R. Let F' denote
the fraction field of R, and M the torsion free module corresponding to F — to
be torsion free simply means that M — M ®pg F' := Mp is a monomorphism.

Our assumptions imply that M is a finite F' vector space, say of dimension
n. We choose a basis e1,...,e, of Mg over F. Choose f;, f, € R such that
fier € M; := My, for all i and f,e; € M, for all I. Let f := f,[[f;. Then
R}, C M, for all i and fRy C M,. Because (M;)r = Mp = (M), one can
also find g € R such that (f/g)R}, D M; and (f/g)Ry O M,. But then

M c Myn(\M; C (f/9)(REN(\R}) € (f/9)( Ry = (f/9)R"
q

where [ a R, is indexed by all primes q of height one and the right most equality
uses that for a normal domain R one has (), Rq = R, cf. [45], Thm. 38. u

Corollary 11.14 Let F € Coh,(U, A) be torsion free and assume that X is
normal. Let z1,...,z. denote those generic points of Z which are of height 1 in
X. For eachl € {1,...,r} consider the pullback diagram

U d X

f[T sz

Spec Ox ., ~ {21} — Spec Ox 2, -
1

Let F; denote the pullback of F to SpecOx, ~ {z}. If each of the F; has a

mazimal extension to Spec Ox ., then F has a mazimal extension to X.
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ProoFr: We have to show that juF is coherent. Clearly juF C j.F is zero
outside U, and so we may assume that X = U. Denote by JjuF the sheaf
underlying jxF. By Lemma 11.11 and a limit argument, we have that f;"jF =
JixFy. Since jixF; is coherent, the sheaves f; jxF are coherent. For a normal
k-scheme X, the scheme X x Spec A is normal as well, because k — A is smooth,
cf. [45], Corollary 21.E. The previous lemma now yields that jxF is coherent,
and thus the proof is complete. n

Building on results of Gardeyn, we can now prove the following:

Theorem 11.15 Suppose X is a normal scheme and F a torsion free T-sheaf
on U such that the morphism (oy x id)*F ~Zs F is injective. Then JjuF is
coherent, i.e., F has a mazimal extension to X. Furthermore, if X is a curve
and F is locally free, then juF is locally free of the same rank.

For the convenience of the reader, and because we make repeatedly use of them,
we recall some results from [34] and [13]. The following lemma is a simple
adaption of [34], Prop. 6.

Lemma 11.16 Let R be a noetherian integral domain and m an element of R
such that the ideal p = wR is a smooth height one prime ideal of R, i.e., such
that the localization Ry, is a discrete valuation ring. Let F' be the fraction field
of R and R, := R[1/7]. Then there exists a bijection between

(i) finitely generated torsion free R-modules M such that M /M is torsion
free as well and

(ii) diagrams

M
M, i
PHMF;

where My, Mp and M, are finitely generated modules over R., F and
Ry, respectively,
Mp 2 M; @gr, FF = M, Qg, I

and the maps o and 3 are the maps that arise from the above isomorphisms
by composition with the canonical morphisms My — M Qg F and M, —
M, ®g, F, respectively.

The bijection is the obvious one, given by mapping M to the diagram

M ®r R,

|

M@r Ry — > Mg F.

The inverse is obtained by mapping a diagram to Im(a) NIm B C Mg, which
turns out to be a finitely generated torsion free R-module which remains torsion
free after tensoring with R/(m) over R.

Based on this, the following is shown in [13], Prop. 1.13 ii):

Proposition 11.17 Suppose j: U = SpecK — X = SpecV is corresponds to
the generalization map V — K of the discrete valuation ring V. Suppose T is
injective. Then juF is coherent. Furthermore, if F is locally free, then juF is
locally free of the same rank.
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For the proof, one applies the above lemma to R :=V ® A and 7 a uniformizer
of V. One is given F on Spec R, and hence on Spec F', F = Frac(R), and one
needs to perform a calculation on the discrete valuation ring R, C F. Now
any finitely generated F' vector Mp spaces arises from an R,-module M, by
base change. Furthermore a morphism (o x id)*Mprp — Mp clearly arises from
a morphism

(7" (o xid)* M, = (o x id)* (7" M,) — (7" M,)

for n sufficiently large. Thus by the lemma one can find an extension. The
union of any two extensions is again an extension. By an inductive argument,
one can find an extension M for which the cokernel of 7 has minimal length
over R,. This extension will be the maximal one.

PROOF of Theorem 11.15: Let zq,..., 2, denote the codimension one points in
Z. Let Fi, j; be defined as in the previous corollary. By the above corollary, it
suffices to show that for each [ the 7-sheaf ji»F; is coherent. This follows from
the previous proposition. m

PROOF of Proposition 11.9: As in the previous proof it suffices to prove the
proposition in the case where X = Spec R, where R is a discrete valuation
ring with fraction field F, and where U = Spec F. This is treated in [13],
Prop. 1.131). =m

Assume that U is dense in X and that jxF is coherent. We then have the
short exact sequence

0 — HF — jpF — ixi"juF — 0 (51)

in Crys(X, A). The sheafi*j4F is computable in Coh. (X, A) and the following
proposition is a useful tool for its computation.

Proposition 11.18 Suppose X is reqular and F is torsion free. Define f :
X7 — X to be the completion of the scheme X along Z and consider the pair
of pullback diagrams

U ! X : Z

fﬁ fT

Xz\Z N XZ - Z.
i 7

Define z = f""F. Then f*juF = j#z and in particular i* juJF = i*j#z

PROOF: By the above proposition, we may assume that X = Spec R is affine
and Z is irreducible, so that Z is the closure of a single prime p € Spec R. If
codimyx Z > 2, then jy = j, and similarly j'# = 7., and so the assertion follows
from well-known results in ring theory. Therefore we assume that p has height
1. Denote by R the completion ofAR at p C R. R
Clearly one has f*juF C i#f . To prove the opposite inclusion, let G be
a coherent T-subsheaf of j#z which contains f*jxF. Using the normality of
X, ® A as in the proof of Lemma 11.13, one can find an element 0 # g € p
such that ¢G6 C f*jxF. (This is a based on a simple argument where one
compares finitely generated modules for the discrete valuation rings (R® A)yga
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and (R ® A)pwa, which are the obvious localizations of the rings R ® A and
R ® A.) This implies that f,G N j,F j= (1/9)juF is coherent. Hence we have
f*g N j«F C juF, and thus also f*j#]:ﬂj*]: CjuF.

It easily follows that the localization of (j4F) ®r R at p agrees with that of
5#./7} at p, because (ﬁ@A)pQ@ 4 is a discrete valuation ring. Since all other height
one primes q of SpecR ® A are in f'~'(U x Spec A), it follows that f* (j#F)

agrees with j#]: at any height one prime of X x Spec A. Both sheaves are
torsion free and by normality of R ® A, they must agree. m

11.2 The maximal extension of Fi

Recall that ji: M — ﬁ,c denotes the inclusion of the moduli scheme M into
the compactification ﬁ,c constructed by Drinfeld. The 7-sheaves £,(g) satisfy
the hypothesis of Theorem 11.15. Therefore jxxF ,(Cn) is a coherent 7-sheaf on
M. _ _
Let ik : M — M, denote the closed immersion of the cusps into M,
which was constructed in Section 2. The central result on jruF %) is the fol-
lowing theorem whose proof will occupy the remainder of this subsection.

Theorem 11.19 For each connected component c of ML, there exists a unique
A-module P, of rank one such that there is a nil-isomorphism

GBLA,A ®a P — icicpFr, (52)

where the summation is over all components c. If one defines

F = @L,A ®a PE,

where the summation is again over all components c of MM, then for alln € Ny
there is a nil-isomorphism

EQ — iicp )

induced from (52) by taking symmetric powers. In particular, in Crys(9M,., A)
one has the induced short exact sequence

0— joF — epF) — i (D Lea@a PP — 0. (53)

Let us observe that for the proof of the theorem, we may apply lilioposi—
tion 11.18. Thus it suffices to consider the local situation i} : M — M. In
the discussion leading to Proposition 2.14, we obtained an explicit description
for the spaces involved, and an analytlc description of the universal Drinfeld
module on the generic fiber E)JT;C of zm,c The corresponding open immersion is
denoted by j.

We first consider this situation in the case £ = K(n), where n is a fixed
proper non-zero principal ideal of A. The general situation is discussed toward
the end of this subsection. By Lemma 2.11, the scheme §J\T,< of infinitesimal
neighborhoods of the cusps is a disjoint union of the corresponding schemes at
the individual cusps. Therefore it suffices to consider the following situation
described in Subsection 2.2:

We denote by R, the coordinate ring of the affine scheme 9} and by Q,
its fraction field. R, is a regular ring of dimension one and of finite type
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over k. If den/o\tes an indeterminate, ihen we had obtained identifications
ML = Spec Ry, My = Spec Ry[[7]] and M, = Spec Ry (()) in such a way that
i), when restricted to an individual cusp, corresponds to the canonical map
Ru[[r]] — Ru and ji to inverting 7 in Ry[[n]]. Let v, denote the valuation
on Qu((m)) with vy(7) = 1. For p € Max Ry, define k, as R,/p and v, as the
valuation on ky((7)) such that vy(m) = 1.

Our main tool to establish the above theorem is to pass from algebraic 7-
sheaves F to A-analytic 7-sheaves F42", If X = SpecV where V is a discrete
valuation ring, this procedure was considered in [13], Ch. 1. Because the base
X is not rigid analytic, we chose the term A-analytic instead of ®4-rigid. Our
aim is to make a clear distinction between the analytic considerations in this
subsection and in Section 8.

One can define in both, algebraic and A-analytic contexts a notion of max-
imal extension and the respective reductions to the special fibers agree. The
advantage of the analytic set-up is that the maximal extension of F4-2" does
contain a subsheaf ‘of good reduction’, i.e., the ‘good part’ of the special fiber
is visible over the generic fiber. In the situation at hand, this subsheaf will be
the unit T-sheaf 1‘94}{%117 A

From now on, we fix a finite flat map k[T] — A and a k[T] basis aq,...,aq
of A. We define (Ru[[n]] ® A)** C (Ra[[7]] @ A)Qpik[[T]] as

oo d 1
{ Z Zrn,i ®a;T" 1 1y i € Rul[n]], ﬁvn(rm) — oo for n — oo}.

n=0 i=1

This is clearly a ring under the obvious operations. It is independent of the
chosen map k[T] — A. Its reduction modulo 7 is isomorphic to R, ® A. Fur-
thermore it is a subring of the ring (R, ® A)[[7]] in an obvious way. One defines
the ring (R ((7m)) ® A)A0 := (R, [[7]] ® A)A22[1/7]. Similar rings are also de-
fined for Q, and k,, p € MaxR,, instead of R,. All these rings are noetherian.

The following diagram exhibits the natural maps arising from specialization
and generalization of schemes:

(Qu((m)) ® A)A* <= (Ra((m)) ® A)H2" ——= (ky((m)) @ A)2n

| | l

(Qul[r]] @ A)4" <—— (Ru[[7]] ® A)*" —— (ky[[7]] ® A)*="

i :

@A~ IR A—— >k @ A.

In the remainder of this subsection R will always denote one of the rings
{On, R, ky : p € Max R, } and R one of the rings R[[n]], R((7)). The map o xid
on R ® A has an obvious extension to (R ® A)4-*" which we again denote by
o xid. For a finitely generated 7-module (M, 7) on R® A, one defines (M, 7)4-2»
as (M, T) @rea (R®A)A2". The generalization map Spec R((7)) — Spec R][[r]]
is denoted jr and the specialization map Spec R — Spec R[[n]] by ig.

An A-analytic T-sheaf F = (.7-:7 7) on Spec R consists of a coherent sheaf F
on Spec(R®A)A2" together with a morphism (o xid)*F —— F. One defines the
notion of extension and mazimal extension for the morphism jr. If a maximal
extension of F on Spec R((r)) to Spec R[[x]] exists, it is denoted F™ax,

A locally free analytic 7-sheaf F on Spec R|[[x]] with injective 7 is said to
have good reduction if the map 7 on the locally free T-sheaf z}}f on Spec R over
A is injective. Note that if R is a field, then any locally free 7-sheaf F on
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Spec R® A contains a locally free 7-subsheaf G such that G — F is an injective
nil-isomorphism and 7g is a monomorphism.

The following result is due to Gardeyn, [13], Ch. 1. Parts a) and c) are
based on an A-analytic analogue of Lemma 11.16 and on a comparison of the
two versions of this lemma.

Proposition 11.20 Let F be an A-analytic torsion free T-sheaf on Spec R(()).
a) Assume that Tz 18 a monomorphism and that F has an extension g to
Spec R[[x]]. Then F has a torsion free mazimal extension, denoted F™. Its
reduction 1t} (fmax) is torsion free as well. If R is a field and g is locally free,
then F™2= is locally free.
b) Suppose R is a finite field and Q is a mazximal locally free extension of
f. Then there exist

(i) a finite set of points S of Spec R® A,

(ii) a locally free analytic T-subsheaf G' of G on the formal scheme X =
Spm(R[[r]] ® A)A2n S

such that g’ has good reduction and the induced map zRg’ — zRg s an injective
nil-isomorphism on Spec(R® A) \. S.

¢) Suppose that F = FA2 for some torsion free, coherent 7- sheaf on
Spec R((m)) such that 5 is a monomorphism. Then jruF is coherent, F™a*
exists, and there is a canonical isomorphism (jpyF) "
one has i (jraF) = i%H(F™) on R® A.

— £max. In particular

Note that unlike in the algebraic situation, part a) needs the existence of an
extension of F to R[[r]].

PROOF: In the case where R is a field, the results as stated are from [13],
Prop. 1.15 ii), iii), Thm. 1.21. The case where R = R, can be obtained along
the same lines as the results quoted, and we leave it to the reader to fill in the
details. An important step in the proof is to generalize [13], Lem. 1.3, to the
case where the base has dimension 2. This step is based on Lemma 11.16. =

In analogy to Corollary 11.10, one has the following result. The proof is
similar, again based on [13], Ch. 1, and thus omitted.

Pr0p051t10n 11.21 Suppose R = Ru|[[n]] and S € {Rn((7)), Qul[7]], Qn((7))}.
Then ]ISpec’R 4 s the mazimal extension of ]ISpeCS 4 to SpecR. In particular if
F is an A-analytic T-sheaf on Spec R such that ]]'SpeCS 4 is contained in FOr S,
then

1@;4;;3?3,,4 NEcC 1§§2§R,A CE®rS.

We now come to the basic construction needed for the proof of Theorem 11.19.
For this recall that in Section 2, we had defined a universal rank 1 Drinfeld-
module ¢! on R,. Its pullback along the zero section of R,[[x]] — R, defines a
rank 1 Drinfeld module, which we denote by ¢, and the pullback of ¢ to Ry (())
is again denoted ¢. On R,((m)), we also had defined a rank 2 Drinfeld-module
¢’ with semi-stable reduction of rank 1, cf. Proposition 2.9. Furthermore, in
loc. cit. we had defined an exponential map

o0
ex: Ro((m)) = Ra((7)) : 2z — Z cnzd”
n=0
with ¢, € 7*»R,, where the e, are positive integers with logq €, — O0.
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Define My := (M, 72) as the 7-module on R,((7)) corresponding to ¢'.
Le. My = R((n)){7} where R,((m)) acts via left multiplication and a € A acts
via composition with ¢/, on the right. Furthermore, define M; := (My,71) as
the 7-module on R,((7)) corresponding to ¢. The modules My and M; are
projective over R,((7)) ® A of ranks 2 and 1, respectively. The module M,
is free over Ry ((7)) ® k[T] with basis m; = 1,mg = 7,...,maq = 72471 and
similarly M; is free with basis m} = 1,m} = 7,...,m}, = 7¢~1. With respect to
the latter basis, the map 7 on M; is given as 7 = (o xid) for some d x d-matrix

0 0 0 —’I“()/’I“d 0 0 1/Td

1 0 0 —r1/7q 0o ... 0 0
a= 0 1 0 —ro/Tq +T 0 0 0

0 0 ... 1 —rqq/rq 0 0 0

where the r; € R, and rq € R}, because ¢ arises via base change from gotlr

Lemma 11.22 There is a well-defined map of A-analytic T-sheaves
M:M§_an _)Mf—an

defined by mapping the basis element m;, 1 <1< 2d to

1
Z @ Naa@ ") < 0 >
0

n>0

with respect to the basis mf,...,m).

PRrOOF: Having the above explicit description of a and the condition log, e, —
00, it follows easily that the sums defining the images of the m,; are column
vectors of length d defined over (Ru[[7]] ® k[T])*7120. Thus p is well-defined.
It clearly gives rise to a map of A-analytic 7-sheaves on R((7)). =

We define Mg = Mé“‘an , Ml = M‘l‘“an and ﬂ = ker p.

Lemma 11.23 The map p is surjective and H a locally free A-analytic T-sheaf
on which T is an isomorphism.

PRrOOF: For each p € MaxR, there is a specialization map p, for the fiber
at p. By [13], Thm. 6.22, the resulting map g, is surjective and its kernel is
isomorphic to 1}3‘;?&))’ 41~ Since this holds for all p, the map y is surjective, H is
locally free of rank one over Spec(R((r)) ® A)A-*" and 7 is surjective. As any
surjective map of locally free sheaves of the same rank is an isomorphism, so is
Ty, and thus we have proved all assertions of the lemma. n

Lemma 11.24 The sheaf H is free over Spec(Ry((r)) @ k[T))F1T12" of rank d.

PRrOOF: As in the proof of [13], Thm. 6.22, one can construct a sequence of
k[T)-analytic T-sheaves G; on R(( )) with burjectlve morphism f; : Gii1— Gi,
i=1,...,d such that go M and gd =~ M and such that the gz correspond
to Drinfeld k[T]-modules of rank 2d—4 on R((7)). (The minimal basis needed in
loc. cit. can be obtained over Q, ((7)); the construction still works over R, (()).)
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As the QZ are attached to Drinfeld-modules, the underlying sheaves are free
modules over (Rq((7)) @ k[T])*T1=22 of rank 2d — i. Let H; denote the kernel
of p;. Taking the determinant in the short exact sequence

0—Hi — Gim1 +5 G —0

yields that H; is free over (R ((7)) @ k[T])*(T1=2" of rank one. Thus A has a
d-step filtration all of whose subquotients are free of rank one. It follows that
‘H itself is free of rank d. nm

Proposition 11.25 The sheaf H is isomorphic to (LSPQCR(M))A)A'“ ®a P
where P is a projective rank one module over A.

PRrROOF: We claim that over Spec(R((m)))[T])*71*" the sheaf H is isomorphic
0 ((Lgpec r((m)).F, [T])k[T]‘an)d. Assuming the claim for the moment, it follows
that the set of 7-invariants P := H" is a free k[T]-module of rank d. But it also
is a module over A, and hence it must be a projective rank one A-module. It
follows that P ®4 (Lg((xy), )22 — H is well-defined. Furthermore as a map of
k[T]-analytic T-sheaves it is an isomorphism and hence the proposition follows.

To prove the claim, let the modules H; be defined as in the previous proof.
We will first show that each H; is isomorphic to (lnn((ﬂ))}km)km-an_ By [13],
Thm. 6.22, we know that after base change to Spec(Qy((m))[T])*T1=2" the sheaf
H; becomes isomorphic to (lgn((ﬂ))yk[T])A'an. By Proposition 11.21, it follows
that H; must be a k[T]-analytic 7 subsheaf of (an((ﬁ))yk[T])A‘

Because H; is free, there exists f € (Rq((n))[T])*T1* such that H; =
f(LRn((ﬂ)),k[T])k[T]'an. Because 7 is surjective, f must satisfy the equation f =
uf@ for some unit u € (Ry((m))[T])*712". To analyze this equation we pass
to the ring (R,[T])((w)) which sits in the pullback diagram of rings

(Ra((m ))%T]) Tran (R [T(]))((W)) (54)
(Qu((m) [T < (Qu[T])((m))-

An explicit calculation shows that over (Ry[T])((7)) we may write f =
upm™y for some unit u; of (Ry[T))[[r]], some n; € Z and some 0 # y €
k[T]. Because H; becomes isomorphic to (1o 0 ((m) JE[Tl-an gyer the ring

(m)),k[T]
(Qn ((m))[T])FT 120 one concludes that f~! lies in (Q
[ ]])d(L

)s

Qn ((m)[T])*T1-22 which im-
(7)) as well and the above
". Hence H; is isomorphic

plies y € k*. But then f~! is an element of (R
pullback shows that f is a unit in (R ((7))[T])*"
to (Lz“((ﬂ)),k[T])k[T]'a’ﬂ as asserted.

By the above we know that H can be written with respect to a suitable basis

1 z12 o3 Z1d
v 0 1 o3 T2d
H = ((Ra((m)[T]) )%, a(0 x id)),a = o

0 0 0 1

for certain x;; € (R ((m))[T])A-2.

Let us consider the special case d = 2. The general case will follow by
a straightforward induction procedure and its proof is left to the reader. We
claim that the set of 7-invariants over (R,[T])((7)) is the same as that over
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(Qn((m))[T])*[Tan  Tf this is shown, the set of 7-invariants of H is free over
k[T] of rank 2. Correspondingly one has a monomorphism

(A, ()2 = H,

and Proposition 11.21 shows that it must be an isomorphism.
To compute the T-invariants, we consider again the pullback diagram (54).

The equations for a T-invariant vector (a,b) € (Qn[T])((7))? are

a=a® 4+ 256D, p=p

with 212 € (Ra((7))[T])*2". This means that b € k[T] and that a satisfies an
equation
D —q=z

for some z € (Rn((7))[T])4*". We consider the last equation over the ring
(Ro[T])((w)). Thus writing a = Y apm and x = Y o " with
ap € Ou[T) and &, € Ry[T] we have

Z a;q%rq" — Z " = Z{,ﬂr".

Comparing coefficients of the 7™, one may break up the equation into an
equation for all n > 0, an equation for n = 0 and an equation for the finitely
many terms with n < 0, say ng is the smallest index of a non-zero «,,. Looking
at the terms with n > 0, it easily follows that for n > 0 all a, are in R,[T]. For
n = 0 one has the equation

n>-—oo

o~ ag =&
in Qu[T]. This leads to Artin-Schreier equations for all the coefficients of g
with respect to T" where the coefficients of &, are in R,,. So the coefficients of
ap are integral over R, and lie in Q,. Because R, is regular, hence normal, the
coeflicients must lie in Ry, and hence ag € Rq[T].

Finally, for n < 0 one first considers the equation for a,,,. It reads a%qo) =
&gno- As in the case n = 0, one uses the normality of R, and comparison of
coeflicients with respect to T to obtain «a,,, € Ry. Upwards induction starting
with ng now easily shows that all «,, must lie in R,. The pullback property of
diagram (54) shows that (a,b) € (Ry((m))[Z7])*)2n. This finishes the proof for
d=2. n

We have thus obtained the short exact sequence

Oeﬂgl%?&ﬂ))ﬁ ®AP—’M~2 —>M~1 — 0. (55)
on Spec(R((m))®A)42" for the A-analytic T-sheaf My attached to the universal
algebraic 7-sheaf F,, pulled back to the generic point Spec R, ((7)) of the formal
neighborhood of the cusps.

We fix n > 0 and introduce the following sheaves related to £,(1"_1) =
Sym™ ! Fy: Let QZ—, i =20,...,n be the canonical filtration ofgn := Sym" ! M.
Then for ¢ = 1,...,n the successive subquotients g,»/gi_l are isomorphic to
HPO-D © (M)®=). For p € Max(R,) let k, := Ry /p and let I, denote the
inertia subgroup of Gal(k,((7))*P/k,((r))). For an A-analytic 7-sheaf F on
Spec R, Ru((7)) or Ry[[x]], we denote by Fp its reduction under Ry — Ry /p.

Using the results in [13], for each p € SpecR,, the sheaves (G;5)™** are
well understood. They key assertion for the proof of Theorem 11.19 is that the
natural morphism (G"#); — (G, )™ is a nil-isomorphism, cf. Lemma 11.28.
We will prove this by induction on i. The proof uses that the subquotients
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gi / QH arise from a 7-sheaf on R,, with everywhere good reduction, by base
change to R, ((7)).

Using that gn arises from the algebraic 7-sheaf Sym"™ ™! My, one can easily
prove the following by some inductive arguments (for the last assertion one uses
that the action of I, on Ta;(Ms ) is unipotent and not potentially trivial):

Lemma 11.26 For each ¢, the quotient QZ-/QH is the A-analytic T-sheaf at-
tached to an algebraic T-sheaf on Spec Ry ((7)), which in turn arises by pullback
from an algebraic T-sheaf with everywhere good reduction defined on the scheme
Spec Ry. In particular, it admits a mazimal extension to Spec Ry[[n]]. Further-
more it is locally free.

The sheaves G; admit a mazimal extension to Spec Ry[[n]] as well.

For alll € Spec A, p € Max(Ry) and i € {1,...,n} the invariants under I,
of the Tate-modules Tay(Gi ) are one-dimensional.

We now set up the notation for a more involved induction. Suppose we are
given a short exact sequence of locally free A-analytic T-sheaves on Spec R, ((7))

O—>M~/—)M~—>M~”—>O (56)
such that

(a) M” is the A-analytic 7-sheaf attached to an algebraic 7-sheaf M" which
is obtained from a locally free algebraic 7-sheaf M{ on Spec R, with ev-
erywhere good reduction by pullback to Spec R, ((7)) along the canonical
map R — R(()).

(b) M has a maximal extension (to Spec Ry [[7]]).
(¢) Gy is contained in M’

(d) For all [ € Spec A and p € Max(Spec R,), the invariants under I, of the
Tate-modules Ta;(Mj) are one-dimensional.

Using (a) and (b) yields the diagram

0 M,max

M max

where Q is defined as the cokernel of the map M’ e, Mmax. Because of
the maximality of M’ max, the right vertical map is an injection. Regarded
as modules over (R,[[r]] ® A)4-*" there are canonical monomorphisms from
the objects of diagram (57) to those of diagram (56). We reduce the resulting
diagram at p and insert a middle row corresponding to the maximal extension
(M) to obtain the following diagram

0 M;g MN;, M% 0 (58)

(M%/)max

0— (M%)max s (Mﬁ)max S QN% >0




where in the middle row Q;—J is defined as the cokernel.

Lemma 11.27 The natural morphism (M"" )5 — (Mg)max is an isomor-
phism.

PROOF: The A-analytic 7-sheaf M” is obtained from M/ via pullback along
R — R((m)) and A-analytification. Let f: Spec R[[r]] — SpecR be the struc-
ture morphism and f; its reduction modulo p. Because MJ has everywhere
good reduction and is locally free, it follows that (M")™aX = (f* M)A and
(M’ﬁ’ ymax o ( fgig’ﬁ)““an. Because A-analytification commutes with special-
ization at p, the assertion follows. m

We make the following assumption on Diagram (58):

~ ,max

(e) The map (M’

) — (M;—,)max is a nil-isomorphism for all p.

Lemma 11.28 Under the above assumptions, the following hold:
(i) The map (M™>); — (Mp)™ is a nil-isomorphism for all p.
(i) C C w(M")™** so that T = 0 on C/(x).

We first prove the following

Sublemma 11.29 Let I be any ideal of Ry[[x]] and N' — N a monomor-
phism of A-analytic T-sheaves on (Ru[[x]] © A)A=". Then the kernel of the
induced map N'/IN' — N /IN is nilpotent.

PROOF: The proof is based on the Artin-Rees lemma and follows the argument
given in [4], Prop. 3.1.8: The kernel in question is given (INNN")/IN’. Because
7 is (0 x id)-linear, it follows that

Artin—Rees
-

UNON') Cc I NN 17N IN AN C IN?

for some fixed Il >0 and n>> 0. =n

We now prove the lemma:

PROOF: By the maximality of (M’ﬁ)ma" it easily follows that QN;—J is torsion free

and hence contained in (M{)™**. For the same reason we have

7_[_(MN;S)max — (M%)max N 7_‘,(MN'G)max’
so that (M%)max/(ﬂ') — (Mg)max () is injective.~
I) Our first claim is that C is contained in 7(M{)™**: Assume otherwise.
The reduction modulo 7 of the middle row yields the short exact sequence

0 — (M5)™™/ () — (Mp)™™/(r) — Cy/(m) — 0

on k, ® A. By our assumption, the map Q%/(TF) — (M%’)m“/(ﬂ), which we
call «, has non-trivial image. Because (Mg ymax /() is locally free and the
corresponding 7 is injective, 7 is injective on the sheaf Im o and Im « is a non-
trivial locally free sheaf over the Dedekind domain l~cp ® A. We also know that
Gis C (Mg)ma"/(w), and it follows that (M;)™ /() contains a locally free
subsheaf of rank at least two on which 7 is injective.
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Let F be the maximal locally free 7-subsheaf of (Mj)™ /() on which 7
is injective. Let S C Spec A be the finite set such that for [ € Spec A \. S the
morphism 7 is injective on the fiber of F above [. We apply Proposition 11.20 b).
Thus there exists a locally free analytic 7-subsheaf F of (M )max of rank at
least two on the formal scheme X := Spm(k,[[7]] ® A)*#" S, such that F has
reduction F. In particular the Galois representation of Gal(k, ((7))*P /k,((7)))
on the Tate-module Ta; (£ ) C Tal(Mg,) is unramified for almost all {. For
such [ the submodule of Ta, (Mﬁ) of I -invariants has rank at least two, which
contradics hypothesis (d).

IT) We next prove part (ii): By the above, the map 35 defined as Cj —
(Mg )X takes its image in 77(./\/1;’ ymax Tt follows that the induced map

Bg/(m): Cg/ () — (Mg)™/ ()

is zero. As this holds for all p € Max R, Lemma 11.27 shows that the natural
map

B Cf(m) — M (m)

is zero on all fibers p. The map [, is a map of coherent algebraic 7-sheaves and
hence it has nilpotent image in the locally free 7-sheaf M”" /(r). However
on the latter the map 7 is injective, and hence 3, itself must be zero, which
proves (ii).

I1I) We finally give the proof of part (i): Observe first that (R, ((7))® A)4-2n
is equal to its subring (R [[7]] ® A)*-*"[1/x]. It follows that we may find m € N
such that 7™ (M" )™  C. Reducing mod p yields

s (Mg)ma" C Im(Bs) C C’ C W(Mg)ma’i

where we use I) for the inclusion on the right. Thus the inclusion morphism
Im(G5) C Q~’ﬁ is a mnil-isomorphism. Furthermore by the sublemma, the sur-
jection Qﬁ — Im(f5) is a nil-isomorphism as well. We observed already that
(M’ max)ﬁ — (Mma")ﬁ has a nilpotent kernel. Considering the middle and bot-
tom sequences of diagram (58) together with the morphism between them and
using our hypothesis on the left vertical map, it follows that the middle vertical
map must be a nil-isomorphism. This is precisely assertion (i). m

PROOF of Theorem 11.19: The proof of the theorem for n = 0 is an immediate
consequence of Corollary 11.10. So from now one, we assume n > 0.

We first consider the case K = IC(n) and n principal. We apply Lemma 11.28
inductively to the sequences

0—Gi-1— G — Gi/Gi-1 — 0.

Lemma 11.26 and induction verify that the hypothesis (a)—(e) of the lemma are
satisfied. It follows that for i = 1,...,n we have exact sequences

0 — G — P — G0,

where the C; have nilpotent reductions modulo 7 for i > 1. Proposition 11.25
yields a unique projective A-module P of rank one such that gmax ~ ()

H®(=1) has reduction Tgpecr,,a ®a P®(=1)  The sublemma now yields that
all the maps

Tspecrya @a PO 2 G/ () — GE/(m) — ... — G /(m)  (59)
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are nil-isomorphisms. In analogy with the notation 5?“, let ft(ln_l) denote
the pullback of the sheaf £$1"71) to M,. By definition, the sheaf Qn is the

restriction of (F Slnfl))A'a“ to the infinitesimal neighborhood of a single cusp.
Thus by Proposition 11.20 ¢) the sequence (59) gives rise to a nil-isomorphisms

EDL,A ®a PR — (ik)" Jic#f(n Y,

where the sum is over all components ¢ of Mz and P, depends uniquely on ¢
(but not on n). By the remark following the statement of Theorem 11.19, the
proof of Theorem 11.19 is finished in the case K = K(n) and n principal.

Let now K be arbitrary admissible. Let n be a conductor of K such that
n is principal and V(n) is minimal. In particular, (n) C K. Then there is
an associated Galois cover M, — M, over Spec A(n) whose Galois group we

denote by G. In the notation of the previous paragraph, it follows that F %71)

n—1)

is the Galois descent under G of .7-" . Passing to the attached A-analytic
T-sheaves and considering maximal extensions, it follows easily that

((}_(n 1)>maX) A-an C (((g/(;r;/l))mmc) A-an>G.

Clearly Ilgjz A= 1% 4
module P, is independent of the cusp c¢. This yields a for 7 € {K,K(n)} a

monomorphism

Also in any G-orbit of components ¢ of MM, the

@HA N ®a P, — ((ggl/l))max)A.an,

(&4

where the sum is over the components c; of 9g°. Let C- denote its cokernel.

Then Cx C CG C C, as finitely generated A-analytic 7-sheaves on zm,c By
the result in the case K = K(n) there exists m € N such that 7™C, C nCh.
Thus by the Artin-Rees lemma, as in the proof of Sublemma 11.29, there exists
an m’ € N such that 7™ Cc C 7Cx. This shows that 7 is nilpotent on z’,*c(é;g)
It follows as above that

£§Cnfl),oo . ((}_(n 1))max> A-an (Prop.gll.18) ((}_(n 1))maX)

is a nil-isomorphism. n

While in general it cannot be expected that the formation of maximal ex-
tension commutes with pullback, we have the following special result on it com-
muting with base change in the situation we are interested in.

Theorem 11.30 For ? € {K, K} the T-sheaf jx#(b$£%)) is locally free of
rank n and the following natural inclusions are a nil-isomorphisms

b3 (ixn F™) — 03 (s F L)) — s (05F ).

PRrOOF: The first assertion follows immediately from Theorem 11.15. Also the
map b;‘(i;c*zgcn)’oo) — b_,*,(j,c#£§<")) is clearly a nil-isomorphism, since this
property is being preserved under pullbacks. Therefore it suffices to show that
the morphism b?(i;c*fgcn)’oo) — jm#(b$£gg)) is a nil-isomorphism. This as-
sertion may be shown on infinitesimal neighborhoods of cusps, and so it suffices
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to consider the base change b: : Spec Ry[[n]] — Spec(? ®4 Ru)[[x]]. Since the
cases 7 = K and ? = K, have the same proof, for simplicity of notation, we
give it in the case ? = K.

Observe first that the pullback under by of the sequence 55 yields the anal-
ogous sequence on Spec(K ®4 Ry)[[n]]. Taking symmetric powers yields the
exact sequence:

0— b}FfE@n = 124[—(%171“)((77))’14 ®4 PO — Sym"(b}-Mg) — bgCn — 0.
This shows that
(b%ﬂ)®n,max ) 1(%1}—(%173“)“#]]714 ®a poOn Symn(b}}MQ)max

is a monomorphism. Let C;, be the cokernel of the latter map. Using the
maximality of (b3 H)™*, one shows as before that C/, is torsion free and that
the right exact sequence

(b H) O™ /() — Sym™ (b M2)™*/ (1) — C;, /(1) — 0

is also left exact.

Let us assume that C/, /(7) is not nilpotent. Because C|, — C™** is injective
and 7 is nilpotent on the special fiber of any sub 7-sheaf of 7(C*®), it follows
that the image of C, /() in the locally free sheaf C**/(7) is non-trivial. This
implies that Sym™(b% My)™*/(7) contains a T-subsheaf of rank at least two
on which 7 is not injective.

Following the discussion after [13], Rem. 1.24, one can prove the following
extension of Propositon 11.20(b):

Lemma 11.31 Let F be an A-analytic torsion free T-sheaf on Spec R((7)).
Suppose G is a mazimal locally free extension of F. Then there exist

(i) a finite set of points S of Spec R® A and a finite number of discs D; on
the rim of the rigid space Da,

(ii) a locally free analytic T-subsheaf G' of G on the formal scheme X =
Spm(R[[7]] ® A)A=*n S\ U, Di

such that g’ has good reduction and the induced map i}‘%g’ — z’j%g 15 an injective
nil-isomorphism on Spec(R® A) N\ S.

In particular, for infinitely many primes | of A, the prime R[[x]]] ® | is
contained in X.

By the lemma, on a formal scheme X as above there exists a locally free
r-subsheaf G’ of Sym" (b% M5)™** of rank at least two. We complete this at
any prime [ of A that lies not in X. Via the duality between the [-adic Tate-
modules of T-sheaves and forml l-adic 7-sheaves, this implies that the submodule
of inertia invariants of Ta;(Sym™(b% M>)) is of rank at least two. However this
Tate-module is the n-th symmetric power of the Tate-module of a Drinfeld-
module on K ® R,((7)) which has stable reduction of rank 1 modulo 7. For
almost all [, the inertia invariants of these symmetric powers are of dimension
one over A;, which yields a contradiction. m

11.3 Maximal extensions for formal and finite coefficients

In the previous subsections, we considered maximal extensions for 7-sheaves
over A. However for the comparison with the étale site, it is necessary to work
with finite and formal coefficients. Therefore in this subsection, we extend the
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results of Subsection 11.1 to such coefficients and discuss the transition from
crystals to étale sheaves for maximal extensions.

We fix a proper non-zero ideal n and a maximal ideal p of A. For any scheme
X over k we define X®A, as the formal scheme obtained as the completion of
X xSpec A along the ideal sheaf Ox ®p, see [53]. Let o xid denote the morphism
on X®A, induced from the inverse limit system ox x idg/pn-

Definition 11.32 A formal 7-sheaf F = (F,7) on X over A, consists of a

coherent sheaf F on the formal scheme X ®A, together with an Ox®A,-linear
morphism ~ R
7: (0 xid)*F — F.

The category of formal T-sheaves on X over A, is denoted by Cohf (X, Ay).

We omit any definition of crystals in the formal context, as it will not be needed.
Let us fix a dense open immersion j: U — X and a closed complement 7 :
Z — X. Also, let £ and F be 7-sheaves in Coh, (U, A/n) and Cohf (U, A,),
respectively.

Definition 11.33 Any G € Coh, (X, A/n) with j*G = F is called an extension
of F.

Define juF C j.F € QCoh_ (X, A/n) as the union of all extensions G of
F, or equivalently as the union of all coherent T-subsheaves of j.G.

If juF is coherent, it is called the maximal extension of F with respect to j.

Analogously one defines j#f and the notion of an extension and of a maz-
imal extension for formal T-sheaves.

If a maximal extension exists, it is unique up to unique isomorphism. For 7-
sheaves over A/n on U, there always exists an extension to X.

As in Subsection 11.1, one can show that the existence of a maximal exten-
sion is a local condition on X:

Proposition 11.34 Let {U;} be an open cover of X. Suppose G is an extension
of F such that each Gy, is a mazimal extension of F\y,nu- Then G is a maximal
extension of F.

The analogous assertion holds in the category of formal T-sheaves over A,.

Without proof, we state the following analogue of Corollary 11.14.

Proposition 11.35 Let F € Coh,(U, A/n) be locally free and assume that X
is normal. Let zq,. ..,z denote those generic points of Z which are of height 1
in X. For eachl € {1,...,r} consider the pullback diagram

U ! X

| I

Spec Ox,, ~ {z1} i Spec Oxz, -
l

Let F; denote the pullback of F to Spec Ox ,, ~ {zi}. If each of the F; has a
mazimal extension to Spec Ox ., then F has a mazimal extension to X.
The analogous assertion holds in the category of formal T-sheaves over A,.

Note that in the proof for 7-sheaves over A/n one has to regard the underlying
sheaf as a coherent sheaf over the normal scheme X, since X x Spec A/n will in
general not be normal.
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Theorem 11.36 Suppose X is a normal scheme, F € Coh,(U, A/n) and the
morphism TF s injective. Then juF is coherent, i.e., F has a maximal exten-
sion to X.

PRrROOF: By the previous proposition, one may assume that X = SpecV for a
discrete valuation ring V and U — X is the map of schemes corresponding to the
generalization map V — K where K is the fraction field of V. Suppose we have
M cMcC j#F. Because 7 is injective on F, it is injective on j,F and hence
on M’ and M. Let M” := M/M’ and consider the following commutative
diagram with exact rows

U*MI U*M
]
M M

Clearly M” is of finite length and so are the cokernels of 744 and 7. Using
the Snake Lemma, one finds

0

len Coker(7prq/) — len Coker(tpq) = leno*M"” —len M"” = (¢ — 1) len M" > 0.

It is easy to see that F has an extension, and that the union of any two extensions
is again an extension. Hence by the above inequality, any extension M’ for which
len Coker 7o is minimal will be a (the) maximal extension of . n

Suppose F € Cohf (U, Ay). We cannot prove any interesting results for
the natural transformation (jxF) ®4 A/n — ju(F @4 A/n). However as the
following result shows, passing to the formal site greatly improves the situation.

Theorem 11.37 Suppose X is a normal scheme and F a locally free formal

T-sheaf on U over A, such that the morphism (oy X id)* F L Fis injective.
Then the following hold:

(i) juF is coherent.

1) If the cokernel of T+ is Ay-torsion free, then
F p
ju = lim ju(F @4 A/(P")).

(iii) If F = £’®AAP for some T-sheaf F' € Coh, (U, A) such that T# is
injective and Coker 7z is A-torsion free, then (juF )@ aAy — juF is a
monomorphism and a nil-isomorphism in codimensions zero and one (on
the scheme X ).

(iv) Suppose in the situation of part (i) that Z is normal and that there is a
T-subsheaf G' of i*juF' which has good reduction at all points of Z and
such that G — *juF' is a nil-isomorphism. Then the monomorphism

(juF)&aAp — juF is a nil-isomorphism.

PRrOOF: (i): For the coherence of j#]j , it suffices by Proposition 11.35, to con-
sider the case where U = Spec V such that V is a discrete valuation ring. In this
situation, coherence is proved in exactly the same way as in Proposition 11.17,
where this time one applies Lemma 11.16 with R = V®Ap.

(ii): Let us now assume that Coker 7z is Ay-torsion free. This assumption

implies that 7 is injective on F ® 4 A/p"™ for any n. Thus by Theorem 11.36, the
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T-sheaf j4(F ®a A/p™) is coherent. In an obvious way, the ju(F ®a A/(p™))
form an inverse system of 7-sheaves. Moreover there is an inclusion

juF ®@a, A/p" = ju(F@a A/(p"))

whose image lies in the image of ju(F®4 A/(p"™)) @a /p" — ju(FE @4 A/(p"))
for all n’ > n. The 7-sheaves ju(F ® A/p™) are determined by their stalks
at the points of Z of codimension one in X. By considering these points, the
above observations imply that the inverse system (ju(F ®a A/(p™)))n satisfies
the Mittag-Leffler condition. Therefore in

juF — limjg(F ©a A/(p") — j.F,

both maps to the right hand 7-sheaf are injective. As jx(F®aA/(p)) is coherent,
so is the inverse limit in the middle, and the definition of j#£~ shows that the
left hand morphism is an isomorphism.

(iv): For this we assume part (iii) to be proved. By our assumptions and
Lemma 11.16, we have the following monomorphisms of torsion free 7-sheaves:

G'OaAy — (("jpF )OaAy — i*juF. (60)

The left hand morphism is a nil-isomorphism, and by part (iii), the right hand
morphism is a nil-isomorphsm on the generic points of Z; say they are 1, ..., 7.
Because G’ has everywhere good reduction and Z is normal, G’ is the maximal
extension of QTV for any dense open V' C Z, cf. Proposition 11.9. In particular
this implies that
G'&ady = i"ju N DG ©adp)y,-
J

Therefore the cokernel of o Q’®AAp — i*j#f is a torsion free T-sheaf. As this
cokernel is generically nilpotent, it is nilpotent and thus « is a nil-isomorphism.
This easily implies the same for the morphisms in (60).

(iii): By Proposition 11.35, we may assume that X is the spectrum of a
discrete valuation ring V with fraction field K, residue field k£ and a uniformizer
m, and that j: U — X is given by the generalization map V — K. We need to
prove a strengthening of [13], Thm. 4.7.

To work in the notation of loc. cit., define B as the localization of V& A, at
the set V& A, \ [Jp;, where the p; are the primes associated to (7). Let @ be
the quotient ring of B. By B we denote the completion of B at the ideal 7B and
we set Q 1= B®g Q. Furthermore, A will denote the quotient ring of k®Ap, ie.,
A 2 B/mwB. We depict the relevant rings in the following commutative dlagram

k@A, <~— V@A, —> (VRA,) H (61)
A i( i
A BC Q.

Note that V& A, and (V& A,)[1/7] take the role of R[[t]] and K ®r R[[t]] of loc.
cit., but that the former rings may be finite products of rings of the form R][[t]]
or K ®p R|[t]], respectively.

Define N’ C N as the global sections of (jxF')®44, C juF and N’ =
N' @y kand N .= N Ry k as their reductions modulo 7. The latter are 7-
modules on k over A, and there is a natural map N’ — N , which is not

143



necessarily an inclusion. By [13], Rem. 1.7, there are compatible short exact
sequences

0 M N’ Ny 0
0 M N Nnil 0

of k®Ap—modules, where 7 is nilpotent on the right hand terms and injective on
the left hand terms. Note that by [13], Lem. 1.10, the left vertical map is injec-
tive. We claim that it is an isomorphism. Observe that this claim is equivalent
to the assertion that 7*((jxF')&aAp) C i*(jxF) is a nil-isomorphism, which in
turn implies that (jxF')®aA, C juF is a nil-isomorphism, as asserted.

To prove the claim, we first note that by [13], Thm. 4.7, one has

M’ ®k®Ap )\%JM(X)k@Ap A= M)\.

By slightly altering the proof of [13], Prop. 1.22, one can show that there exist
unique submodules M’ of N’ := N’ Bvea, Band M of N := N ®yga, B which
reduce modulo 7 to M. Also note that M and M’ are direct summands of N
and N, respectively.

Because M’ C M and they have the same reduction mod =, on which 7 is
an isomorphism, they agree inside N, cf. [13], Lem. 1.10. Now Lemma 11.16
shows that N = N ®yg, BN N[1/7] and analogously for N’. By considering
the bottom right square of (61), one can furthermore show that inside N ® Q
one has N = N Qyg 4, BN N[1/x] and the analogous assertion for N’. Since N
and N’ agree when restricted to K, it follows that N[1/7] = N'[1/7], and hence
that

M':=M' NN'[1/r]=M :=MnN[l/x] c N' C N.

It is easy to see that M’ is the reduction of M’ modulo m and M that of M.
Thus it follows M’ = M, as claimed. n

In the notation of [4], Ch. 8, the functor jx on Coh,(X,A/n) is denoted
Indoj, and the following is shown in loc. cit. as part of the comparison between
crystals and étale sheaves for finite coeflicients.

Proposition 11.38 There is an isomorphism of functors
(4 F)st = jeat(Fer): Cohr (U, A/n) — Bt(X, A/n),
which maps nil-isomorphisms to isomorphisms. If juF is coherent, then the

étale sheaf juot(Fet) is constructible.

By an inverse limit argument, the above proposition can be transferred to formal
sites. For this we note that the functor F — Fg; extends in a natural way to a
functor F — iét’p from coherent formal T-sheaves F over A, to constructible
étale Ap-sheaves

Ferp = lm(F @4 A/(p"))es.

Theorem 11.39 Suppose X is normal and F € Cohf (X, Ay) is locally free
such that Tz is injective and Coker(7z) is torsion free over A,. Then there are
functorial isomorphisms

arlFaey) = (I (F @4 A/(67), = (iaF)

ét,p

PRrROOF: The proof follows from the above proposition and Theorem 11.37. n
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As a consequence of Theorems 11.39 and 11.37, we obtain:

Corollary 11.40 Suppose X is normal and G € Coh.(U, A) is such that g is
ingective and has cokernel which is A-torsion free. Then there is a monomor-
phism

(J#FE@Ap)stp — Jrst(FOAp)stp = (j#(FQAp))stp,
whose cokernel is supported in codimension at least 2. If furthermore i*juF
contains a nil-isomorphic T-sheaf with everywhere good reduction, then the above
map is an isomorphism.

Remark 11.41 If p € Spec A corresponds to the place v of K, then we also
write Fep,o for Fegp.

11.4 Maximal extensions of rigid 7-sheaves and crystals

In this subsection, we will consider maximal extensions over an analytic base.
As in Section 8, all schemes X,41,9), ..., are over an extension L C Cy, of K.
Let us fix throughout a Zariski-open immersion j: {{ — X of rigid spaces. We
also choose a closed complement i: 3 — 4 of i in the Zariski closure 8 C %
of U. Let 7 € {A, D4, U}.

Definition 11.42 Any G € é;)/hT(%,?) with j7*G = F is called an extension
of F.

We define j#f C j.F as the union of all extensions g of F.

If j#f is coherent, it is called the maximal extension of F with respect to j.

By modifying the proof of Proposition 11.3, one easily obtains the following
characterization of a maximal extension.

Proposition 11.43 A coherent rigid T—sheafg~ on X is a mazimal extension of
F if and only if for all H € Coh, (%, A), the canonical map

Hom&;hT (%,7) (ﬂu g) - Homa;hf (1,7) (]*ﬂ7 £)

is an tsomorphism.

Definition 11.44 A crystal G € a;y/s(%, ?) is called an extension of F if j*G =
F. It is called a maximal extension if in addition for all H € Crys(X,?), th
canonical map

gy

HomCrys(x,?) (ﬂ, g) - HomCrys(u,?) (]*Ea £~)
18 an isomorphism.

As in the algebraic case, the functor j4 is neither exact, nor preserves coherence
of rigid 7-sheaves.

Because coherence is a local property, the following result is immediate:

Proposition 11.45 Let {i;} be an admissible open cover of X. Suppose g 18
an extension of F such that each Gy, is a mazimal extension of F|s,~y- Then
g is a mazimal extension of F.

Using Proposition 8.4, the above proposition and the fact that any Zariski-open
subset of an affinoid is an affinoid, one may carry over the proof of Proposi-
tion 11.5 to the rigid site. This yields:
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Proposition 11.46 Suppose F & (S(\)JhT(il,?) has a mazimal extension G €

6&17(36,?). Then the crystal represented by G is a mazximal extension of the
crystal represented by F.

Definition 11.47 A rigid 7'—$heafg~ on X is said to have good reduction on Z
if the map ~ B
Tgt (0 xid)*i"G — i*G

s injective. ~ ~
A locally free extension G of F € Coh.(U,?) is called good if Tz is injective
and Q has good reduction to %).

Proposition 11.48 If X is a smooth curve and X ~\ U is finite, then any good
extension is maximal.

The proof is analogous to that of Proposition 11.9. It will be omitted, because
the crucial part of the argument is similar to the one given in the proof of Propo-
sition 11.50. In the rigid site all points are closed. Therefore it is not obvious
how to carry over the proof of Proposition 11.9 to general normal domains X.

As a consequence, if Q is a rigid 7-sheaf attached to a family of A-motives
on X and 4 is a dense open subset of X, then g is the maximal extension of
the restriction j*g . Also, we note the following corollary which is analogous to
Corollary 11.10.

Corollary 11.49 Suppose X is a smooth curve and X \ 4 is finite. Then the
rigid T-sheaf 1y o is the mazimal extension of 1y ,.

For curves, the following result gives a criterion for the functor ju to com-
mute with rigidification.

Proposition 11.50 Suppose X is a smooth curve and F a torsion free T-sheaf
on the dense open subset U of X. Suppose juF is coherent. Then the natural
inclusion (juF)PA™e — ju(FPATe) op X := X" s an isomorphism. In
particular, ju(FPAT8) exists and (i* (jpF))PATE 22 j* ju (FPATE),

PRrOOF: We argue by contradiction and assume that there exists a rigid 7-sheaf
G on X such that the inclusion (jxF)®4™& C G is strict. Let 2 be a point in
X~ U at which one has strict containment. Let V be the discrete valuation ring
of the completion of Ox ;. By our choice of  and faithful flatness of Ox ;, — V,
the base change morphism (: SpecV — X preserves the strict containment, so
that one has a strict inclusion

(B (G#E)* ™ € B°G. (62)
Because 5*(j4F) is a maximal extension of §*F, Proposition 11.20(c) implies

that (8*(juF))4™ = ju((8*F)A). Hence the coherent sheaf 5*G must be
contained in it, a contradiction to (62) being a strict containment. m
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11.5 The maximal extension of z,%‘"an

In Subsection 11.2, we studied the algebraic object j#f,(cn) using analytical re-

sults. In this subsection, we want to investigate the 7-invariants of (jxF ,(Cn) )Pa-rig

on the cuspidal affinoids of the standard cover of ﬁzg.
The idea is that at a point z near a fixed cusp one has, due to Drinfeld, an
exact sequence

0—>A—>C006—A>Coo—>0,

for a suitable rank 1 lattice A where the group in the middle has the structure
of a rank one Drinfeld-module and that on the left the structure of a rank 2
Drinfeld-module. The rank 1 Drinfeld-module extends to the cusp, the rank
2 Drinfeld module degenerates at the cusp. Passing to the associated analytic
D a-motives yields a short exact sequence

0 — Homy (A, Q4) ®4 ispeccw,m — Ms, — My, — 0.

Here the MN@Z are the Dg-analytic A-motives of rank ¢ attached to the Drinfeld-
modules of rank 7. The main result of this subsection is to provide a construction
which shows that the above short exact sequence exists in a uniform way near
any fixed cusp, and hence that the unit-7-sheaf is a 7-subsheaf of the maximal
extension of Mo.

By Theorem 4.16, we have ﬁ;ég =~ 11T, \Q via the isomorphism &, where the
v are representatives of Clx. The cuspidal affinoids are most easily described in
local notation, i.e., by fixing a v. As the definition of maximal extension is of
a local nature, cf. Proposition 11.45, it, too, can be defined over an individual
component. So while we are working in this local setting, let us drop the index v.

As in Section 3, we fix an arithmetic subgroup I' of GLo(K) which is p'-
torsion free (by admissibility of K), and a I'-stable lattice A of K? (the lattice
A, of Section 4). Let s be a rational cusp, which, without loss of generality,
we assume to be (0 : 1). We recall some more notation from Section 3, and in
particular its last subsection. By €2, we denote the rigid space |J, 4l where the
union is over all simplices in the subtree 7; of 7. which belong to the end s.
By I'y C T, the stabilizer of s under I" is denoted. Because I is p’-torsion free,

we have
n={(48)ver)

for some fractional almost-ideal I;. In Lemma 3.31, we observed that, by adding
1,ri,
Koog‘
For every (yo,y1) € A, we defined a section s(y, ,,): 2 — Coo : 2 — Yoz +y1.
Thus we have a map A — Ogq. For z € Q, let A, be the discrete rank 2 lattice
of Co given by {yoz+ 1 : (yo,y1) € A}. The Drinfeld-module 3 on © attached

to A was defined by

a single puncture to I';\§,, we obtain an affinoid subdomain FQ\Q of P

SH—epA0Ss
O ———0q

i&—»as isr—»d;aos

OQ SH€EA 0S8 OQ,
where (ep 0 5)(2) = ep, (s(2)).

We set Ay := As = {(yo,41) € A : yo = 0}, which is a saturated submodule
of A, and define A := A/A;. Furthermore, define A} := {y1 : (0,y1) € A} and
Ao :={yo € K:3y1 € K : (yo,y1) € A}. The map (yo,y1) — Yo, induces an
isomorphism A 22 Ag. Because A; is I';-invariant, it gives rise to a local system

0 — A — Op,\a, (T\2) —> O \q, (Ts\Q).
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The exponential ey, defines a rank one Drinfeld-module on I';\Q, which we
denote by ¢. Note that {yoz + 1 : (Yo,y1) € A1} is independent of z, and so
there is no need to introduce A ..

The sections s, ,,) induce locally analytic sections of Or \q, . However for
1o 7 0 these are not I's-invariant for ¢ € 7, and hence the sections are not rigid
analytic. Consider the commutative diagram

SF>€,51 OS

OFS\Qé (FS\Q§) — OI‘ﬁ\QQ (FS\QQ)

(yo,y1)'—>8y0,y1T TyOH(Zb—)CAll (y02))zer \o,

(y0,y1)—yo

A AO7

where we claim that for yo € Ag the section Q, — Cu @ 2z — epr(yo2) is
invariant under the action of I'y, and hence that the right hand vertical map

is well-defined: Fix v = (é lf) € I's. Since v acts on A, it follows that for

(yo,y1) € A and b € Iy we have (yo, —byo + y1) € A, and hence by additivity of
A that byg € A}. Therefore

(ear (yov2),v2) = (ear(yoz +byo),v2) = (ea; (yoz) + ear (byo),v2)
(GA/1 (yoz),72).

This finishes the proof of the claim.

For given yo € Ao, we denote the corresponding section z — exr (yoz) by
5y,- A straightforward calculation shows that ¢, (5y,) = Say,. Thus if we have
A act on Co via ¢, then for each z the set A, := {ex;(yo2) : yo € A} defines
a discrete A-lattice of rank one. It is easily checked that the following diagram

commutes
SH€ex0s

Or.\a. Or.\a,
is»—»gpaos ls»—npaos
s—ejp 08
OFQ\QE OFE\QQ'

By £; we denote the A-module corresponding to the rank one Drinfeld-
module defined by ¢, and by £» that defined by ¥. The map (w, z) — (ez_(w), 2)

defines a rigid analytic map £ — €2 on F§\Q§ defined over K. Let M 1 denote
the rigid A-motive on I';\€2, corresponding to £; and M the one corresponding
to £». Then the above yields a morphism My — M in (/35?17(I‘§\Q§, A). We
define ﬂ and Q via the four term exact sequence

0—H— My — My — C— 0.
The following summarizes the central result of this subsection:
Theorem 11.51 We have Q =0 and
HP478 =~ Hom 4 (A, Q4) @4 j]_“é\ﬂé7®A.
As a consequence, we will in the end obtain the following important corollary:

Corollary 11.52 For all n > 0, the Da-rigid 7-sheaf Sym" M?A'rig admits a
mazimal extension under the Zariski-open immersion

Js: T\ Qs — T\ Q.

It satisfies (Sym™ (M24™E)max)T = Hom 4 (K, 2,4)".
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We first prove € = 0. For this we need the following lemma.

Lemma 11.53 Let F be an A-motive on Co and

st
Y

0—K—F —G—0

(e}

a short exact sequence of A-rigid T-sheaves on Co,. Then for any non-zero ideal
[ of A one has a commutative diagram

K/t EN g/t 0

Ok

(K/0)7 @) Coo — (E/)7 @5, Coo —= (G/1)7 @1, Coc —> 0,

where the top sequence is right exact, the bottom sequence is exact at (G/1)” ®
Coo, and the middle and right vertical maps are isomorphisms. If furthermore

G is projective over Coo Qi A, then both horizontal sequences are short exvact
and all three vertical maps are isomorphisms.

PROOF: By left exactness of ®, one has a left exact sequence of 7-sheaves
K/l — F/l — G/t — 0. (63)

Because F is an A-motive, the induced 7 is an isomorphism on F /I. Lang’s
theorem implies that (F/I)” @k Coo = F/I. The analogous statements for G in
place of F hold, too.

If g is projective, then the sequence (63) is short exact, and the induced 7
on K/ [ is an isomorphism as well. &

PROOF of QN = 0: It suffices to show Q = 0 pointwise for all z € Fﬁ\Qé. Special-
ized to any such z, one has the short exact sequence

0—»/\0%@00%@00%0.

It yields a short exact sequence of [-torsion points for any non-zero ideal [ of A.
Interpreted in terms of the associated T-sheaves, this implies that

(Ma:/1)7 — (Ma:/0)7

is surjective. The above lemma and the definition of C thus imply that (C. /)™ =
0 for all non-zero ideals [ of A, and so in particular that C, /U= 0 for all prime
ideals [ of A. Therefore SuppC. C SpecCoo @ A is finite and disjoint from
{Cs ®1: [ a prime ideal of A}.

The epimorphism M; —» C induces a morphism of short exact sequences

OHU:CCOO)AMNLZ Ml,z le 0
o or et e 0

where C, and C” are defined by the diagram. The surjectivity on the right
follows from the snake lemma. Because g’z is supported on the prime ideal
generated by ¢(a) ® 1 — 1 ® a, so must be C.
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Now o¢_ 4 acts on the prime ideals of Co, ®; A and the only prime ideals
with finite orbits are those of the form C., ® | where [ is a prime ideal of A.
This shows that C can only have finite support if le/ = 0. But in this case
aém AQZ — QZ is an isomorphism. By the same reasoning it follows that QZ

has its support in the set of primes C, ® [, and by the above C.=0. n

Above we defined A-modules £;, i = 1,2 over I';\(),. Pulling these back
along 7y : Q5 — I's\Q,, we obtain A-modules on €, which we denote by &;.
The corresponding A-rigid 7-sheaves are called M; Furthermore by H/, we
denote the kernel of M5 — M}. On the standard affinoids of (1, the map 7,
is finite flat, and hence H’ is isomorphic to the pullback of H along s, and we
have a short exact sequence

O—>ﬂ~'—>M~/2—>M~'1—>O. (64)
Let us apply the left exact functor Homagl/]T ) A)(f, iQEfDA ®4 Q4) to the

above sequence, and make use of the results of Subsection 9.2. We obtain the
commutative diagram

0 0 (65)

A = T(Q, Ho(€) —= Homgy ¢ o (Mi, 1o o, ©494)

A= F(Qﬁ’ H.(&3)) =~ Hom(/jxoﬂT(Q@@A)(MN/Q’jﬂﬁ,@A ®aQa)

A—m—> Homé}i,(ﬂé,@A) (ﬂ/,iQy@A ®a04)

0,

where the columns as displayed are exact, and the top and middle horizon-
tal maps are isomorphisms. Therefore the bottom horizontal map must be a
monomorphism.

Lemma 11.54 The bottom horizontal map in (65) is an isomorphism.

ProoF: It suffices to prove the lemma for the fiber at any closed point, say
z € §y. Because the sheaves M; are locally free of rank 4, the sheaf H’ must

be free of rank 1. Hence by [1], Lem. 2.10.6, the fiber H', at z is isomorphic to
Homy (P, Q4)®1¢_ 4 for some projective A-module P of rank one. We need to

show that the map A — P obtained from the above diagram is an isomorphism.
The fiber at z of the short exact sequence (64) is isomorphic to the tensor
product over k of the short exact sequence

0 — Homa(A1,Q4) — Homa(A,Q4) — Homua(P,Q4) — 0
with i«:m, 4. Computing I-torsion points for any non-zero ideal [ of A yields

0— HOInA(AhQA)/[ — HOInA(A,QA)/[ — HOHIA(P, QA)/[ — 0. (66)
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But the above exact sequence of [-torsion points arises from the left exact se-
quence
0_>A0 _>§;.,Z _)§/2,z7 (67)

and hence it follows that the cokernel of the sequence (66) is isomorphic to
Hom (A, ©4)/l. One concludes that for each [ the reduction modulo [ of the
map A — P is an isomorphism. This proves the lemma. n

We now need the following rather technical, if simple, result.

Lemma 11.55 Diagram (65) is compatible with the action of T's.

PROOF: The sequence (64) is induced from the left exact sequence (67). As the
latter is I';-equivariant, so is the former, and hence all the maps in the right
column are I's-equivariant.

The I';-equivariance of the left hand column is rather trivial, and so to
prove the lemma, it suffices to show that the top and middle horizontal maps
are I's-equivariant. We will only give the proof for £, the proof for £| being
analogous.

Based on ideas of Anderson, the middle horizontal isomorphism was con-
structed in Section 9 as the following composite of morphisms

A = Hom$ (Koo /A,E) (68)
=, Homé-gl/lT(QﬁyA)(M(Sé),Homc(Koo/A,OQQ)) (69)
=,

H (My, Hom® (Koo /A, Lo 5, ®4Q4)),  (70)

OMEoh, (2.,94)

where one used the I';-equivariant identification
HOmC(KOO/A, OQE) >~ ng@A ®4 04

provided by Lemma 9.28. The isomorphism in line (70) is easily seen to be
I's-equivariant. Let us denote the isomorphisms in lines (68) and (69) by a and
0, respectively.

We first show that 3 is I';-equivariant. For this, we may work on a stan-
dard affinoid Q; of Q, and fix v € T';. The element v acts directly on £5, on
M(E}) = Hom(Eh, G,)®47™8 and on Og_, and in the usual way on modules of
homomorphism between these objects and objects with trivial I';-action. For
any

f € Homj(Kuo/A T(Qy E5))
m € T(Q,M}) and
¢ € Ky/A,

we have 5
f = (m— (c—m(f(c)))),
and this characterizes 3. Since (vf) =~yo f, (ym) = yomo~~1, it follows that

BOyHHm)(e) = (moyo f)(e) =7(((7""m)o f)(c)
= (B m))(e),

i.e., that B(vf) =~v(Bf), as asserted.
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To see that « is I';-equivariant, we consider the commutative diagram

0 A Lie(&}) ——— &

l Sig El:

0 ——> Hom$ (Koo /A, £)) —> Hom'y (Ko, £5) —> Hom§ (4, ),

1R

where clearly both rows are I's-equivariant, and so is the right vertical isomor-
phism. Thus to show that « is I'y-equivariant, it suffices to show this for 4.
For the latter we have the explicit formula (46) in the proof of Proposition 9.2,
namely

Lie(£}) — Hom% (Koo, &) t @+ (& y expg; (yx)).

Since v acts trivially on K, we have
&ra(y) = expgy (yyz) = expe, (V(yx)) = v(expg, (yz)) = 7(&(y)).
This finally concludes the proof of Lemma 11.55. n
Observe now that A is T s-invariant. Therefore the above lemma yields a mono-

morphism

A — Hommr(%’@/&)((ﬂ/)lﬂ% (jQQ’QA ®a QA>F§).

Since (M;)Ff >~ M, for i = 1,2, we have that (ﬂ')ri &~ H. Furthermore it is
rather obvious that

(jQE,E)A XA QA)F§ = iFE\Qi)jDA ®a Q4.

Thus we have a monomorphism

A — HOIHEBET(FE\QE)@A)(Ev lFﬁ\Qi)@A XA QA)

In the proof of Lemma 11.54, we proved that the specialization to any fiber is
an isomorphism. Therefore we have shown:

Corollary 11.56 The map o' is an isomorphism.

PRrROOF of Theorem 11.51: To conclude the proof of the theorem, it remains to
show R ' ~ B
E@A—rlg =~ Hom 4 (A, QA) ®A 1F§\Q§,®A .

However this is immediate from the previous corollary and Theorem 9.19. n

PRrOOF of Corollary 11.52: As a consequence of the above corollary and Corol-
lary 11.49, we find that

jﬁ#ﬂm‘“g =~ Homa (A, Q4) @4 ipﬁ\ﬁ§7©A C j§#M~2©A-rig.
Because by Proposition 11.30 jk#by Fi is locally free of rank 2, Proposi-
tion 11.50 shows that the sheaf underlying jé#Mg is a locally free rigid sheaf

of rank 2. Passing to symmetric powers, we obtain
~ .\ ®n _ ~ - .
(depH2078) " = Homa (A, 24)°" @4 T 0, i, C Jup Sym” M

for any n > 0. Combining Proposition 11.50 and Theorem 11.30 shows that
i*C,, is nilpotent for the cokernel C,, of the above inclusion (this also uses that
F +— FPa1e preserves exact sequences). Consider now the left exact sequence

0 — ((Jare H2AM8)2™)T = Hom 4 (A, Q4)®" — (jope Sym™ Mso)™ — (C,))7.

By Lemma 10.4, the right hand term vanishes, and thus we have completed the
proof of the corollary. n
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12 An Eichler-Shimura isomorphism for double
cusp forms

The analogue of Theorem 10.3 for double cusp forms is formally obtained by
replacing j;afgcn) by j;c#ﬁgcn) and the module of integral cusp forms by that
of integral double cusp forms. The main new ingredient compared to the proof
of Theorem 10.3 is the evaluation of (j;c#£§<n))®f"rig near the cusps, which was
carried out in the Subsection 11.5.

Definition 12.1 The A-crystal of Drinfeld double cusp forms of weight n + 2
and and level K is defined as

Snt2(K) = §1c*jic#£§<n)-

We define the rigid ©-crystal on Spm K, of Drinfeld double cusp forms of
weight n and level K as

S2PATE(K) = 83 (K) P,

Let v be a place of K. We define the constructible étale v-adic sheaf on Spec A(n)
of Drinfeld double cusp forms of weight n and level K as

S (K) = 1im(S7 (K) /97 S5 (K) e

v =n
m

In general the formation of maximal extension does not commute with pullbacks.

However for the base change from A to K., and the 7-sheaf F ,(C") it does by
Theorem 11.30. The formation of maximal extension is~also known to commute
with analytification, cf. Proposition 11.50. If we define £§c := Sym" (.7-'©A 1) ¢

ESET(mjgg,QA) (note that this is a slight change of conventions, as £;g is a
7-sheaf over A), then we have shown the following compatibility:

Proposition 12.2 S27% ™¥(K) = Hl(im,C Ko ,j;(;#f,c ).

Note also that by Corollary 11.40, there is a canonical isomorphism
S35 (K) = Rigic. (s Sym” Fi°).

Theorem 12.3 For each admissible K, there is an isomorphism

(C7Slt,2(’c7A))* ~ (éi,@A—rig(K))T.

PROOF: As in the proof of Theorem 10.3, we denote by M the local system of
GL2(Ay)-modules defined by

Cor. 9.20
M, = (F 228 e gymm 2 (Hom(Ay, Q4)) for g € GLo(AY).

. . —st,2
Consider the following complex Cy',

ZITEY) — ZIT ) @ ZITR] @ Z[P' (K) x GLy(AT) /K] :
&~ —[t(é)] + [é] + bx(t(e)),

where we recall that

(i) t(€) is the target of the oriented edge é,
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(i) [t(€)] is zero of t(€) is unstable and the symbol for ¢(€) if it is stable, and

(iii) b is the map that sends a vertex ¥ to zero, if ¥ is stable, and to the
unique rational end in P*(K) x GLg(Af)/K whose stabilizer contains that
of ¥, if ¥ is unstable.

By Definitions 5.44 and 5.17, and Propositions 5.15 and Lemma 5.47, we have

—st,2

Hl(HomGLg(K)(CIC,. : M)) = (Crsf’Q(’C» A))*-

Let us choose representatives R; of the stable edges and vertices as in the
proof of Theorem 10.3. Let us furthermore choose a set of representatives R, ,
of the cusps of the component v, i.e., of representatives of rational ends [s] €
GLo(K)\(P}(K) x GL2(A)/K) in the component v. For each oriented edge
e € RY, with target t(e), we have a unique vertex v. € Ry, and a unique
ve € 'y such that t(e) = Yev. Similarly, we define v, € T', and [s¢] € R, such
that bx(t(e)) = v.[se], where the symbol [s.] is zero whenever t(e) is stable.

With all this notation, we have the following explicit description of the com-

—st,2  —
plex Homgr, (k) (C,C,_ , M).

—st — —st _
Homgr, (k) (Cx 0, M) Homgr, (k) (Cxc 1, M)

: :

EB( D M, & @ M, o P (Mwu)m) D P M,

v “w€Rp, vERy, [s]€Re.. v e€Ry

If f1 is the image of fy under the boundary map, then
f((e]) = fo([e]) = fo([t(@)]) + folbr(t(e))) = fol[e]) — vefol[ve]) + i fo([se])-

We recall that [ve] is zero if ¢(e) is unstable, while [s.] is zero if ¢(e) is stable.

Let us now turn toward the Cech complex of (Fx)®4¢. Write FM(K) for
the 7-sheaf Sym™ F(K)®4"& on Qi over Dy (this is a slight change of conven-
tions, as F(K) is a 7-sheaf over A.) By an argument as in the proof of the first
assertion of Corollary 5.22, one has the following identifications:

Mal;fi] = Sym" ™ ?(Hom(A,, ,Q4)) e = Symn_Q(HOm(Awu Q) )
= Sym"_2(H0m((Azu>F[ﬂ,QA)> = Hom((Azy)F[ﬁ],QA)(@(”_Q)

Cor.f&l.52 ) = (n—2) .

= ((epE"2(0)] ),

where Uy is the cuspidal affinoid of & for the rational end [s] € Re,.

As in the proof of Theorem 10.3, one can describe the standard affinoid cover
i in terms of that of Qx and an identification of the cuspidal affinoids with
sets F[é]\Q. (The latter was not necessary in loc. cit. as there the 7-invariants
vanished near the cusps.) This can again be made explicit using the sets RZ
Using the definition of M, and the identification in the previous paragraph, it
follows easily that the second row of the above diagram is isomorphic to:

C°(ﬂ;c,j;c#£,?‘2))f — Cl(ﬂn,jn#fﬁé“”)?

We need to show that the cokernel of the above morphism is isomorphic to
(Hl(ﬁ,C’Koo,j#gg))m‘“g)ﬁ From Theorem 11.19, we have the short exact
sequence

0— jra£;(<n) — jK#£§<7;l) — ilc*ﬁ,(gn)’oo — 0. (71)
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Let us consider the following commutative diagram with exact rows and columns
which displays the relationship of the three Cech complex on ﬁ;fKoo with re-

spect to the cover Y. (We abbreviate £§C")’°° = zl(cn)’m’@/*'rig and write j for
the open immersion Mg g — EUIK’ Ko (and its rigid analogue) and i for the
closed immersion of the complement DM ;- )

0 0

0= HO @ dpFy)) = HOOME RS F™)

0 — C(Shic, HE) CO(Te, juF) —= Oy, i, E>°) —= 0

O—>C1(ﬂic,j!£%)) cl(ﬂ,c,j#fgcn)) !
H'\ O pE) = H O i FX) "

0 0.

Let §: HO(W?’;i,E%)’m) — Hl(ﬁE%Km,jgz,(g)) denote the connecting ho-
momorphism given by the Snake Lemma. Let us take 7—invariants of this di-
agram. Under this process, the left hand column stays exact by the proof of
Theorem 10.3. Furthermore, the second row also stays exact, because after
taking 7-invariants, one has an isomorphism between the left and middle terms
over all affiniods i, for which ¢ is not a cusp, and an isomorphism between the
middle and right term over the remaining affinoids. It follows from the Snake
Lemma that one has an isomorphism between

Coker (Co(ﬂ;g,j#fl(cn))T — Cl(ﬂic,j#i;(g))7> and

ig & —Ti ~ T
Coker (HO(sn?v;;i [ Feeyr 2, (Hl(mt&w,jlzl(? ))) )
We now invoke the following simple lemma, whose proof is left to the reader
and can be obtained by choosing ‘good’ representatives of the crystals involved.

Lemma 12.4 Let L be a complete valued field such that Koo C L C Cgo.
Suppose
O—>£/—>£—>£N—>O

is a short exact sequence in Crys(Spec L, A). Suppose F and F' are locally free
and F is uniformizable. Then F' is locally free, F' and F' are uniformizable,
and the sequence

0 — (]_-/’DA-rig)T . (]_-Z)A-rig)-r N (]_-IIDA'rig>T —0
s short exact.

By Corollary 10.13, the crystal Hl(ﬁK’Kw,jgf,(Cn)) is uniformizable, and it is

rather straightforward, to see that H O(Sﬁ,"co ko 0k L ;C")"OO) is uniformizable as
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well. Also both of these are locally free. We want to apply the lemma to the
4-term sequence that arises from the above diagram by the Snake Lemma. For

this, it remains to show that H 1(ﬁzc, Koo j#zgg)) is locally free. We first note

that jeuF %72) is a locally free 7-sheaf. It follows that its absolute cohomology
S%(K) is a flat A-crystal in the terminology of [4], Ch. 6. Because A is a
Dedekind domain, it follows by op. cit. that b%S?(K) is representable by a
7-module which is projective over K ® A.

The lemma now yields the following four term exact sequence

0 — HOM i)™ — HOOE RS | FE ) —

—=rig

HY O G E) — B O g ) — 0
This completes the proof of the theorem. g

For later use, and the application below, we display the following 4-term exact
sequence, which is obtained from (71) by applying gic.:

0= GrejpF™ — gEFE™ = 8,(K) — S2(K) — 0, (72)

where g2 : M — Spec A(n) is the structure morphism constructed in Section 2.

Because all the modules in the short exact sequence (71) are flat crystals,
so are the four modules in the above 4-term sequence, cf. [4], Ch. 6. By the
argument given at the end of the above proof, Lemma 12.4 yields the following:

Corollary 12.5 The crystals b}‘(OCQ%(IC) and by, (Ker(8,(K) — S2(K))) are
uniformizable in the sense of Definition 9.17.

Let us now give an explicit representative of Hi , = b (Ker(S,(K) —
S2(K))). Define Hj ,, as the 7-sheaf H (M52, }ffgiz)’m). Then the sheaf
underlying Hy ,, is projective over K ® A. Its rank is given by the number of
cusps h(K) (of My gaz). More precisely, if for each cusp c of Mx x by K. we
denote the field of definition of ¢, so that K, is a finite extension of K, then
Hicn = DB, Lspec k.4 ©a P22 Furthermore for each component ¢ of My, x
by K/, we denote the constant field of this component ¢, so that K/, is a finite
extension of K. Then Ho(ﬁm,KvlﬁK a) =@ Lspec k7, 40 and so the latter
module is of rank d(K) over K ® A, where d(K) is the number of components
Of m]QKalg .

For n > 2 one has s,(K) — s2(K) = h(K). By the previous corollary,
by Hx,n has a projective representative of rank h(K) over K, ® A on which
is injective. Regarded as crystals we have a surjection by Hi , — by Hi n-
Considering the ranks, it must be an isomorphism, and this easily implies that
‘Hic' n is a representative of Hy .

On the other hand, if n = 2, then one simply has jK#E;CO) = lﬁ)oA’ and a
representative of Hg , is given by

Coker(HO(Sﬁ,C,K,LﬁK.’KVA) — H( Ko Lopes  a))-

K, K>

We summarize the above in:
Corollary 12.6 The kernel b (Ker(S,,(K) — S%(K))) is represented by
o's) * n—2),00
HO (O e, 03 ER )
ifn> 2. If n =2, it is represented by

a) — HO(E))T,"CO’K,LW%O,KA))

Coker (H* (M i, 1z

K,K>
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By Corollary 11.52 and Lemma 2.11 the 7-sheaf by, Hi ,, is isomorphic to
D Lipec sy 4 @4 Hom((Ay)r,, 24)°0 2,
5=([s],9K)€GL2 (K)\ (P! (K) x GL2(Af) /K)

where T'; is the stabilizer of the end [3]. Therefore taking r-invariants yields:

Lemma 12.7 There is an isomorphism

(e ey = D Hom((Ag)r,, 24)® 2
5€GL2 (K)\(PH(K)xGL2(Af)/K)

of projective A-modules of rank h(KC).

As a corollary to the above lemma and Theorems 10.3 and 12.3, we find:

Corollary 12.8 As an A-module, the cokernel of C3%2(KC, A) — CSY(KC, A)
s isomorphic to

®(n—2)

< ((Ao)r, ©93)
SE\GLa(AT)/K*B(AF)

forn > 2. Forn =2 it is isomorphic to AMK)—d(K)
Remark 12.9 The fact that the cokernel of S2(K) — S,,(K) has such a natural
presentation poses the question of whether one can give a simple basis for it,
perhaps even in terms of Hecke eigenforms. Since Poincaré series can often be
used to give a set of representatives of cusp forms modulo double cusp forms,
perhaps they are also useful in constructing eigenforms which are not doubly
cuspidal. We hope to come back to this in future work.
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13 The Hecke-action on cohomology

13.1 Hecke-operators

For the definition of Hecke operators on cohomology, we follow the classical
example of modular forms. We fix an admissible subgroup K of GLo (A) and
an element y in the corresponding subgroup ) of GLy(A7). We define K’ :=
yKy= !N K and K" := 3y~ 'Ky N K. Let us consider the following diagram

T Fr & Frr — 75 Fk Frr gl w3 Fx (73)
|

Ty

|
|
| |
Fx My Micr Fx

| T T2 T2 !
| |
| |

m;c mK?

which displays moduli schemes together with their universal Drinfeld modules
(the relationship is indicated by dashed lines). The ; are the natural projections
that arise from the inclusions K',K” C K. The map r, is induced from the
morphism of Drinfeld moduli schemes given by right multiplication with y on
level structures. Because y € Mg(/l) N GL2(A7), the map r, is given by an
isogeny. This isogeny induces the map o : 75 Fx — Fxr. By Theorem 2.14,
the maps 7; are finite flat. Also the map r, is finite flat. All morphisms are
considered over Spec A(n) where n is the minimal conductor of K. The map

induced from r, on the F ,(Cn) is again denoted a,.

We have the adjunction map fgcn) — 7T1*7TT£,(CH) of Proposition 7.9. Because
7o is finite flat and £§g) is locally free, there is also a trace map 7r2*7r§£,(<n) —

F ,(Cn) defined above Proposition 7.10. Recall that the structure morphism N —
Spec A(n) is denoted gi. By finiteness of 7o and 7y, the spectral sequence for
the composite of pushforwards yields the isomorphisms

Fom £ = o) -
RigK!ﬁ2*£;(g/) i Rig;o1£l(cn,). (75)

We now define the action of Ky on S,(K) = ng;gg£,(cn) as the following
composite of morphisms:
R'g F 24, R'gi o 3 F ™ R'ginms Fi oy Rgenmi FL)

& ngmm*ﬁfgg) ae ngK!Z,(cn).

Proposition 13.1 The above definition of an action of KykK on ng;afgcn) can
be extended linearly to a right action of H(K,)).

We leave the details of the proof to the reader, as it is a standard argument for
geometric correspondences. We note that it is natural to have a right action on
cohomology classes and a left action on forms, because Theorem 10.3 identifies
the dual of the space of forms with the 7-invariants of the natural ®a-rigid
sheaf on K, attached to R!gxiF ,(g), and because it is well-known that under a
duality a left action turns into a right action.

As the above construction is purely geometric, it can also be applied on the
rigid site to the crystal SP4"8(K), and on the étale site to the étale A,-sheaves
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Sév(K) for any place v of A, yielding a right action of H(K,)). Clearly the
functors S,,(K) — S,,(K)®4™8 and S,,(K) — S,,(K)*" are Hecke-equivariant.
The above construction also yields an operation of H(K,)) on the crystal of

Drinfeld double cusp forms. One has to replace F fg) by its maximal extension
to the cusps and gi by gg. It is therefore easy to see that the so-constructed
Hecke operation is compatible with the surjection S,,(K) —» S2(K).

13.2 Hecke-equivariance of the Eichler-Shimura isomor-
phism

We now prove the following central result on the Eichler-Shimura isomorphisms
for Drinfeld cusp and double cusp forms:

Theorem 13.2 For each admissible IC, the isomorphisms

T

(O, 4)) = (82ie(k)) and (C52(K,4)) " = (S3Pams ()
of Theorems 10.3 and 12.8 are Hecke-equivariant.

We have not given a proof of Proposition 6.26, which asserts that the integral
Steinberg cycles are stable under the Hecke action. Below we will prove that,
viewed as a submodule of C3(KC, K)*, the Hecke action on (CS*(KC, A))* given
in Definition 6.19 agrees via our Eichler-Shimura isomorphism with the cohomo-
logically defined Hecke-action on (S24*8(K))7. Therefore this will imply that
the Hecke action preserves CS*(KC, A). So a posteriori, the proof below will also
show Proposition 6.26.

PRroOOF: Clearly it suffices to show Hecke-equivariance for the first isomorphism.
The proof is based on an explicit computation using Cech-complexes for the

standard affinoid covers g of the spaces ﬁ%g for K € {K,K'}. We denote
by 77 () and 75 ' (Ux) the respective pullbacks of the affinoid cover L. By
finite flatness of 7, and 79, the resulting covers are again affinoid covers of ﬁ;%

The Cech complex C‘(ﬂ,@,fg)) has non-vanishing cohomology only in de-
gree one, and there it is isomorphic to H* (ﬁ;éi{w F /(En) ). Also the Cech complex
is concentrated in degrees zero and one, and so one has short exact sequences

with right hand term the H'-term. In this situation, the proof of Theorem 10.3
shows that taking 7-invariants is an exact operation. Therefore to prove the

159



desired Hecke-equivariance, we will consider the following diagram
Co(ﬂn,fg))ﬂ—>cl(ﬂ;¢,£%))7 1)
adj adj
CO (8, FouTs E )" = CL (U, pums 0™ @)
CO(m, " (k) T3 E )T > M (my (W), mE)T @
quis
O, T E )T = C (e, ES)T @
(Xy (Xy
CO (e, T E) T = C (e wTE)T O
quis
CO(my ! (t4x), f E )T = €My (o), miE)T @
CO(thie, i F)T = C (e, mom E)T ()

trace trace

CO(u}Oz;Cn))r (G Cl(ﬂfc,iﬁc”))i (8)
whose cokernel sequence is given by
H (e, FE)7 5% H (e maums E)T — HY (757 (W), w3 £
= HY (e, mpEENT 2 HY (e, mf FE)T S HY (W), i E)T

= HY (S, myomf EONT S H (30, £

and is the defining sequence of the Hecke operator |y x. By the isomorphisms
displayed in (74) and (75), the map of complexes from line (2) to line (3) and
from line (6) to line (5) are quasi-isomorphisms. The corresponding maps on
the level of Cech complexes are the maps induced from refining the Cech covers
7y H(Uk), respectively 7 (L) to Uk . All horizontal maps are boundary maps.

We now want to compute the Hecke-operation for elements of the cokernel
of the first line. This can be done by computing the image of an element
fie€ Cl(Ll;g,fgcn))T under the composite of all vertical maps. Let f; be the
image in line (¢), ¢ = 1,...,8, where given f5, we choose an element fg such
that the image of fg under

CH(rp (i), mf F)T — CH s, FX))T

is cohomologous to fs.
To have a good combinatorial description of the covers iUg, we use the same
convention as in the proof of Theorem 10.3:

(i) For the cuspidal affinoids, we make any choices.
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(ii) For affinoids corresponding to stable simplices, we choose representatives
for the the stable vertices, edges and oriented edges. The affinoids are
denoted ;.

(iii) We use the covering map ¢ —» (bg Mc)™® and the choices in (ii) to
identify the affinoids l; of (b7 M )& with the affinoids UL of Q.

(iv) We have an action of GLg(K) on the standard affinoids U; of Qx and their
intersections.

We may evaluate f on all affinoids 11% with £ stable and on their intersections.
Therefore there is no need to explicitly give names to the representatives chosen
in (i) and (ii). In particular for any é = (e, gK) € ’T,?j’lo, we have a value

f1(é) € (Y%, Sym" f(/C))T =~ Sym" Hom 4 (Ag, Q4) =: M,.

Also, it is quite easy to combinatorially describe the maps induced by 7o and
my for the spaces Qg.
A simple computation yields

f5(&) :{ Fi(Ra(&)) if 7o(&') is stable

0 otherwise.

The only non-trivial step in computing fs is to give an algorithm which computes
fe from f5. Because the map from line (6) to line (5) is a quasi-isomorphism,
we know that the element f5 can be altered by adding a suitable coboundary
12 coming from Co(il;o,ﬂff,(cn)y in such a way that ff := f5 + f2 lies in the
image of that map. To be in the image of C (7 ! (Ux), ﬂff}cn))T means that ff
takes the value zero on all oriented stable edges &' such that 7 (€’) is unstable.
Thus we need to find f2 such that fi takes the value zero on such &'.

As in the construction of Hecke operators on Steinberg cycles, the concept
of sources will play the essential role.

Definition 13.3 For an edge €' of T, |, one defines its mi-source srcq, (€') C
T8 1 as

{e' e T@ | i mi(€') € sre(mi(€')) and € is in the same component of Txr as €'}.

Note that 7, ! (src(m(¢'))) is automatically contained in T,g,’?f, so that in fact
sreg, (€) C T,g,sf Using the finiteness of 7y, it is easy to see that srcy, (€') is
finite for any &’ € 7;¢, ;.

Claim: If ¢’ is stable, then the edges in src,, (¢') together with & form the
boundary of a finite connected subgraph Sz in the stable region of 7y :
The claim is obvious if 71 (€’) is stable, and so we assume otherwise. For &' €
srcq, (€') we denote by s be the rational half line through € which starts at €
and whose image s’ under 7 is in the unstable part of 7 except for m(&).
While moving along s’ from 71(¢') to m1(¢'), the stabilizers of the respective
edges do not become smaller. Therefore the stabilizers of the edges between ¢&’
and & exhibit the same behavior, and hence they are all trivial. The claim is
thus shown.

Let t = w1 (€), if w1 (€) is stable, and otherwise let ¢ be the cusp corresponding
to the end of GLo(K)\Zx which contains m1(€). Then the affinoids iz for
€ € Sz are in one connected component of the affinoid 7y 1(i,lt). Furthermore
for all stable simplices  of Tx one has

D(r (U, i FY) = @ T, £

f’éﬂfl(f)
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Let f£ be the 1-cocycle which takes the value f5(ie) on €', the value — f5(845,)
on srcg, (€') and zero on the remaining oriented edges.
Claim: The 1-cocycle f! is a coboundary.

Note that if the claim is shown, it provides an algorithm to define a coboundary
12 such that ff := f5 + f2 arises from a function fs. The proof of the claim
is a simple combinatorial exercise. Let us induct on the size of the finite graph
Sz . Observe first, that by using 0-cocycles supported on non-oriented edges,
we may always assume that 71 (é’) points toward an end (we use this 0-cocycle
to change the orientation of all boundary edges of the graph). In this case,
we first use a 0-cocycle with support on the non-oriented edge & to obtain the
value 0 on € and fs(4%,) on —€&’ and then we use the unique vertex ¢’ which
lies at the tip of —€’ to obtain the value 0 on —é" as well and the value fs(é')
on all other adjacent edges of " which are not in sre,, (€') and the value 0 on
the other adjacent edges. All these edges are contained in the graph Sz . If
we remove ¥’ and & from the graph, it decomposes into at most |k| disjoint
connected subgraphs, to all of which the inductive hypothesis applies. Thus the
claim is shown.

Next we give an expression for fg in terms of f;. The trace map, as well as
the map from line (6) to line (7) are easy to compute on the level of the Cech
complex. Using the above algorithm, one obtains the following explicit formula:

fs(e) = Z fe(&)

eenyt(é)

= > > (@)

éleﬂ.;l(é) é/Es.rc,\-t ()
_ st,o
E'ET}C,',I

= > ). h(®mE).
genyt(e) & esremy (&)
w2 eTh?
We now use the following notation: Say € = (e, hK), & = (¢/,gK’). Say we have
K =11z;K'. Then KyK = Iy;K with y; = z;y. Summing over the & in 7, ' (€)
is the same as summing over the (e, hz;K’). Thus we have

fs(e) = Z Z fi(¢', 9yK))
J (e,th)(f/)Esrc-,rl (e/,gK’)

/ st,o
(' 9yK) €Ty

D D N (A T)

j  (e,hK)esrc(e! ,hK)
(¢! hy; K)ETE"Y

D DD DR (CR7)E

aesre(e’ gy 1K)

~ st
(!, gR)ETE Y

As in the proof of Theorem 10.3, let M be the local system defined by the M,.
Our conventions regarding the covers il; and 4} identify f; with an element in
HomGLz(k)(@,sct,l, M). The computation just performed shows that under this
identification the cohomologically defined Hecke operation of KyK agrees, up
to coboundaries, with f1 o |, x, where _j x is the Hecke action on C_,SC'J’1 of
Definition 6.19. But the latter is precisely the Hecke operation on (CSt(IC, A))*,
and thus we have completed the proof of Theorem 13.2. n
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13.3 Decomposing the crystal S, (K)

In this subsection we will show that S, (K) is representable by a torsion free
7-sheaf with injective 7. Once this has been accomplished, we define a (non-
canonical) filtration on the representing 7-sheaf into saturated irreducible Hecke
submodules. At the end, these subquotients are shown to be uniformizable
crystals.

Proposition 13.4 For every n € Ny and any admissible KC with minimal con-
ductor n, the crystal S,,(K) is representable by a 7-sheaf whose underlying mod-
ule is torsion free on A(n) ® A and on which T is injective with cokernel of
codimension at least one.

PROOF: The scheme M is smooth and affine over Spec A(n) of relative dimen-
sion one. Therefore by adding a 7-sheaf whose underlying module is projective
and on which 7 = 0, we may represent the crystal EEC") by a free 7-sheaf G. In
particular G & Gy ®j A for some free sheaf Gy = Oéﬁ,c on M. By the remark

after Theorem 7.12, there exists an m > 0 such that jx1.F ,(C") is representable
by a 7-sheaf G’ whose underlying sheaf is G) ®i A with G} = (’)lﬁ (mINEe).
K

Because M5° is finite flat over Spec A(n), it follows that RlgcG( has constant
rank over Spec A(n), i.e., that

H = RigxGh ®x A= RigeG'

is locally free over Spec A(n) x A.

We have seen in Lemma 10.8 that there is an N such that b} 77 (H) has the
properties asserted for 7. Because 77(H) is a submodule of the free sheaf H, it
is torsion free. Furthermore generic injectivity of 7 on 77(H) implies injectivity
of 7. Therefore (77(H), 7) has all the properties asserted in the proposition. m

In the sequel we will write S,,(K) for a 7-sheaf constructed in the proof of the
proposition.

Remark 13.5 We would like to strengthen the above proposition by showing
that for admissible K the crystal S2(K) is representable by a 7-sheaf which is
locally free and on which 7 is a monomorphism. As such a representation clearly
exists for the kernel of S,,(K) — S2(K), this would give a decomposition of the
crystal S, (K) into pieces which behave well under base and coefficient change on
the level of 7-sheaves. Then one could often work in the more explicit category
of T-sheaves instead of the category of crystals. In the example of Section 15
the crystal S2(K) has indeed a locally free representative of the expected rank,
but we have no general results.

With finite coefficients, the situation is much better understood. Namely, let
p,q be in Max(A) and denote by b jois is the base change morphism correspond-

ing to A(n) — k2% for a space above Spec A(n). Then the results of Pink in [40]
imply that R'gic.jxcsb* e Sym”(Fx/pFx) can be represented by a locally free

alg
kq

7-sheaf of the expected rank on Spec kslg over A/p.

Let fi1,...,fn be a Cyo-basis of S,,(K) such that for each j, the element
fj+1 considered in S,,(K)/(f1,..., f;) is a Hecke eigenform. Say we order the f;
such that we first have double cusp forms and then other forms. Furthermore,
we order them so that forms conjugate under the action of Gal(K®*P/K) are
numbered consecutively. Note that given some f; with Hecke eigenvalues ay,
for h € H(K,)), there exists a Hecke eigenform in S,,(K) with the same set of
eigenvalues.
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Let now M{ C Mj C ... M|, be the corresponding filtration of CS*(K, A)*® 4
K, so that the successive subquotients correspond bijectively to the Galois con-
jugacy classes of the f;, and each such subquotient is an irreducible H (K, Y)-
module. Define the filtration M; of C)'(KC, A)* = b} S,(K) by intersecting
the M/ with CSt(KC, A)*. The successive subquotients are projective over A and
carry an action of H(K,)), i.e., there are maps H(K,)) — End(M;/M;_1).
The image is denoted by A;. It is a finite extension of A of degree equal to
the rank of M;/M;_;. After tensoring with K over A, one has a non-canonical
isomorphism Az XA K= (Mi/Mi—l) (S} K.

Let M, be the corresponding filtration on (b}wén(lC))gA'“g, so that M, =

jSpm Koo 0a DA M;. Because 7 commutes with the Hecke action, the Mi are
Hecke-modules and on the subquotients the Hecke algebra acts in the obvious
way by multiplication with A, on M;. Clearly b5.S,(K) is a sub-7 sheaf of
(b}‘(ooén(lC))@A'“g, and its induced filtration is denoted by M;. Comparing

ranks, it follows that rank 4 M; = rankgea M;.

Definition 13.6 Define S,, ;(K) as the sub T-sheaf of S, (K) obtained by inter-
secting M; with the sheaf underlying S,,(K) and

Snyi 7 =8ni(K)/Sn,i—1(K).

In this way, we have attached to each conjugacy class of f; a torsion free sub-
quotient S,, ;(K) with injective T-action, multiplication by A; and generic rank
equal to the number of conjugates of f;, which in turn is equal to the rank of
A; over A. If the need arises, we write 4, for the ¢ corresponding to j.

The assignment f; — S, ;, (K) is in no way canonical. So in all the construc-
tions below the independence of the chosen filtration will be an issue. However
note that by the Jordan Holder theorem the subquotients M]/M;, , are inde-
pendent of the chosen filtration. Analogously, the subquotients M;/M; 1 if
tensored with Frac(K ® A) over K ® A are independent of any choices.

Note also that for any of the objects indexed by 4, the action of H(K,)) is
an action on coefficients in the following sense. Let A be a finite extension of A
which contains all the A;. Then after change of coefficients ® 4A and suitable
identifications, the action of A; is given by multiplication on the coefficients.

The above discussion, Corollary 12.5 and an inductive argument based on
Lemma 12.4 show:

Proposition 13.7 The crystals b}, S..i are uniformizable and can be repre-

oo

sented by T-sheaves which are projective of rank one over Ko, ® Aj;.

Remark 13.8 In Section 15 we will compute an explicit example. It will turn
out that the pieces K, ® A; are pure, in a suitable sense. It seems likely to us
that this holds in general, and we hope to come back to this question in future
work.

13.4 The Eichler-Shimura relation

As in the classical case, there is an Eichler-Shimura relation for the geometric
correspondence 1, if we base change to the fiber at p. It gives an expression
for T}, in terms of the operation of Frobenius at p. This will eventually yield a
characterization of Galois representations attached to cuspidal Drinfeld eigen-
forms.

We fix an admissible K with minimal conductor n and p € Max(A(n)). Let
gk,p denote the structure morphism of My , and £§ana = bnggcn). Recall that
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the Hecke operator T}, comes from the correspondence given by y = ( s (1) ) €
GL3(A;), where 7, is a uniformizer at p.
We write F, for the absolute Frobenius on M ,, i.e. for U%"}K .. » where
kp

dy = [ky : k]. It induces an action on Drinfeld modules and level structures
denoted

(0, [¥]) 3 (o), [ ®)),

Since ¢ — ¢®) is a p-isogeny, the map F, on Drinfeld-modules fits into a
diagram
Iy

(0. W) o (0, [919]) > (o lp). [/l

where I, assigns to any pair (¢, [1/]) its quotient by the full p-torsion scheme ¢[p].

Lemma 13.9 Let aj: FyM(p) = M(Fy¢p) — M(p) denote the map induced
from the isogeny Fy : o — Fyp, where M(p) is the T-sheaf attached to the
Drinfeld-module . Then one has

of =1
Yy M(p)

PRroOF: Let us explicitly describe the map F}, on a Drinfeld-module

p:A—R{t}:a— Zai(a)ri

in standard form. The Drinfeld-module ¢(®) is then given by

P A= R{r}:am Z agdp (a)T!

and the isogeny ¢ — ¢®) is the element 7% € R{7}, because one has
po o= (p(P)po .

In this case M(y) is given as (R{7},7’), where A acts on R{7} by right com-
position with ¢. The map R{r} — (o x id).R{7} in Example 7.7 (b) is given
by left multiplication by 7. It easily follows that 7: (o x id)*R{r} — R{7r} is
given by right multiplication with 7.

Let E(p) denote the A-module attached to ¢. The isogeny 7% gives rise to
an element in Homeg/ spec r(M (), M(F}¢)), simply by composing with 7% €
R{7} = M(y) on the right. It follows that 7% operates in the same way as a
morphism

F;M((‘D) = Hom@'/SPeC R(E‘(F‘;;K )7Ga) = R{T}
- M = Hom@/SpecR(E(@)v Ga) = R{T}

Note that the A-operation on the two 7-sheaves displayed is different. By the

previous paragraph, right multiplication with 7% is simply the dp-th iterate of

7'. Thus we have identified o/y with 7% . m
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Theorem 13.10 (Eichler-Shimura relation) The action of T, on the crys-
tal bzpén(lC) = nglc,p!£§cn,)p is given by

(n) base change

a/
ng’c’p!zgz’ = 0y, ng’cvp!ilﬁp - ngK,p!nggcn,za — nglC,plfgcn,za.

PROOF: Define X' C K such that My classifies triples (¢, [¢], H) where ¢ is
a Drinfeld-module, [¢] is a level K-structure and H is a cyclic non-trivial A/p-
submodule (scheme) of ¢[p]. In terms of moduli, we have 72 : (¢, [¢], H) —
(p/H,[v/H]) and 71 : (¢, [¥], H) — (¢,[¢)]) for the morphisms displayed in
diagram (73). In analogy with the classical situation for elliptic curves one
considers the following diagram

Mic k, LM g,

(id,Fy) (Fp,Ip)

=(P1,P2)

Mic k, Micr k., Mic k, »

T2
where the maps ®; are given in terms of moduli as

<D1: (907 Wj]) = (807 [1/}]er1‘ FP) and (1)2: (507 W]) = (@(p)v [w(p)]v KBI‘V;J).

The maps are clearly well-defined, and, using a degree argument, one can show
that away from the supersingular points the map ® is an isomorphism. Pulling
back the morphism ay, : 7r§£,(gl — i F ,(Cnl yields a direct sum of maps
(O/ O//)' F*]:(n) ® I*]:(") — ]_-(n) D F*]:(")
yr Syl Tp s Cp P Ap s Cp T S Kp pKp

/ "

where the morphisms a; , o arise from the corresponding isogenies Fy and Vy,

respectively. In particular a; agrees with the map in Lemma 13.9.
By the crystal analogue of [9], Lem. 4.6, one therefore has the following
commutative diagram on cohomology

ngmffgl _— ngmﬁgcnj,
adj adj

- R19K1<Fp*F* ® Ip*lg)zj(gij

R gens F), ——— Rlgxa(Fy @ ID)ES)

Rlay R' (a;,ag)

Rlgxa(id* @ F)EE,

=~ | (75) =
ngmmwi‘ﬂ& Rl'gi(id ® Fp*FS‘)L(g,L
trace trace
ng;cyf,(cnjg —_ ng)C!£§cn,i,~
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By Lemma 7.10, the trace map Fy.Fy — id is zero. Therefore the operator
T, is defined by the following sequence of morphisms:

n) adj " n o . n Rla; n
ngiaﬁggjg = RlgaFpu I £§C,)P — RlgaiFy L(cl - ng)C!£I(C,)P'

Finally note that the base change map (o% x id)*ng;aﬁgL — ngmFJEQL

is defined as the adjoint of
R'goFy, — (0% < i) RigaFy F) — R gaFp By EL,
where the isomorphism on the right is the inverse to the isomorphism in the

previous diagram in the middle. Because o% x id is the identity, the assertion
of the theorem is shown. nm
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14 Galois representations

The purpose of this section is to attach to any Drinfeld cuspidal eigenform f
and any place v of K a continuous Galois representation py ,: Gal(K%P/K) —
GL1(Ay,), for some unique Ay, C C, which is a finite extension of A, and
depends on f. This parallels the construction of Deligne in the case of classical
modular forms. As in the classical situation, the connection between f and py,
is given by the Eichler-Shimura relation, so that py,, is uniquely determined by
the Hecke eigenvalues of f.

It is unclear whether one should be able to have some kind of multiplicity
one result for double cusp forms, by introducing a theory of new and old forms,
cf. Example 15.4. For all cusp forms such a result is certainly wrong, because
of the cuspidal eigenforms which are not doubly cuspidal, cf. Example 15.7.
Examples for the latter, can also be obtained from [16]. In particular, it is not
clear how to recover an eigenform f if p;, is given.

We fix an admissible K and a place v and let p = p,, denote the corresponding
prime of A. By n’ we denote the product of p with the minimal conductor n
of K.

Let us first give some results on S,,(K) ® A/p™.

Proposition 14.1 On Spec A(v'), the T-sheaf S,,(K) ® A/p™ is representable
by a locally free T-sheaf on which T is an isomorphism. Furthermore, the étale
sheaf (Sn(K) ® A/p™)es is locally constant and locally free of rank dyms, (IC)
over k.

PROOF: In the proof of Proposition 13.4, we constructed a locally free 7-sheaf on
Spec A(n) which represents S,,(K). Let S, ,m (K) be its restriction to Spec A(n’)
with coefficients changed to A/p™. Because 7 is a nil-isomorphism, we may
replace S}, ,m (K) as in loc. cit. by 77 ((0™ x id)*S;, ,m (K)) for any j > 0, which
is again locally free. If we choose j sufficiently large, then generically, 7 will be
injective. For later use, let us assume that the j here is larger than the j used
to construct the torsion free representative S, (K) in Proposition 13.4. Thus
by local freeness 7 itself will be injective. Let us fix such a j and denote the
corresponding 7-sheaf by S, ym (K).

By Remark 10.15, the dimension of b3S, ym (K) is s, (K), so that S, ym (K)
is of rank s,,(KC). Let us show that 7 is an isomorphism. This may be checked
at stalks, ie. for by Sppm(K) for all ¢ € Spec A(n'). By Lang’s theorem
this will follow, if we show that the T-invariants of b;algﬁn,pm (K) have dimen-

q

sion ms, (K)[kp : k] over k. But the module of 7-invariants is isomorphic to
(b}, Snpm (K))et (K&'®) and its dimension can be computed using Theorem 10.12
due to Pink:

Consider ji1Fx ®a A/p™ base changed to the fiber of ﬁ,c above Spec k.
Because q is prime to pn, the moduli schemes zm,m,c(p,,,%q are smooth over
Specky,. They are ordinary and the ramification of

Micarcom) kg — Pk,

at the cusps is of p-power order. Also the étale sheaf Fx ®4 A/p™ describes the
p"-torsion points of the universal Drinfeld module over ﬁ,c’ .- In particular,
it is of generic k-dimension md,. Hence by Theorem 10.12, the Euler-Poincaré
characteristic of bzq (i Frk @4 AJp™)e is s, (K)dpm. The only non-zero term
when computing the Euler-Poincaré characteristic is the H(...)-term. Because

HY My, 5 b5, G Fx @4 A/p™)en) 2 (b0, Snpm (K))ets
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we have thus shown that (b} Snpm(K))et is of the desired dimension. Fur-
thermore our argument implies that S, ym(K)s is locally free of dimension
ms, (IC)[ky : k| over k, and that S, ,m(K) is an étale ¢-sheaf in the sense of
[53], p. 770. Hence by [53], Prop. 6.1, the sheaf S, ym (K)¢; is locally constant
on Spec A(n’). Thus we have proved all assertions. n

Because the j in the proof of the previous proposition is at least as big
as that in Proposition 13.4, there is clearly a nil-isomorphism from S, (K) ® 4
A/p™ to Sy pm (K). Therefore the saturation of the images of the S,, ;(K) ®4
A/p™ in b3S, pm (K) define a filtration S, pm (K) on Sy, pym (K), such that all
subquotients are locally free étale p-sheaves. One may check that

Sni(K) @a Afp™ — Spipm (K)

is a nil-isomorphism. Let us denote by SH,LPm (K) the successive subquotients.
They are Hecke-invariant, carry an action of A; and are of rank rank 4 A; over
Spec A(n') @4 A/p™.

Definition 14.2 By ijyf(lC), we denote lim S, ; ym(K)ew and by Sfi;v(lC),
the inverse limit lim = S, i om (K)et -

As a corollary to the previous proposition, we obtain.

Corollary 14.3 The étale sheaves :ét’p(IC) are the subquotients of the filtration

7,1

Q?},%U(K) of S&V(K). They give rise to Galois representations
piv: Gal(K*P/K) — GL1 (A, ®4 A;) = GLyrank, 4, (Ay),

which are unramified over Spec A(n').

PRrROOF: Clearly the S,, ; ym (K) give rise to a compatible system of Galois repre-
sentations into GLyank , 4, (A/p™). Therefore it only remains to show that the re-
sulting A, -adic representation, which is denoted p, ;, factors via GL1 (A, ®4 4;).

We know that the stalk at K28 of Sf:;’ (K) is free over A, of rank rank4 A;,
and it carries an operation of A; which commutes with the Galois action. Hence
SU(K) is an (A, ®.4 A;)[Gal(K*'8 / K)]-module. Because S, ;(K) is locally free
over K ® A; of rank one, where the action of A; arises from the Hecke action
and that of K is the usual one, it easily follows that Sfltf (K) is locally free (and
hence free) of rank one over A, ® 4 A;. Thus the corollary is shown. n

Let us now consider the action of Frob, under p;, for some unramified
place q € Spec A(n’), where Frob, denotes a choice of geometric Frobenius in
Gal(K®P/K) at q.

Let Frob, be the arithmetic Frobenius a +— a?"" € Gal(k2'® /ky). Because
piv arises from the étale sheaf SV(K) over Spec A(n’), the action of Frob,
under p; ,, is the same as the action of (Froby) ™! on the stalk b; S5 (K) at ke,

On ﬁ]c’k:lg, one has

. / : — S
<1dﬁ’C X Frobq) ((Tﬁ&kq X 1dSpCC k':lg) = o5

Jk alg
q K kg

Because aﬁn e acts trivially on Hélt(ﬁ)c.’k‘:lg, (jK!£K®Av)ét,v) ~ Sev(K), it

vq
follows that the action induced from O, X id ag = Fy xid alg ON
sRq q

Spec k Spec kq

cohomology is the inverse of the action induced from idﬁ;c X Frobg. Therefore
kq

the former is equal to the Galois action of Frob.
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Theorem 14.4 (Eichler-Shimura relation) The action of Frob, and of T,
on S¢U(K) agree. The same holds for the subquotients S5 (K).

=n,i

ProOOF: By the above observations, it suffices to prove that on bzalgﬁff’”(lC)
q

the action of Fy x idSpcc gils agrees with that of 7. An explicit description of

the latter action is obtained from Theorem 13.10 by applying F +— Fe¢ and

passing to inverse limits. The definition of F — Fg, given in Subsection 7.3,

implies that (a )¢r = Frobg, so that Ty on H} (fm,c’k:lg, (jFrx®Ay)st.v) is the

composition of the base change morphism
Hl(ﬁ;@kglg, (it Fr®@Ay)et,0) — Hl(ﬁmkglg, Fy (i Fx @Ay et )

with the morphism H'(Froby x id). But this is precisely the definition of Frobg
on H'(...), so that the theorem is proved. m

Corollary 14.5 Let f be a cuspidal Drinfeld Hecke eigenform (over Co,) and v
a place of v. Let Ky denote the field generated over f by the Hecke eigenvalues aq
of Ty acting on f and let Ay be its ring of integers. We choose some isomorphism
ty: Cy — Coo which is the identity on K. Then there exists a place v’ of Ay
above v and a unique representation

Pt Gal(KP [K) — GLy((Ay).)

for some choice (Ayf), C C, such that ps . is unramified above Spec A(n') and
such that for all q prime to v, one has

Ly (pf,v(Frob;)) = ap.

PROOF: The existence follows from the previous theorem and the correspon-
dence between conjugacy classes of forms f; on the one hand and crystals
S1,i(KC) on the other: When defining the f;, it was observed that any eigenform
f has the same Hecke eigenvalues as one of the f;. Thus to each f one can
attach a crystal Snl(IC) with the same Hecke action. This crystal gives rise
to the representation p, ; of the previous theorem, in which the eigenvalues of
Frobenius are determined by the Hecke operation on Qit”i” (K).

Say a;J is the image of T, under A; — A, ®4 A;. These eigenvalues a;
are algebraic over A, and so are the eigenvalues for the Hecke operators Sy,.
Together they generate A, ® 4 A; over A,. Note that A is the normal closure
of A; and hence A; ®4 A, C A; ®4 A,. Hence there is a unique embedding
(Af)y = C, such that after composition with ¢, the image of a), equals ay.
The component Gal(K*P/K) — GL1((Af),) corresponding to v’ of p, ; has all
the required properties. Finally, having shown existence the uniqueness is clear
by the Cebotarov density theorem. n

Remark 14.6 In the classical situation, the Galois representations attached to
modular forms are two-dimensional. Basically this comes from complex conjuga-
tion acting on the Hodge decomposition of H!(...). As there is no such decom-
position on the corresponding H'(...) in the function field case (the H*-term
is missing), one-dimensionality should not come as a surprise.
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Since the Hecke action leaves the kernel of S,,(K) — S2(K) invariant, it
is possible to completely determine all Galois representations corresponding to
this kernel. After coefficient and base change to K this kernel is given as

H Lo/ (BAF)na—1k2), K B4 P2,
zeK*B(A)\GLa(AF)/K

for suitable A-modules P, of rank one, if n > 2, cf. Lemma 2.11 and Theo-
rem 11.19. In the case n = 2 it is the quotient of this module by some num-
ber of unit 7-sheaves, cf. Corollary 12.8. The scheme M /(B(Af) N z~1Kx)
parametrizes rank one Drinfeld modules over K with a level structure depend-
ing on z, i.e., by results of Drinfeld it is the spectrum of a finite abelian extension
field K, of K which is totally split at co. The Galois action is then simply the
action on K,. It follows that from the cusp x, one obtains the left regular
representation

Gal(K*P/K) —» Gal(K,/K) —» K[Gal(K,/K)).

After replacing the coefficient field K of K[Gal(K,/K)] by suitable extensions,
the representation clearly has a decomposition series into one-dimensional char-
acters of finite order. We have shown:

Corollary 14.7 Let the notation be as above. Then for n > 2, the Galois
representations of Corollary 14.5 which arise from the kernel of S,,(K) — S2(K)
in the four term sequence (72), are precisely the one-dimensional characters that
appear in a composition series of

Gal(K*?/K) —» Gal(K,/K) — K*#[CGal(K,/K)]

for some x € K*B(A')\GLy(Af)/K.

For n = 2, one needs to remove from the above list one copy of the trivial
representation for each connected component of My ¢, i-e., d(K)-many such
copies.

As pointed out in Remark 12.9, we hope that the corresponding eigenforms can
be given explicitly by using Poincaré series. Also, if desired, one can make the
extensions K, of K totally explicit, so that one has a precise description of the
Galois representations which occur.

On the other hand, the examples in the following section suggest that the
one-dimensional representations that arise from double cusp forms are typically
not of finite order. However there is clearly one exception, as can be seen from
the following result, which is also implicitly contained in [17].

Theorem 14.8 There is a canonical tsomorphism
ég(lc) = (Pft Re}th*l%)Ok) ® A,
where P is as in Theorem 7.17.
PROOF: Clearly the maximal extension of Fx to ﬁ,c is lﬁ;@ 4> Which in turn

is obtained from lg; . by changing coefficients from k to A. Therefore we have
<o

Thms. 7.17 and 7.18
~

S3(K) = R'gr. oy, @1 A (Pf Riygic L ) @ A,

because any étale sheaf on Spec K is locally constant. The assertion follows. m
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15 An example

Throughout, we fix A = k[T] and let K = K(n) for the level n = (T). So we
are in the same set-up as in Example 6.13. In this case Cli is trivial. In the
sequel we want to compute the moduli space of Drinfeld-modules with a level
T-structure. A good general reference for such computations is [46].

The calculations below are joint work with R. Pink.

Say we want 1 and s as a basis 02f T-torsion points of the Drinfeld-module
given by ¢r(x) = apr + a12? 4+ agx? . The fact that all k-linear combinations
of 1, s will be roots of the above polynomial means that we have

z 29 27
s 51 s |c=pr(2)

1 1 1
2
for some unit c. Because ag = 6, we must have ¢ = 0/ det ( stos] ) This yields
@ q
s — s s—s1
_ q q
or(r) = 9(:5—1— R + sl — 52" )

It follows that 9k is the spectrum of the ring R’ = k[0F!, s, (s — s7)71].

The associated 7-module is given as R'{7} where the generator T of A acts
via 7. Therefore the elements 1,7 form a basis of R'{r} over R'[T]. If we set
u = s — s9, then the morphism 7 is given by

T:((l) ? )(Uxid)=<0 (%_1)u1_q )(Uxid)-

@ 1 1+ ul—?

We define R := k[0*!, u*!]. This parametrizes the moduli scheme for rank two
Drinfeld-modules with a level K'-structure, where K’ O K and the T-component
of K’ is given by {( @b ) € GLa(A¢ry) s a,d,14+c=1 (mod T)}. In particular
one of the T-torsion points, namely 1, is fixed for the moduli problem. The
coordinate u gives a monic equation of degree ¢ for the second torsion point s.

From now on, we only work over Y = Spec R and our 7-sheaf F is given by
(Og(xspecAﬂ'), where 7 is as above. Because we have a level T-structure, we
consider Y as a scheme over X := Spec A((#)) = Speck[0,0~]. In terms of u,
the universal Drinfeld-module is given by pr = 9(1 + (=1 —ul"9) 7+ ul_qrz).
Clearly for u — oo, we have a cusp and the module degenerates to a module of
rank 1. After applying the isogeny u € R*, it is easy to see, that u — 0 is also
a cusp. Drinfeld’s compactification is now Y := Pépeckwil]' Let g: Y — X be
the structure morphism.

Set F := Oy yspec a(—00)?. One verifies that 7 extends to this sheaf and
furthermore that 7 has the following specializations:

T = (??)(axid) atu=0

0 (T/0-1)u®"t Y\ —
T = u(l(/uq,)l )uq

(axid)z(g T/?_l)(axid) at u = oo.

U=00

In both cases, the non-nilpotent part has rank 1. Therefore the 7-sheaf F :=
(Oy xspec a(—00), T) is the maximal extension of F.

Proposition 15.1 The crystal of Drinfeld modular double cusp forms for K’ is
given by 8% ,(K') := R'g, Sym" F.
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Because the underlying sheaf of F is of pullback type, it follows that the
m-sheaf 82, ,(K') is free over Spec k[6~!] of rank dimy H' (P!, O(—noo)"*1) =
n? — 1. On the other hand, the expected rank of a good representative of the
crystal 82 (K'), is given by

2(K) _{ - 9(Yg)=0 ifn=2
n Tl (n—=2)(g(Yr)+h(Yg)) +9(Yk) —1=(n—-2)—1 ifn>2

In particular, for n < 4, the crystal S2(K') is zero.

Define a(n) as the n-th symmetric power of the matrix « := ((1] Z) =
( (IJ (T/9u—ql,)1“r1 ) Then «(n) is given by
o0 0 ... 0 b
00 0 ... bt (m)le
00 B ... (n;)z;%n—z% (n)b2en=2
0 b 2bc ... ("] )bc"‘2 (Tbtent
L e & ... (")t (5)c"

For the actual computation of 82 ,(K'), let m = (¢—1)(n—1) —1 and consider
the following diagram for n > 2

Oy xa(=00)"*!

0= Oyyea(=100)" 1 — Oy 4 (—00)" ! — G40

AO
(o2 o

Oy xa(=qnoo)™ 1 — Oy, 4 (—goo)™ ! T

0 — Oy a(—no0)" ™ — Op 4 (moo)" T — Oy x4 (moo)™

Oy sat-nocyrt 0

Applying the long exact sequence of cohomology yields a commutative diagram

Opya(—o0)" ! = 1= . n+1
OY:A(,noo)nﬁ—l R'g.0p, 4(—n0c0)
T R'g
G« (7)
Oy y a(moo)"*!

Oy« a(—noo)n¥1 R'3. 0y 4(—no0)" Tt ——0

As a basis of M over k[0*!] we take u= (=1 ... u~!. The standard

YxA(fnoo)
basis of the free module (’);’—,‘;1[4 we denote by v1,...,v,4+1. Then a basis of the
top left term is given by

{uvjie{l,....,n—1},7€{l,...,n+1}}.
Let us now compute S2(K’) explicitly in the simplest non-trivial case, i.e.,

for n = 4. Then our basis is {u='v; : i = 1,2,3}. The image 7(u"'v;) is the
residue with respect to u of the i-th column in a(2)(c x id)u~'. Hence the
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images are the columns in

0 0 b2
Res, | 0 b 2bc |u ¢
1 ¢ ¢
0 (T/0 — 1)%ua=2
= Res, | 0 (T/0—- 1 2(T/0 — Du=t(1 +ui™t)
1 u q+u ! u”9(1 +ud1)?
0 0
= 0 (T/H—l) 2(T/0 —1)
0 1 2

On the subcrystal generated by v, and 2vs — v3, the map 7 is zero. A basis of
the quotient is given by the image v of v, which is mapped to

(0,7/60 —1,1)"  (mod (vq,2vs —v3)) = (T/0 + 1)y
where v! is the transpose of a vector v. Thus we have shown:

Proposition 15.2 S(K’) = (Ox xspec a, (T/0 4+ 1)(o x id)).

Using similar, but more sophisticated calculations, one can show the follow-
ing:

Proposition 15.3 a) Ifq>n > 2, then

Sho(K') = %‘5 (OXxspccA, Zn: <,u> ( J >(T/0 —1)""H(o x id)).

p=o \J/ \I— H

b) For q=2, one has

SAK) = (O uspec s (240 1" ) (0 x ).

¢) For q=3, one has
211\ ~v 2 1 T/0 . 2 .
SHK) = (O aspec s (2370 17 ) (0% 1)) @ (Oxxspoc s (T/0 = 1) (0 x id)).

Example 15.4 The following shows that no naive multiplicity one theorem can
hold for doubly cuspidal Drinfeld modular forms. For ¢ > 2 part a) above implies
that S2(K') 2 (Ox xspec 4, (2T /0 +1)(o x id))?. Since the Hecke action on cusp
forms is determined by the Galois representation which in turn is completely
determined by the simple pieces of S? (K'), there exist two linearly independent
doubly cuspidal Hecke eigenforms for K’ which have the same systems of Hecke
eigenvalues.

Consider the direct sum decomposition of 82, ,(K’) in Proposition 15.3 a).
The degree in T of the polynomial ZM:O (j) (niu) (T/6 — 1) * is given by
min{j,n — j}. This degree can be thought of as the weight of the crystal at
T = co. On the other hand, the weight of Sym™ F at co is given by n/2. Because

for all but at most one j one has min{j,n — 2 — j} < n/2, we have shown:

Corollary 15.5 Weights are not preserved under R'g..
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Let us now compute the Hecke eigenvalues of the crystal S3(K'), using the
Eichler-Shimura relation, Theorem 13.10. Let p(6) be an irreducible polynomial
in k[f] which is prime to 6, say of degree d, and which satisfies p(0) = 1. If ¢’
in k8 is a root of p, then we have

0 0 0

p(f) = (1—@)(1—ﬁ)~~(1—9,qﬁ)~
Let f be a non-zero double cusp form of weight 4 for X’. The space of all such
is one-dimensional, because S3(K’) is representable by a rank 1 7-sheaf with
injective 7, and thus f must be a Hecke eigenform.

To compute its Hecke eigenvalue ap), following the recipe given in Theo-
rem 13.10 one needs to compute the action of 7¢ on the reduction of S3(K') at
(p). We have

= (1 +T/O)(1+T/09)...1+T/67" (0% x id).

In k[0]/(p(0)) ®k k[T], this becomes p(—T) € k[f]/(p(0)) @k k[T]. We have

shown:

Proposition 15.6 Let p € k[T be irreducible and normalized such that p(0) =
1. Then for all f € S(K') one has

Ty f=p(=1)f,

where p(—T') € C via ic 2 k[T] — Coo.

Example 15.7 Let us conclude by computing the Hecke action on the quotients
of the cusp forms by the double cusp forms. The crystal to consider on Y is
the unit crystal 1({0}><SpecA)><SpecA,A @ 1({oo}><SpecA)><Spec.»4,A7 supported on
the cusps. If we compute the pushforward under Y — X, this simply yields
the crystal 1§pec a,4- A trivial calculation shows that all Hecke eigenvalues are
identically one for the Hecke operators T(p).

Let us compare this result with the computation of the Hecke eigenvalues
of the Poincaré series Pyy11 € Sqi1.1(GLo(A)) in [16]. There it was shown
that Tqu_H,l = p;Pq_,_l)l for all primes p, where T; and p;) are as in Exam-
ple 6.13. Because FP,11, is not doubly cuspidal, by the above computation its
associated crystal must be the unit crystal, and hence via the Eichler-Shimura
correspondence we must have T, P,111 = Fy41,1. This is consistent with the

computations in Example 6.13, which assert that 7y = p,T.
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Index of notation

B(R), 21

Bx, 99

C, o0, V(n), 11
Cpar (T, R), 50
Cx,ma 35

D>, 34

FxG, 68
F,.(T), 48

I, 60

K, 11

K, my, ky, Ay, dy, qu, 11
Lalg, Lsep, 11
Mn,l(r)7 49
P*, 50

Q(R), 22

Rin § 11.2, 131
R(K,Y), 70
R{r}, deg,, 11
Rf,, 82
R'f.G, 91

R f.p, 91
Rif,, 83, 96
Ry, (K), 70

Sz (), 49
Sty Sm(K), 70
St(Oé), 35

Sy (I, 49
T, T (K), 70
VIC(n)a 21
Vot (A® R), 50
Wy, 31

X, Y, 11
X®A,, 141
XTie, 86

[s], 33

], 14

Al AL, 11

Y, 33

A, 100

B, 86

D4, 100
H(K,Y), 69
Hic, 68

'H}Cp, 68
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ZF, 90

KT, 13

’Co(ﬂ), 69

Kl (n), 69

K,, 68

Kp(n), 69

Ko,p(n), 69

K:LP (n)7 69
14

M”13

.A/l'r‘,r?g7 40

M:«{rlg, 49

N, 24

NICl,n27 18

Q,, 130

R, 130

7,7,Ts, 28

%st’ 51

tz’lst7 51

T°, TP, 28

,]~1o,st7 51

Trc, 64

Too, 34

T,, 64

7, 38

Y, 69

Yy, 69

Clic, 44

Coh, (X, B), 80

Coh, (X,

®/S, 12

®/%, 108
k.r> M o 17
r1T

mr, 13

N, 24

nr, 24

MNic, ng, 20
o 9]

Ki,ng?

ni,N2 20



Ur, 35 Fs, 135

Uy, 31 H, 133

Uppr, 34 M, 133
X,9, 86 Mo, 133

Xi, 59 1% 5, 84

bo, 11 Ty, 68

n, deg(n), 11 1y 5, 89

T, 48 52 (), 59
\Q, 34 Spa(K), 59
I, 48 f,59

Ty, 32 ©, 12

Ft\Qt, 34 a[ﬂ], 13
HOIHGLQ(K) (Z7W/), 65 E, 33

Ay, 43 S, 48

—, 81 £, 12
Max(A), p, 11 ar, 54
Q(Cw), 28 g ®aL,x) W, 65
O, 43 dr, 39

Q,, 48 @r, 49

Q,, 43 i, 26

Q,, 38 Gn, 26

D, 67 L, 18

r, 52 M, 18, 26
QCoh_(X, B), 80 M., 26

Resr, 50 S, (K), 169
Rese, 50 Sn,z(lc)7 164
Resf, 62 K, 22

Strc, 64 CSY(K, R), 65
Str, 52 C (K, R), 62
Sym" Z, 83 CSE2(K, R), 65
7, 24 CS2(I, A ® R), 54
qtlchﬂzv 21 (3781t (F, A ® R), 52
Ch' (K, R), 63 F,.(K), 60
¢, 63 M, ,(K), 60
é, 64 S2 ,(K), 60

t, 64 S..1(K), 60
v, 64 N F, 83

FT, 81 A, 22

fé'“g, 101 crs(é), 76
Fy”, 85 degr, 53

Fic, 82 ey, 81
Fimee 130 m, 24

F(K), 104 €N, 24

F @B, 90 Mic, ng» 21
FArig 101 Ly, 11
£:’)3A—rig’ 101 —, 81
Fotp, 144 var, 30

Gi, 135 wr, 49

M, 133 ®, 82
S2.,(K), 153 @pB’, 82
So(K), 169 Cx.o. 66
Sny2(K), 116 dxc, 64
Mn,l(lc)v 59 90/7 23
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v B, 90
pry, pry, 11
pr, 39

ox, oy, 11
gx, 86
OL,B, 86
0%/37 100
0’3{/3, 86
U:{/%, 86
src(s), 56
src(é), 76
srer, (€'), 161
0, p, p, 30
Cit,, 53
ogB, 86

Gg, 13, 41
&, 45,59
am, 69

b, 34

Cy, 48

en, 41

€N, 22

€1, 37

f {n7l 7 48
f*, 82

f*F, 88

fv, 48
g(I'), 49
h(T'), 49

i, 130

Jr» 130

JuF, 124, 141
juF, 145
Ji, 83

nF, 94

Jxc, 26

lic, 59

Ir, 49

m(a, B,7), 71
p, q, k, 11
Py, T4

Dp, 14

Tg., 60

s (K), 61
55,(K), 61
Sg.y, 43

t(e), 29

t,, 45
x(fi"), a(qq)’ 11
T,, 45

yj, 71

c, 62

f, 60
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Index

A-motive on X, 81
A-scheme, 11
Ayo-lattice, 28
B-crystal on X, 80
K-equivalent, 14
K-equivalence of level n-structures,
42
n-torsion scheme, 13
pics 17
ﬂ—source7 161
¥, 13
T-invariants, 81
T-sheaf, 80
coherent, 80
locally free, 81
nilpotent, 80
of pullback type, 82
T-sheaf, A-analytic, 131
grc, 17
étale v-adic sheaf of Drinfeld cusp
forms, 116, 153

adelic
cusp form, 60
double cusp form, 60
harmonic cocycle, 62, 63
modular form, 60
modular function, 60
admissible, 16
algebraic compactification, 92
algebraic rigid morphism, 92
algebraic rigid space, 92
algebraically compactifiable, 96
arithmetic subgroup, 31

Bruhat-Tits tree, 28

coherent sheaf of Byx-modules, 99
conductor, 14
course, 76
crystal
of Drinfeld cusp forms, 116
of Drinfeld double cusp forms,
153
of pullback type, 82, 90
cusp, 37
cusp form, 48
global, 59
cusps, 33

dilatation, 29
discrete A-lattice of rank r, 40
double cusp form, 48
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global, 59
Drinfeld- A-module, 12
Drinfeld-Tate module, 22

Eichler-Shimura isomorphism, 116
Eichler-Shimura map, 119
end, 33

rational, 33
equivalent half lines, 33
extendible crystal, 93
extendible rigid 7-sheaf, 92
extension, 124

of rigid 7-sheaves, 145

over A/n or Ap, 141

by zero, 83

of A-analytic T-sheaves, 131

formal 7-sheaf on X over A,, 141
fractional almost-ideal, 35

geometric realization, 29
globally uniformizable
A-module, 111
T-sheaf, 111
crystal, 111
good extension, 126
of rigid 7-sheaves, 146
good reduction, 126
of an A-analytic 7-sheaf, 131
of rigid 7-sheaves, 146

half line, 33
harmonic cocycle, 50
Hecke algebra, global, 68

isogeny, 12

level K-structure, 14
analytic, 42
level n-structure, 13
analytic, 41
local system of A-lattices, 40
local system, of GLy(A7)-modules,
65
locally free crystal, 81

maximal extension, 124

over A/n or A,, 141

of A-analytic 7-sheaf, 131

of rigid 7-sheaves, 145
minimal conductor, 14
modular form, 48

global, 59



modular function, 48
global, 59

nil-isomorphism, 80
of rigid 7-sheaves, 87
norm, 29

orientation, 29

pre-Drinfeld-Tate module, 18
proper, 37

quasi-coherent sheaf of Ox-modules,
99

reduction map, 30
relatively compact, 37
rigid 7-sheaf
change of coefficients, 90
direct image, 91
nilpotent, 87
of pullback type, 90
over B, 86
over B, 100
pullback, 88
tensor product, 89
rigid crystal, 87
direct image with compact sup-
ports, 96
extension by zero, 94
locally free, 89
of Drinfeld cusp forms, 116
of Drinfeld double cusp forms,
153

simplices, 28
stable complex for I', 51
stable simplex, 34
standard affinoid cover, 47
standard form of a Drinfeld-module,
12
standard oriented edge, 30
standard vertex, 30
Steinberg cycle, 52
doubly cuspidal, 54
doubly cuspidal, global, 65
global, 64
Steinberg module, 52
global, 64

target of an edge, 29
trivial rigid 7-sheaf, 111

uniformizable, 111
unit crystal, 83
unstable simplex, 34
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